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Coupled linear Schrodinger equations: control and stabilization results
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Abstract. This article presents some controllability and stabilization results for a system of two coupled linear Schrédinger
equations in the one-dimensional case where the state components are interacting through the Kirchhoff boundary conditions.
Considering the system in a bounded domain, the null boundary controllability result is shown. The result is achieved thanks
to a new Carleman estimate, which ensures a boundary observation. Additionally, this boundary observation together with
some trace estimates, helps us to use the Gramian approach, with a suitable choice of feedback law, to prove that the system
under consideration decays exponentially to zero at least as fast as the function e=2%¢ for some w > 0.
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1. Introduction

This work is dedicated to the study of the boundary control problem and stabilization issue of a linear
system that appears to model some problems in the context of nonlinear optics. Precisely, our motivation
comes from the following system

g (t, ) + pugy (t, ) — Ou(t,z) + a(t,x)v(t,z) =0, t>0, z R,
iov(t, @) + quaa(t, ) — ov(t, @) + Su*(t,x) =0, (1.1)
u(0,z) = up(z), v(0,z) =vo(z),

where u and v are complex-valued functions and 6, p and a := 1/0 are real numbers representing physical
parameters of the system, where ¢ > 0 and p,q = +1. Notice that the system (1.1) is given by the
nonlinear coupling of two dispersive equations of Schrodinger type through the quadratic terms.

There are some physical meanings for the previous system, as mentioned before. For example, the
complex functions u and v represent amplitude packets of an optical wave’s first and second harmonic,
respectively. The values of p and ¢ depend on the signals provided between the scattering/diffraction
ratios, and the positive constant ¢ measures the scaling/diffraction magnitude indices. For details about
this system, the authors suggested the references [20,26,38], and the references therein.

Concerning the mathematical context, most of the work related to the system (1.1) is devoted to
proving the well-posedness of the Cauchy problem in R”, for n € [1,6] or in a periodic framework T. For
example, in [24] the authors showed the local well-posedness for the Cauchy problem (1.1) on the spaces
L? (R™) x L? (R") for n < 4 and H' (R") xH"' (R") for n < 6. About qualitative properties of Cauchy
problem (1.1), the case where p = ¢ = 1 was studied in [11] for initial data ug, vy in the same periodic
Sobolev space H*(T). We also cite that in [12], the author studied the well-posedness of the Cauchy
problem associated with the coupled Schrodinger equations with quadratic nonlinearities. He obtained
the local well-posedness for data in Sobolev spaces with low regularity. Finally, the authors suggest the
reference [33] for the recent progress on nonlinear Schrédinger systems with quadratic interactions.
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In the context of the control theory, no author attempted to show controllability results in bounded
domains for the system (1.1). Due to this fact, our motivation is to present the boundary control results
for the linear system associated with (1.1) posed in a bounded domain, giving a necessary first step in
the direction to prove the nonlinear results for the system (1.1).

1.1. Problem setting

As mentioned before, our motivation in this work is to present, as a first step, the control results to the
linear Schrodinger system associated with (1.1). More precisely, considering 7' > 0 be any finite time
and Q = (0,1), we define Q7 = (0,7) x Q and X7 := (0,7) x Q. So, we will study the boundary
controllability of the following linearized system

iU + NUge —o1u =10 in Qr,
10U + YoUze — o =0 in Qr, (1.2)
u(0,2) = uo(x), v(0,) = vo(x) i O,

where the constants o, 71,72, a1, e are positive and (ug, vg) are given initial data in certain spaces which
will be specified later. We will consider the system (1.2) with the so-called Kirchhoff boundary condition
at the right spatial point z = 1:

{u(t, 1) = v(t, 1) in (0,7),

1.3
Vg (t, 1) + Zo,(t,1) + au(t,1) =0 in (0,T), (13)

with positive parameter a.
Here, the boundary control h € L?(0,T) acts either on the component u or v at the left spatial point
x = 0; to be more precise we set

either w(t,0) =h(t), v(t,0)=0 1in (0,7), (1.4a)
or u(t,0)=0, v(t,0)=h(t) in(0,T). (1.4b)

So, the first goal of this article is to answer the following null controllability problem:

Problem A: Given T > 0, (ug,v) in a certain space X, can one find an appropriate control input h such
that the corresponding solution (u,v) of (1.2) with boundary conditions (1.3)—(1.4b) (or (1.3)—(1.4a))
satisfies

(u(0,z),v(0,2)) = (ug(x),vo(x)) and (uw(T,z),v(T,z)) =(0,0), Ve € Q? (1.5)

If we can positively answer the previous question, an interesting problem is to study the boundary
stabilization problem for the system (1.2) with boundary conditions (1.3) and with a single boundary
control force exerted on the component v (or w), namely (1.4b) (or (1.4a)). In this context, the second
main problem in this work treats the following stabilization issue:

Problem B: Can we construct a stationary feedback law h(t), of the form F,(u(t,-),v(t,-)), such that
the solution of the closed-loop system (1.2) with boundary condition (1.3)—(1.4b) (or (1.3)—(1.4a)) decays
exponentially to zero at any prescribed decay rate?

An important point to answer these questions is that we need to assume the parameter o, in the
second equation of (1.2), be a positive number and the choice of o will play a crucial role in deducing the
required controllability result, which will be discussed further up. Moreover, we mention that now, the
second problem will be called the rapid stabilization problem.

Before giving details about the main results of the article and some important facts, let us give a brief
history of the control problem for the Schrodinger type systems, as well as some references to the rapid
stabilization issues of partial differential equations (PDEs).
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1.2. Literature review

We are not aware of any results for systems where the coupling is given at the Kirchhoff boundary condi-
tion for the Schrodinger type systems, as is our case. However, concerning the coupled (internal) structure
in the equation, there are several results considering the cascade system for Schrédinger equations, which
we would like to mention.

We warn ourselves that this is only a small sample of the results concerning the control, stabilization
problems, and some methods. We strongly encourage the reader to see the references cited above as well
as the references therein for more details about all of these problems.

1.2.1. Control results for Schrodinger equation. It is well known that control properties for a single
Schrodinger equation have received a lot of attention in the last decades (see, e.g., [32,51] for an excellent
review of the contributions up to 2014). There is an ongoing effort to show new control results for this
equation, and this effort is giving significant progress for control properties. So, in this spirit, we can
cite [29,40-42,44,45] and the references therein for control issues or [15,17,31,39,48] and the references
therein for Carleman estimates and their applications to inverse problems.

1.2.2. Control results for coupled system. We are not aware of any results for systems where the coupling
is given at the Kirchhoff boundary condition for the Schrodinger type systems, as is our case. However,
concerning the coupled (internal) structure in the equation, there are several results considering the
cascade system for Schrodinger equations, which we would like to mention. We advertise that this is only
a small sample of the results concerning the control and stabilization problem. We strongly encourage
the reader to see the previous references and the references therein for more details about all of these
problems.

We first quote that Fatiha’s articles [1,2] are the first to establish observability and controllability
results for coupled systems with less than the number of coupled equations, moreover, we mention that in
these articles the author deals with symmetrically coupled systems such as the system (1.2). Moreover, the
articles, [4,6,9] deal with cascade systems and also with coupled parabolic or diffusive systems (including
Schrodinger coupled systems) as well as [8]. We infer to the reader to see also the reference therein.
Additionally, we mention that controllability results for systems of parabolic equations are reviewed [10].

Concerning systems of hyperbolic equations, we cite the works [5,7,21]. There and the references
therein, the reader can find results about the controllability of two coupled wave equations with only
one control, under the hypothesis of the geometric control condition and results of exact controllability
of n x n first-order one-dimensional quasi-linear hyperbolic systems by m < n internal controls that are
localized in space in some part of the domain.

More recently, in [43] a boundary controllability result is shown for a Schrodinger cascade type system
with periodic boundary conditions. This result is obtained as a consequence of the controllability result
for a cascade system of two wave equations. We also refer to the work [35], where the authors studied
the null controllability of a linear system formed by two Schrédinger, controlling only one of them using
Carleman estimates. Also, pay attention to the survey [3] where stabilization, observability, and control
of coupled systems with a reduced number of controls are presented.

Finally, the first author showed in a recent work [14] the boundary controllability of some 2 x 2
one-dimensional parabolic systems with both the interior and boundary couplings: The interior cou-
pling is chosen to be linear with a constant coefficient while the boundary one is considered through
some Kirchhoff-type condition at one end of the domain. Additionally, considering two uncoupled wave
equations with potentials on an interval, in [36], the authors established a Carleman estimate for wave
systems with simultaneous boundary control, giving a boundary controllability result for uncoupled wave
equations.
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1.2.3. Rapid stabilization of PDEs. For rapid stabilization issues, in recent years, some abstract methods
[28,49,50] have been developed to obtain answers considering linear PDEs. The method is based on the
Gramian approach and the Riccati equations, and several authors employed during the last few years this
approach. For example, we can cite, [18] for the KdV equation in a bounded domain, [16] for the KdV-
KdV equation with only one boundary feedback acting, [25] for one-dimensional Schrédinger equation
and of the beam and plate equations by moving or oblique observations and, additionally, for vibrating
strings and beams, we can refer to [13].

1.3. Main results and further comments

We are now in a position to give comments on our main contribution to this article. Consider, now on,
the space

H = {(u1,u2) € [H(Q) | u1(0) = u2(0) = 0, ua(1) = u2(1)}, (1.6)

as the natural space for belonging of the initial data associated with (1.2) with the following norm

(NI

vl = [ (4@ + i) da ) (17)
Q
and the associated inner product defined by

((u1,u2), (v1,v2))y = Re/u’l(z)mdx + Re/ué(m)mdx,
Q Q

for any (u1,us), (v1,v2) € H. Finally, we denote H’ as the dual space of H with respect to the pivot
space [L?(£2)]%.

The first result of our work gives the control problem for the system (1.2) with boundary conditions
(1.3)—(1.4b), that is when the control is acting on the second component. Precisely, considering these
boundary conditions, due to a new Carleman estimate with boundary observation, the following result is
verified.

Theorem 1.1. Let the set

6::{0>0c7=’ml27 li>3}, (1.8)
g1

where y1,v2 > 0 are as appearing in (1.2). For any T > 0, initial data (ug,vo) € H' and parameters

V1,72, 01, 2, v, and for any o € &, there exists a control h € L?(0,T) such that the solution (u,v) to the

system (1.2) with boundary conditions (1.3)—(1.4b) satisfies (1.5).

Since we need to prove an observability inequality (for the associated adjoint system) to give the proof
of the previous theorem, naturally, the Problem B seems reachable. The next result gives, for the coupled
Schrodinger equation (1.2), the following positive answer for the rapid stabilization problem.

Theorem 1.2. Let any parameters v1, 2, a1, o, a be given positive. Then, for the same choices of o as in
Theorem 1.1, there exists a continuous linear map F,, : H — C and a positive constants C' and w, such
that for every (ug,vg) € H, the solution (u,v) of the closed-loop system (1.2) with boundary conditions
(1.3)-(1.4b), with h(t) = F,(u(t,-),v(t,)) satisfies

1Cut), o)l < Ce™" |[(uo, o)l VE = 0. (1.9)

Remark 1.3. In what concerns our main results, Theorems 1.1 and 1.2, the following remarks are worth
mentioning:
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e As usual in the literature the answer for the Problem A, that is, Theorem 1.1, is shown by using
the Hilbert Uniqueness Method introduced by Lions [34] and the classical duality theory of Dolecki
and Russell [22]. For that, it is essential to prove a suitable observability inequality with boundary
observation, and to do so, in the present article, we prove a new Carleman estimate for the associated
adjoint system to (1.2)—(1.3)—(1.4b).

e An important fact is that our approach, that is, to design a feedback law to stabilize the closed-loop
system (1.2) with boundary conditions (1.3)—(1.4b), was introduced by Lukes [37] and Kleinman
[27] for the finite-dimensional systems. Later on, Slemrod [46], adapted the result to improve the
stabilization for infinite-dimensional systems with bounded control operators.

e We study the control and stabilization problems for the system (1.2) with boundary conditions
(1.3)—(1.4b), however, we point out that a similar analysis can be performed if we instead consider
(1.3)—(1.4a).

e As mentioned before, in [14] the authors showed the boundary null-controllability properties for
1-D coupled parabolic systems, there are differences between our work and the previous one. The
first one is that, in our case, the choice of such ¢ € & in Theorem 1.1 is important to deduce
the required controllability result via Carleman estimate; for more details, we refer to Remark 2.4.
Another interesting point is that we can employ the classical Gramian approach [28,49,50], giving
the proof of Theorem 1.2, and consequently, answering the Problem B, which was not achieved in
this work.

e We mention that we are interested in giving control results for the system (1.1), however, due to
the structure of the nonlinearities the well-posedness problem is an open issue. So, in our case, we
just give the necessary first step to understand this system.

1.4. Structure of the article

Our work is composed of five parts, including the introduction. In Sect. 2, the boundary controllability
is considered. We obtain a new Carleman estimate with boundary observation, which is the key point
to prove the observability inequality. So, with this observability in hand, the Theorem 1.1 is verified.
In Sect. 3, we recall Urquiza’s approach and use it to achieve the second main result of the article, i.e.,
Theorem 1.2. Section4 is devoted to presenting some comments and open issues. Finally, in “Appendix
A” we present an overview of the well-posedness results, for the direct and adjoint systems associated with
(1.2). Additionally, a key lemma, essential to prove the rapid stabilization result, is proved in “Appendix
B”.

2. Boundary controllability

Let us first study the global null-controllability properties of the system (1.2)—(1.3) when the control acts
on the component v, that is precisely (1.4b). The main tool is to establish a suitable Carleman estimate
that yields a proper observability inequality and utilizing that, we prove the required controllability result
for the concerned model.

Definition 2.1. For a given T > 0, the system (1.2) with boundary condition (1.3)—(1.4b) is null control-
lable at time 7T if for any given initial data (ug,vg) € H’, there exists a control function h € L?(0,7),
such that solution (u,v) to (1.2) satisfies (1.5).

Additionally, the solution by transposition of (1.2)—(1.3)—(1.4b) is given below.
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Definition 2.2. Let (ug,v9) € H' and h € L*(0,T). We say that (u,v) € L>(0,T;H’) is solution of

WUy + V1Uze — a1u =0 in Qr,

10V + YoUze — 20 = 0 in Qr,

u(t,0) =0 in (0,7,

v(t,0) = h(t) in (0,7, (2.1)
u(t, 1) = v(t,1) in (0,7),

Y (t, 1) + oy (t,1) + au(t,1) =0 in (0,7,

u(0,x) = up(x), v(0,z) = vo(zx) in £,

in the transposition sense if and only if

T
/ ((u(t), v(t)); (91(2); g2 (1)) 3yr 3¢ At = (w0, v0), (#1(0, ), 02(0,°))) gy 3¢
0

. (2.2)
~Re [ h(Opaa 0],
0
for every (g1,92) € L*(0,T;H) where (1, 92) are the mild solution to the problem
Wo1, + V1P1,zz — X191 = g1, in Qr,
10P2,1 + V22,00 — Q292 = g2, in Qr,
01(t, 1) = @a(t, 1), in (0,7), (2.3)
71301,:E(t7 1) + %@2,56@7 1) + aQ (t7 1) = Ov in (Oa T)7
@1(t70) - Oa (pg(t,O) = 07 in (OvT)7

on the space C([0,T];H), with (p1(T,-), p2(T,+)) = (0,0) in Q.

We remark that the discussion of the system (2.3) is given in Appendix A. Moreover, the well-posedness
of the control system (2.1) is given by the following proposition.

Proposition 2.3. Let (ug,v9) € H' and h € L*(0,T). Then the control system (2.1) has a unique solution
(u,v) in C([0,T); H).

Proof. The well-posedness of the control system (2.1) is a consequence of the property of admissibility of
the control operator, namely,

T

/WﬁﬁWﬁSCWwmeu
0

as observed, for example, by Lasiecka and Triggiani in [30]. Therefore, since the proof of the previous
inequality will be given in Proposition 3.3, for the solutions of the adjoint system (2.3), we will omit the
details of the proof here. An explanation about this point can be seen in Remark 3.1. d
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2.1. Global Carleman estimate

With the previous definitions, we are in a position to obtain the global Carleman estimate for the adjoint
system associated with the system (1.2) with boundary conditions (1.3)—(1.4b), namely,

1014 + V191,22 — 0101 =0, in Qr,
10p2.t + V202,20 — Q202 = 0, in Qr,
01(t,1) = @a(t, 1), in (0,7, (2.4)
MP1e(t, 1) + 2o, (t, 1) + api(t,1) =0, in (0,7,
Spl(tvo) = Oa <p2(t70) = Ov in (OvT)v
@1(T7$) = Cl(x)v 4102(T7 ‘T) = CQ(x)a in Qa
with ¢ := (Clv CQ) € H.
To this end, we introduce the space
Q:= {(@17902) € [02(@)]2 | 01(t,0) = 2(t,0) =0, ¢1(t,1) = pa(t, 1),
NP1t 1) + Liaa(t1) +api (1) =0, Vi€ (0,71}
Now recall that o € & (see (1.8)) and thus
o=""2 for some x > 3. (2.5)
4!
With this in hand, we consider the following auxiliary functions (motivated from [14]):
c1 =1, cg = —k and thus |ca| > 3. '
Therefore, 3; € C*([0,1]) and satisfy
B2 > 1 >0, in [0,1], Bi(1) = B2(1).
Next, for any parameter A > 1, we introduce the following weight functions:
eMB; (@) e2MBille — eABi(2) v L9 o
(¢ - (¢ = t | = . .
gj(vx) t(T*t), 773(795) t(T*t) ) (,.’E)EQT, J ’ ( )
Note that
fj7 Ui >0 for .7 = ]-727 61(t71) = f2(ta ]-)7 771(157 1) = 772(t7 1)7
since (81(1) = F2(1). Concerning of the function §; and n;, we have the following behavior in Qp:
Sjx = Ajcj, Mja = —AEcy,
mm:_)\22 j 'zzz:_>\33 j
13 €& i G for j = 1,2. (2.8)

€.l < OTEF, Injal < CTE;,
0jatl < CATEF, |njul < CT?ES,

Remark 2.4. We point out that the choice of ¢y in (2.6) and the value of ¢ € & in (1.8) are crucial
to obtain the Carleman estimate (2.9). More precisely, those choices help us deal with some unusual
boundary integrals while proving the underlying Carleman estimate. Here, we must mention that the
special choice of parameter o does not occur in [14] (roughly because there were no complex parts in the
Carleman estimate) which differs the both Carleman estimates shown in the present work and in [14].

The main theorem of this subsection can be read as follows:
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Theorem 2.5. (Carleman estimate) Let the weight functions &1,&2, n1,m2 be chosen as in (2.7) and o > 0
is taken as (2.5). Then, there exist constants Ao > 0, o > 0 and C > 0, depending at most on v1,v2 and
ca, such that the following estimate holds true

X [[ @il + B elloaf?) duds
Qr

+ 8 // (e72M& | p1,0]? + €& 0o 0| ) dadt
Qr

(2.9)
= C//(eﬁsm |Lip1|? + €2 | Lo |*)dadt
Qr

T

—|—Cs)\/67257’2“’0)&(%0)“»02,1:(75, 0)|2dt,
0

for every A > Xo, 8 > 8¢ := po(T +T?) and for all (p1,92) € Q, where
Ly =i + 10pe and Lo =id; + 20,,.
o

To prove the above theorem, let us now define the following variables:
Pi(t,x) = e Dyt x), V(t,z) € Qr, for j=1,2, (2.10)
so that we have the following boundary conditions:
U5(1.0) =0, wha(t1) = ot 1), o)
Yth1,2(t, 1) + 2aby o (¢, 1) = —athr (¢, 1) + sA& (¢, 1)1 (1) (ier + Zea)
We further denote
Fj = LJ((,DJ) = e i Lj(eS”M/Jj),
where Ly and Ls. So, with this, we find the following relations for each j = 1,2,
(e )y = inh;1e™V +ishien; g,
(5™ )e = Vj2€™ + 510;€" 1 2,
(wjesnj )LI = %,mes’“ + 2se® wj,wnj,;c + 32¢jesnj |"7j,z|2 + Swjesnj Nj,xx-

Using the previous relation, F; can be written as follows

My + Map; = Fj, (2.12)
where
{Mﬂh = 28MU1,2M,e + ST1V1IM 20 + 15PV171t,
Moy = ithy ¢ + 111 w0 + 57711012201,
and

{Mﬂ/fz = 25299 012 o + 5 2Uon0 40 + is2n2 (2.13)

Matpy = iha + L)g 4p + 22|12 2|12,
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Thus, we get from (2.12),

/ |M1¢]|2 + [ Mo, ) dzdt + 2Re/ My Matp;dadt

//|F |*dadt,

for j = 1,2. Now, we are in a position to prove Theorem 2.5.

Proof of Theorem 2.5. Our goal is to focus on the following inner product

Re/ M1’¢jM2¢jd$dt
Qr

97

(2.14)

that contains 9 terms. We will elaborately make the computations for j = 2, similarly, the computations

can be done for j =1 as well.

Recall that the quantities Myt and Mat)y are given by (2.13) and, for j = 2, we have the relation

(2.14). We further denote

Re//legMg’(/Jgdl’dt Z Ikl,

1<k,1<3

where all the terms Ij; for 1 < k,1 < 3 consists of the integral term with the product involving the k-th
term of Mjo with the I-th term of Msio, and will be computed below. Now, we split the proof into

several steps.
e Step 1. Computations of the terms I1, Is; and I3s.
Let us start with ;7. Observe that

I = 2sﬁRe/ Wbo.aM2.0 00 drdt
= 2371m // Y2272, +W2, tdxdt

=221 / [ s itadadt ~ 252 / [ s Badade
= Jy + Jo,
where there is no boundary integral since

lim ¢2( ) - tl—i}%}’ wQ(ta ) = 0)

t—0+

thanks to the choices of weight functions (2.7).

(2.15)
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Next, for the quantity I, we see that

I, = s2Re // Yan2 zzith2 cdadt
ag

s—Im // Yana, ng dxdt

—S—Im// ¢2 zT7]2, J;wg tda:dt — S*Im//’(ﬂg’qg L?ﬂg mdxdt

(2.16)
+5*Im/¢2 (t, )b (t, 12 o (L, 1)dt

=21 / / Vet et + 5 2T / / R

—s—Im//wgng 22, xtdxdt—!—sllm/wg (¢,1) wgt(t 1)n2,(t, 1)dt,

where we have applied integration by parts w.r.t.  to the term involving 7 ;. , then w.r.t. ¢ to the term
involving 15 ; in Q7, and using again the decay of 7y at t = 0 and t = T..

Now, thanks to the fact that —Im(z) = Im(%) (for any z € C) in the third integral term in the last
equality of (2.16), we get

121 = 231—2Im // ’(/}2,a:t7727w%dxdt+ S?Im // wQ,wnZzt%dxdt
Qr
+521m / ot 1) o D (1, 1)l (217)

J -
= n-Dy %Im/%(t, )i (6 )rpan (£, 1)t
0

Finally, the term I35 is computed as follows.

I3y = S*Re // iomp 12 rdadt
= —stm // 2,122 prdadl

= S*Im // N2,taV2V2,0 + N2102, 22,5 ) dadt

75*Im/7]2f t 1 ¢2(t 1)¢12 T(t 1)
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—SfIm/th t 1 wg(t 1)’(/)2$(t 1)

where we have used the fact that

%Im // 772’t|’(/)2@|2d$dt =0
Qr

since 72 is real-valued function. Therefore, by adding (2.15), (2.17) and (2.18), we get

111 +.[21 -|—I32 = Jl +S*III]/’(/J2 t 1 d)Q t(t 1)7}2 I(t ].)d

(2.19)
—sflm/nzt £ ) (8, 1) F, )it
where J; satisfies
|J1] = 2522 Im // V2 22 pitbadxdt
< C%SAT/ 2|4 ||th2.o | dat (2.20)

Qr
c
< —232)\2T//§§|w2|2d:cdt+CT/ Eoltha o |2 dadt,
Qr Qr

finishing step 1.
e Step 2. Computations of the terms I1o and Iss.

Let us, for 15, to perform by integration by parts w.r.t. space variable to ensures that

I12 = 257Re // 12, w’(/)Q a:wQ xa:dxdt

= —25*//772 mW21| dxdt — ZS—QRe//r]g V2,222, g pdrdt

T
2

2
+25%/ngx(t,l)wzm(t,l)?dt—25% M. (£, 0) [t o (£, 0) | 2dt.
0
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Recalling the expressions of 72 , and 72 4, from (2.8), we get

2115 = 25)2¢2 73 / Ealtho o | 2dudt

. (2.21)
V3 2 V3 9
—25)\029/&@71)\%@(@1)| dt+25)\62?/52(t,0)|1/127a;(t,0)| dt,
0

0

where the boundary term s ,(¢,1) > 0 once we have co < 0 (see (2.6)).
The term Iy can be computed as

Iy = S*QRG // 72, mxw2¢2 ezdxdt

= _87 // N2, zzle ml dxdt — S*Re//ﬁz mmwad}Q xdxdt

+sﬁRe/ng,m(t,1)w2(t,1)¢2@(t,1)dt.
0
Again, using the expressions of 72z, and 72 444, thanks to (2.8), we have that

2
Ipy = s/\203722 / / £2|1/)2,$|2d:cdt+s/\gc§%Re / E9tbotha pdrdt
QT QT

. (2.22)
2 27% TR
~ X2 Re [ 6alt, Vun(t, Ve 0,
0

Now, by adding the final expressions of I15 and Isg, i.e, (2.21) and (2.22), yields that

Lo + Iy = 250%c3 722 //§2|¢2z\ dadt + sA*c; 323 Re//fﬂﬂzi/)z cdxdt
e /52 (1, Dl 6, )Pt + 52 3 /52 (t,0)[ths.0 (£, 0) 2t (2.23)

— s\’ 23 Re/fz (t, D)o (t, D)o 5 (£, 1)dt

where the second term of the r.h.s. of (2.23), denoted by .J5, satisfies

T = [sA3c3 72 2 Re / 9o pdwdt
C 2
< —s)\4—22//gg\wg\gdxdt—i—es)\zlé/ Ex 1o 0| 2ddt (2.24)
€ g g
Qr Qr

< €T4 % 7 31,12 273 2
< SA" =5 & ol dadt + esA”— &\ | “dadt,
€ o o
Qr Qr
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for any € > 0 small enough, where we have used the fact that & < CTE3.

So, at this point, it is worth mentioning that the boundary integral consisting of 1 ,(¢,0) in (2.23)
will lead to the observation term in our final Carleman estimate (since we have exerted a controlled force
on the second component), finalizing the analysis in step 2.

e Step 3. Analysis of remaining terms I3, Io3, I31, and I33.

Let us first deal with the term I3. Notice that the fact that 2Re(z) = 2+ 7z (for any z € C), and then
integrating by parts w.r.t. x, gives us

= 253 % 5Re // M 22, 2Uodxdt

372 //an ¢27//2x+77/121/)2 x) dxdt

$28 // 03 (2hz), dedt

T
- 372 //3772 212, :vz|/(/)2| dedt"‘S?)PyQ 2 z|w2(t 1)|2dt
0

T
2
= 3s7xtei 22 / lvaPdodt ~ NG [ (e 1) ua(t, 1) dod,
0

where the boundary term has a positive sign since cy < 0.
Now, for the analysis of Is3 we just need to see that

2
Ips — SS%Re//n27m|7727x|2|w2|2dxdt = 3\ 103 //§2|¢2 2dadt.
Qr

Let us see the term I3;. For this integral, using again the decay properties of the weight function and
integrating into the time variable, this term can be written as

I31 = —sRe // T]Q,twg’(ﬂ?ﬂgdxdt

_ —fs//mt (202 + Datbos) dudt

fs//ng wt| o] ?dadt,

‘131‘ S CSTQ/ €§|¢2|2d$dt7
Qr

which satisfies

using the boundness of 7y 4 from (2.8).
For the last quantity Is3, since 72 and 7, , are real-valued functions, we get that

133 = SB?RG <Z // 772,t|7727x|2|1/)22d13dt> =



97 Page 14 of 31 K. Bhandari, R. de A. Capistrano-Filho et al. ZAMP

Adding each peach of I3, I>3, I31 and I33, we have

T
2
Iis + Iog + Isy + Is3 > 23%%3722/ €31a 2 dadt — s3A3c3 12 /g £,1) o (t, 1)|2dt
O'
0 (2.25)
—ost? [ [ juaPdadt,

achieving the goal of step 3.
e Step 4. Finding an intermediate estimate.

With the previous steps 1,2 and 3 in hand, adding all the terms Iy, for 1 < k,I < 3, that is (2.19)—
(2.20), (2.23)—(2.24), and (2.25), we can get the following

3 Iklz2s3A4c§722 / 52\¢2|2dxdt+25>\2c§722 / &

1<k,1<3

~ ot / €8[is P dudt — S 52X°T / &3[4sa[2dudt

—CT//£2|¢M| dadt — T4 A”Z //§2|¢2| dadt

T

2 2

- %es)\z //§2|1/)2,1|2d:cdt753)\3c§’;22 /5 (t, 1)[ta(t, 1)|dt
0
(2.26)
—SA027/§2 t, ]. ’lﬁgz(t ].)‘ dt+SA027/§2 t, 0 ”Q/JQm(t 0)| dt
% %Re/@tlwz(t 1) 0o (F, 1)t
+S*Im/¢2 t, 1) o ¢ (t, )1 (2, 1)dt
_S?Im/nzt(t?1)w2(t71)w2,$(t51)dt
0

Following a similar approach as the case of 15, we can compute the same for 1, for this, let us denote

Re//lelMgwldl‘dt Z Hkl

1<Ek,1<3
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In this case, one can find

S Hu > 26Nl / [ €t Pande + 250203 / [ alora P

1<k,1<3
— CsT? //glwlﬁdxdt Cs*\°T //,51|¢1| dadt

fCT//&W;lI\ dxdt — T4s)\4 2//51|¢1 |2dadt

—esx? [[@lorafdsd - 307 / E(t, 1)lun (1, 1)t
QT
T

(2.27)
_3>\Cl'7%/51(t>1)|w1,w(t’1)|2dt+3)‘01'71/ 1(t70)‘w1,w(t70)|2dt
0 0

T
- SAQC%W%Re/gl (ta 1)¢1 (ta 1>wl7w<t7 1)dt
0

T
+ S'YlIm/'(/}l (t, D)apr e (t, 1) (8, 1)dt
0

T
— S'lem/nLt(t, )1 (¢, 1)ap1 (¢, 1)dt.
0

We are now in a position to combine the above estimate. For simplicity, we denote v; = v, and
vy = 22, Choose € > 0 small enough in (2.26) and (2.27) so that, combining those estimates, we have

72// (IMyy;? + | Mty ]?) daedt

J= 1QT

2
+Z253A4C}*Vf // Ey Pdedt + 3" 25X, //fj|¢j7x|2d:cdt
=t Qr g=1 Qr
2
-C (1252A2T+T43A4A’2) //f§|¢2|2dxdthT/ 3o |2t
g g
Qr Qr

—C ($*N*T + T*sA'7) //gf\¢1|2dxdt—CT/ &y o[> dxdt

2 T
Z / (t, )], (t, 1)) 2dt—s/\ch % /gj (t, 1)|e);.0 (¢, 1)[?dt
Jj=1 0

Jj=1
T

2 2
+5)\20ij/Sj(t,O)Wj,m(t,O)lzdt*S)\zzc?VfRe/&(t,1)¢j(t,1)¢j,m(t,1)dt
J=1 0 j=1

0
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2 T -
+s Y vIm / W;(t, 1)1 1 (t, 1)n;.0 (t, 1)dt
=1

0

j,
2 T 2

—SZZ/jIm/njyt(h1)7,/1j(t71)1/1j,m(t,1)dt < C’Z//|Fj\2d:cdt. (2.28)
=t 0 =10,

In the above, it is clear that there exist some positive constants Ao, po such that if we choose A > g
and s > sg := po(T + T?), then the lower-order integrals

1 2
C<0252)\2T+T4s>\432>/ 3w 2 dxdt,

Qr
C (s°X°T + T*sA*47) / / 3|y |?dxdt,
Qr

CcT / / E3|a o |Pdadt,
Qr
and
CT//gmmFdxdt,
Qr

can be absorbed by the corresponding leading integrals
2 2
> 28Ny // b dzdt and Y 25X\ // &|j 2| *dadt.
Jj=1 Q j=1
T Qr

Now, it remains to find the proper estimates for the boundary integrals. We do this in the following step.
e Step 5. Computing the boundary integrals.
We split this step into several parts. We hereby recall the fact that

gl(t’ 1) = 52(75’ 1)7 771(157 1) = 772(t7 1); 'l/}l<ta ]-) = 1/12(157 1)a
and thus, from now onwards, we shall replace all the quantities & (¢, 1), n1(¢,1) and ¥4 (¢, 1) by &a(¢, 1),
n2(t, 1) and ¥5(t, 1), respectively. Moreover, we will denote the six boundary terms in (2.28) in the order
presented above as By, given by
By = Z Bi;, 1<k<G6.
J=1,2
Let us now give the details of each part.
— Part A Computing B1 = B11 + Blg.
First notice that, the term

T
2
By = —33/\363% /gg(ta D)|va(t, 1)‘2dt
o
0

is positive, since co < 0. We need to absorb the negative term
T

Bu = —sWcia? [ e Dlua(e )P
0
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by the term Bjs. To do that, since we have ¢; = 1 and, by (2.5) that

272
71

o=—

we have, by adding By; and Bjs, that
By = By1 + Bi2

T
:s3)\3(|c —71) E3(t, 1) [a(t, 1)|dt
/¢

= s"X%7 (|ea| = 1)

(2.29)

E3(t, 1)|a(t, 1)|2dt,

o\ﬂ

which has a positive sign since by choice we have |ca| > 3.
— Part B By := By + Bss estimate.
Now, on one hand, the integral

2
Bus = —sher 2 /52(1&, 1) b0 (1, 1) 2dt
0
is positive since co < 0 and we shall use this term to absorb the negative integral
B = —shenr? [ &a(t. Dlunat. 1)

To see that, thanks to the boundary conditions (2.11), we can ensure that

N1a(t,1) = —atia(t,1) = (1) + s0&a(t, V(1) (vrer + 2o ) -

Then, by using Young’s inequality, we obtain

B = sAcy /52(1571)\711#1@(?5’ 1)[2dt
2
§3s)\cl/§2(t,1)‘%¢27x(t, )| dt+35)\c1a2/£2(t,1)\¢2(t,1)|2dt
0 0

343 T2 2 3 2
+ 35°A°¢y Y1€1 + p Co 52(15,1)‘1/}2@,1” dt (230)

o\ﬂ

T

< 3sAey / \72 V2.0 (t, 1)‘ dt + CT*s\eya?
0

€5 (¢, 1)|epa(t, 1) 2dt

o\ﬂ

2
35X (e + ) [ €t Dla(t, 1),

o\ﬂ



97 Page 18 of 31 K. Bhandari, R. de A. Capistrano-Filho et al. ZAMP

So, adding Bs; and Bag, the fact that ¢; = 1, and the choice of o given by (2.5), yields that

By = Boy + Ba»
2 g g (2.31)
s .
> 08 (fel = 3) [ (0,1 [wmat. D) dt - T [ (e, Dlunle, Dt
? 0 0
Note that, here we exactly need the assumption |cz| > 3 (in other words, x > 3 in (2.5) since ¢z = —k)
to make the first integral of (2.31) positive.
— Part C Computing each term of B3 := Bs3; + Bso, that is, B3; and Bss.
Let us look at these terms separately. We have
T
Bu = sxrnf [ @600t 0)Pdr =0, (2.32)
0

since ¢; = 1 and &;(¢,0) > 0. Now, using the expression (2.10), we find
Yo, (t, x) = e_S"Q(t’x)apg,,;(t,x) — se‘sm(t’”)ng,w(t,x)gpg(t,x).
But ¢5(¢,0) = 0 and so,
P, (t,0) = e 200y (1,0).
Therefore, we have

Bl =53 |2 22 [ €alt,0)e 2700 g, 0,0) Pt
0

s\

|cal

IN

T
/@mmfmmmmAWW%
0

which is indeed the observation integral for our final Carleman estimate.
— Part D Analyzing the terms By and Bys.

Next, we will compute the fourth boundary term as follows. First, observe that

T

Bu| = |s)2242Re / £t 1) o (t, 1)1 o (6, 1)t
0

T T
< es)\/fg(t, Dyt o (£, 1)t + QSA3T4/§§(7§, it 1)[2dt,
€
0 0
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where C' = C(v1) > 0. Here we have used Young’s inequality, the estimate & < CT*£5, and the fact that
¢1 = 1. In the above estimate, we apply (2.30), so that one has

2
‘dt

T
|Bu| < 368)\/52(15, 1) ‘%wm(t, 1)
0

T
+ (C’eT4a2s>\ + CSA3T4> /gg(t, 1)|o(t,1)|?dt
€
0

" (2.33)
3esAy?
= 2 [ e 1) (e 1)
S
o T
+ (C’eT4a23>\ + s>\3T4> /gg(t, )| (t, 1)|2dt,
€
0
where we have used the choice of o as given by (2.5) and ¢z as (2.6).
Similarly, one can estimate the term B4o as follows:
T T
’Y% 2 C (374 3 2
Bl < esheal 2 [ a(t )lma (b, VPt + T [ €86 1) vt 1) Pl
0 0
o - . - (2.34)
€S
= T [t D (e ) Pat+ TN [ 0Dl P,
0 0
finalizing this part.
— Part E Analysis of Bs := Bs1 + Bso.
Let us look into the terms of Bs. To do that, these terms can be viewed as
Bs = Bs1 + Bsa
2 T -
=5 > vyt [ 050 0520 Dt Do
j=1 0 (2.35)
T
— s\ (cm + c2§) Im/wl(t, D)o (4 )& (8, 1)dt,
0

where we have used that n; ., = —A§;c¢;.

It is important to point out that this term is difficult to absorb in terms of the leading terms because
of the appearance time derivative term 11 +(¢,1), and this is the main reason why we have chosen the
parameter o as in (1.8) (in other words, (2.5)) and ¢z = —k in (2.6). Thanks to those choices, one readily
has

(am + 22 =0,
o
once ¢; = 1, and this makes the quantity Bs equal zero.
— Part F Estimates to Bg; and Bgo.
Finally, we compute the terms Bg. Using that

R c
0l < CTE and o= 2 = 202

a! Ba! '
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we get

|Beo| < CTs 22 /|1/)2 (1)l (8, 1) |6 (1, 1)t

(2.36)
T T
< 12/ (t,1) [, (£, 1) dt+052T2/§ (t, 1)|po(t, 1)|%dt.
E 0
Using the expression of v111 ,(¢,1) from (2.11), we further get
Bal < CTsm [ 1alt, Vil (6 DI s
T T
< /gg(t,nmqpm(t, 1)|2dt+052T2/§§(t,1)|w2(t, 1)|%dt (2.37)
0 0

3

C

<

[ e
O\ﬂ

(8, 1) [ho,u(t, 1) dt + C (*T* + s*T?) / & (t, 1)[a(t, 1)2dt.

Here, thanks to the quantity (2.30) we can find the estimate for the following term

T
J BRI
0

e Step 6. Getting rid of the lower-order boundary integrals.
Finally, thanks to the computation of the boundary terms (step 5), we can add all the parts of this

step to have the estimate for By for 1 < k < 6. Putting together (2.29), (2.31), (2.32), (2.33), (2.34),
(2.35), (2.36) and (2.37), we find that

6

S Be 2 58392 (jea] — 1)

k=1

E3(t, 1)|pa(t, 1)[2dt

SA
T ’71

(leal = 3) [ &a(t 1) [0 (¢, )| dt

Cz

oS~ 8 °oT—H

T sha? / €3(6, 1) [alt, 1)|2d

es)\'yl

T
(3+leal) [ €a(t, 1) |thon(t, 1) dt
[

02

_ (cemm N QCsAw) €30t Dl (t, 1) Pt
€

o\ﬂ

T
2
e { €a(8,1) [ (£ 1)|2 dt
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—C (T + $*T?) [ &(t, 1) (t, 1)dt

o\ﬂ

_5 >\’71

)\/5 (t,0)e= 2200y (#,0)]2dt. (2.38)

In the above we fix € > 0 small enough and choose A > \g and s > sg = po(T + T?) (for A\g > 0, pg > 0
large enough) so that all the lower-order boundary integrals can be absorbed by the first two leading
integrals of (2.38).

As a consequence, from (2.28), one has

o // (€811 + E31al?) dadt + sX° / (Exltoral” + Elw20]*) dwdt
Q

|
O\ﬂ

T
+ 323 53(t,1)|w2(t,1)|2dxdt+sA/§2(t,1) |1ho.o (t,1)]? dt
0
T
SC//(|F1|2 + | By ?)dadt + CSA/e—%m(tvo)@(t,o)|<p2,w(t,o)|2dt,
Qr 0

for all A > X\ and s > sg. Therefore, the previous inequality gives us the required Carleman estimate
(2.9), and the proof of Theorem 2.5 is complete. O

2.2. Observability inequality and its application

This section is devoted to proving a suitable observability inequality as a consequence of the Carleman
estimate (2.9), which is the key point to deduce the null-controllability of the system (1.2).

Proposition 2.6. For any ¢ := ((1,(2) € H, the associated solution of the adjoint system (2.4)

¢ = (p1,92) € C([0,T]; H)

satisfies the following boundary observation

lp(0)]2, < C / Baipa(t,0) . (2.39)
0

Proof. Consider ¢ € H. Thanks to the Carleman inequality, given by Theorem 2.5 to the solution (¢1, ¢2)
of (2.4) with

Ll‘Pl = 1P1 and L2<p2 = Q22 <O’ = W) s
g st
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gives us that

xt [ [l + e elloaf?) duds
Qr

o) // (e72 & |10l + €720 o) dadt

2.40
o (2.40)
T
<C / / (7251 |2 4 €252 |y |?)dazdt 4+ C'sA / e~ 220y (1.0)| .. (t,0)[2dL.
Qr 0

Now, using the fact that 1 < 8T 655’ for j = 1,2, we can easily absorb the first two integrals of the
r.h.s. of (2.40) by the associated leading integrals for any s > CT?. Thus, we have the following inequality
from (2.40),

s\? // (6_23n151|@1,x|2 + 6_2377252\902@\2) dxdt
Qr

T (2.41)
< Cs / &a(t, 0)e 20|y (2,0)Pdt.
0
Moreover, for some m, M > 0, we have the following relations
e 2Mig; >m in (T/4,3T/4) x (0,1), and e ¢ <M in Qp, forj=1,2,
which together with (2.41), yields that
3T/4 1 T
/ /(m,z 2+ @20 ?) dedt < C | |@24(t,0)[*dt.
T/4 0 0
Then, from the estimate given by (A.3), one can deduce that
3T/4 1 T
OB <Cr [ [ (oral? + lpnal?) dode < C [ paatt0)d,
T/4 0 0
and hence the required observability inequality (2.39) follows. O

We are now in a position to prove the first main result.

Proof of Theorem 1.1. The proof follows the classical Hilbert uniqueness method introduced by Lions
[34]. Once we have the above observability inequality, then one can prove the existence of a boundary
control h € L?(0,T) such that (u,v) solutions of (1.2) with boundary conditions (1.3)—(1.4b) satisfies
(1.5). O

3. Rapid exponential stabilization

This section is devoted to studying the boundary stabilization issues for (1.2)—(1.3) with a single bound-
ary control force acting on the component v, namely (1.4b). More precisely, we construct a stationary
feedback law h(t), of the form F,(u(t,-),v(t,-)) such that the solution of the closed-loop system decays
exponentially to zero at any prescribed decay rate.
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The approach employed in this section was first introduced by Komornik in [28] and has also been
studied by Vaste [50] and Urquiza [49], which one will be applied in our context and is the key argument
of this section.

3.1. Gramian method

Let us consider the abstract control system
y(t) - Ay(t) + Bh(t)v te (OaT)a
y(o) = Yo,

where y(t) € H,yo € H,h € L?(0,T), B is an unbounded operator from C to H. A : D(A) C H — H is
an unbounded operator and D(A) is dense in H. To employ the method of Urquiza, one needs to take
the following assumptions on the operator A and B

(3.1)

(H1) The skew-adjoint operator A is an infinitesimal generator of a strongly continuous group {e*};cr
on H.

(H2) The operator B : C — D(A*) is linear and continuous.

(H3) (Regularity property) For every T > 0 there exists C'(T') > 0 such that

y * —t A" 2 2 *

[lre®al de< iyl vye .

0
(H4) (Controllability property) There are two constants T' > 0 and ¢(7T") > 0 such that
7
0
Remark 3.1. It is important to mention that the hypothesis (H3) is known as direct inequality (see, for
instance, [34]) or the admissibility of the control operator (see, e.g., [47]). This property ensures the well-

posedness of the control system (2.1) as we can see, for example, in [30, Proposition A.1.] for hyperbolic
and Petrowski PDEs.

BretA | at > 2 Vye DA
eyl dt > clyly, VYyeDA.

With these hypotheses in hand, the next result holds (for details, see [49, Theorem 2.1]). Its proof
mainly relies on general results about the algebraic Riccati equation associated with the linear quadratic
regulator problem (see [23]).

Theorem 3.2. Consider operators A and B under assumptions (H1)-(H4). For any w > 0, we have
(i) The symmetric positive operator A, defined by

(Auz, Z>H _ / <B*6—T(A+w1)*l.7B*e—T(A+wI)*Z>C dr,Vz,z € H
0

18 coercive and is an isomorphism on H.

(ii) Let F,, := —B*A_'. The operator A + BF,, with D(A + BF,) = A,(D(A*)) is the infinitesimal
generator of a strongly continuous semigroup on H.

(iti) The closed-loop system (3.1) with h = F,,(y) is exponentially stable, that is,

|ercarBry | < ce2etsCAN ), vy e,
H

where C' is a positive constant.
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We will use Theorem 3.2 to prove the exponential stabilization of the coupled Schrodinger equation
(1.2)-(1.3)—(1.4b) with boundary feedback law. To apply it, we need to verify all the assumptions (H1)—
(H4) hold for our system (1.2). Let us do it in the next subsection.

3.2. Verification of the hypotheses

It is well-known that a fundamental solution of the Schrédinger system can be obtained by the Fourier
expansion, see for instance [19,25]. So, in this way, considering the eigenvalues and the eigenfunctions
that form an orthonormal basis of L?(Q2), we can define in H an inner product similarly as in [16].

Notice that we can also find a representation by Fourier series for the solutions of the system (1.2)
(see e.g. [25], for one-dimensional Schrédinger equation) and that the operator A, defined by (A.1)—(A.2),
is skew-adjoint and hence generates an infinitesimal generator of a group {S(t)}ier, thus (H1) follows.
Also note that g(—.A) = 0, where g is the growth bound of the semigroup generated by .A. Moreover,
comparing the abstract system (3.1) with our system (1.2), the control operator B € L(C;D(A*)") can
be given as follows

(Bs, (¢1a¢2)>D(A*)/,D(A*) =5¢5(0), s €C, (¢1,02) € D(A"),

and therefore, (H2) is verified. Additionally, note that the observability inequality (2.39) gives directly
(H4).

It remains for us to prove the hypothesis (H3), that is, to prove the trace regularity. This hypothesis
follows from the next proposition and is a consequence of Lemma B.1.

Proposition 3.3. For every T > 0 there exists C' > 0 such that the following holds

T
/ (02.0(, 0)2dt < C (1, )y (3.2)
0

for every solution (p1,p2) of the adjoint problem (2.4) with (¢1,(2) lies in sufficiently reqular space.

Proof. Recall that 2 = (0,1) and choose m € C?(Q2) such that m(1) = 0,m(0) > 0, and m'(1) = 1. Thus,
from (B.1), it follows that
2

T
05 [ Voo .0 Pm(dt < oy | 1or(T)oa(T)
0

DN | =

J=1

+ (e (D), 02T, + [1(£1(0), 92(0) P20z + 1101 (0), 02(0)[5,
T (3.3)
+Callmlin vy | [ 16010 p0) et

T
+ Cs [mllyz.< (o) /H(cpl(t)awz(t))ll[m(m]z (@1 (2); 2 (D))l dt
0

Note that, using boundary conditions of (2.4), one can prove that the last term of the identity (B.1) is
negative. Moreover, using the classical conservation of the energy for the Schrodinger equation we have:

[(@1(2); 2l 22z = 1(1(0), 92(0) | z2(qy2» Yt € [0,T], (3.4)
[(e1(2), L2(E)ll3 = 1(01(0), p2(0))ll,, Vt €[0,T]. (3.5)
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Therefore from (3.3), we have the following result (3.2) when ({1, (2) is sufficiently smooth. Using a
density argument we get the result when (¢1,{2) € H, showing the lemma, and consequently (H3) is
achieved. 0

3.3. Proof of Theorem 1.2

In this section, we employ Urquiza’s method to construct the feedback law for our system (1.2) to ensure
the exponential decay (1.9).
To do that, let us consider ®} = (¢o,%0) and ®2 = (rg, so) belonging of H, and define the following

bilinear form
o0

A (D, B3) = /e*%wx(t,())sx(t,()) dt,
0

where ®! = (p,9) and ®2 = (r, s) are the solutions of the following systems, respectively

19t + V1Pzz — a1 = 0, in Qr,
10y + Y2Pgr — a2th =0, in Qr,
e(t, 1) = ¥(t,1), in (0,7),
Y1 (t, 1) + Lepe(t, 1) + ap(t,1) =0, in (0,7),
o(t,0) =0, ¥(t,0) =0, in (0,7),
(T, z) = po(z), ¥(T,z) = o(z), in 2
and

1y + Y17rpe — 17 =0, in Qr,
108 + Y28z — 28 = 0, in Qr,
r(t, 1) = s(t, 1), in (0,7),
N7 (t, 1) + sy (t,1) + ar(t,1) =0, in (0,T),
r(t,0) =0, s(¢,0) =0, in (0,7,
r(T,z) =ro(z), s(T,z) = so(x), in Q.

Let us define the operator A, : H — H' satisfying the following
(Mo®5, B5) 00 5, = 00 (D5, BF), VG, DF € H. (3.6)

Next, we see that

A (D4, B3) = [ e M), (t,0)s,(t,0) dt

e 2B O (1) B*®2(t) dt

oS~ o8 o — 8 o3

e—2wt (B*S(T _ t)*S(—T)*(I)(l)) (B*S(T — t)*S(—T)*(I)(Q)) dt

e (B*S(—t)* BY) (B*S(—t)*B2) dt.
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Therefore from (3.6), we have

(A8, = [ o0 Sty 0h, 57S(0)08),
0

Thanks to Theorem 3.2, the operator A, defined by (3.6), is coercive and isomorphism. Finally, let us
define the operator F,, : H — C by

Fou(z) = —4(0),
where ®} = (0, %0) is the solution of the following Lax-Milgram problem
ay (05, @3) = (z,95) , V®F € H.
Hence, we obtain
(@3, D3) 0 5 = (2, 93), VOF € H.

This gives A,®} = z. It follows that ®} = A 'z. Thus we have F, = —B*A_!. Thanks to Theorem
3.2, rapid exponential stabilization for the system (1.2) is established using the feedback law h(t) =
F.,(u(t,-),v(t,-)). More precisely, we get a positive constant C' such that the solution of (1.2) satisfies the
estimate (1.9), showing Theorem 1.2. O

Remark 3.4. We end this section with the following comments.

i. As mentioned before, an estimate similar to (3.2) implies the well-posedness of the control system
(2.1). We infer the reader to see Proposition 2.3.

ii. Estimate (3.2) and exact controllability (Theorem 1.1) together with the hypothesis (H2) ensures
the uniform stabilizability property considering the dissipative feedback u(t) = —B*y(t), where B*
is the adjoint control operator of B and y = (u,v) is the solution of the closed-loop system (1.2)
with boundary conditions (1.3)—(1.4b). A very elegant and short proof of this fact can be found in
[30, Proposition 3.1].

4. Final comments and open problems

In this paper, we considered the boundary control problems for coupled Schrodinger equations through
the Kirchhoff boundary conditions in a one-dimensional case. The first result is obtained showing a new
Carleman estimate with boundary observation. Moreover, with this in hand, together with other hypothe-
ses over the operator A, the second result ensures that the solutions of the system decay exponentially
with a decay rate of at least e~ 2%%.

Concerning Theorems 1.1 and 1.2 it is natural to ask whether they remain valid in nonlinear framework
(1.1). Due to the lack of regularity, we are not able to extend our result for the nonlinear case yet, and
this issue remains open.

Finally, we point out that in a forthcoming paper boundary conditions different of (1.3)—(1.4a)/ (1.4b)
will be considered, which will give a more general view of the boundary control problems, at least, for
the system (1.2).
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Appendix A. Auxiliary results

In this first appendix, we briefly discuss the well-posedness of the control system (1.2).

A.1. Well-posedness results

Consider the following operator associated with the control system (1.2), given by

Z’Ylauz: - Z.Oflﬂd 0
A= , (A1)
0 120, —i%2]y
with
D(A) = {(u1,u2) € [H*(Q)]* |u1(0) = u(0) = 0, uy(1) = uz(1),
72 (A.2)
yug (1) + ;ug,m(l) +auy (1) = O}.
With this in hand, the first result shows that the operator in consideration is dissipative.

Proposition A.1. The operator (A, D(A)) generates a strongly continuous unitary group in [L*(Q)]%.

Proof. Let us consider U = (u,v) € D(A). A simple computation gives that
1

(AU, U)(12(q)2 = Re {wl/umudx—ml/|u| dx—i—z—/vmvda: z—/\u| dx}

{ 17uT|2 do —i 2 /|vT| dz + iyru.(1 )()+712;_2Um(1)1}(1):|
0
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. —N )2 —
= Re {wlum(l)u(l) + zavm(l)v(l)]

= Re [ — ia|u(1)|2} =0.
By using semigroup theory, A generates a strongly continuous unitary group on [L?(£2)]2. Moreover it

can be easily checked that for all (u,v) € D(A),

(A(u,v), (u, U)>[L2(Q)]2 = —((u,v), A(u, v)>[L2(Q)]2
and also D(A) = D(A*). Therefore (A, D(A)) is a skew adjoint operator. O

A.2. Adjoint system

Let us remember that the adjoint associated with the system (1.2) with (1.3)—(1.4a) or (1.3)—(1.4b), is
given by (2.4), with given final data ¢ := ((1,(2) from some suitable Hilbert space. Note that, since
A = —A* we have that D(A*) = D(A), so, the following result shows the well-posedness for the system
(2.4).

Proposition A.2. For given ¢ := ((1,(2) € H, there exists a unique solution ¢ := (¢1,p2) € C([0,T]; H)
to the adjoint system (2.4) such that it satisfies

lelleqo,mm) < CllSlx, (A.3)

for some constant C > 0.

Appendix B. Key lemma

This second part of this appendix is devoted to presenting an essential lemma that is a key point in
ensuring the hypothesis (H3) in Urquiza’s approach.

Lemma B.1. First, consider a function m € C?(0,1). Then the solution of (2.4) satisfies the following
identity:

2 T 2 T
520 [ lesat OPm©dt = 33" vy [ losue. )Py
0 0

1 5 1
_— 1
s [ 3[BT ml) e T a)ds | + 5 [ 3 [0 @m(@)p.0,0)do
J=1 0 j=1 0
T s T 1
+ —Im Z/gpj,t(t,l)m(l)@j(t,l) t|— fRe ZVJ//QO] o (2) ) (1, x)dadt (B.1)
J=1% =L " %o

2

1
1 -
- §Re ZUJ /<pj m" (2)p;(t, x)dxdt | + Re V]/ijw(t Lym'(1)p;(t,1)dt |,
0 0

j=1

2
1
— gRe D0 [ m(D)lg,(t, 1)t |

where v1 = 1,V = 7,01 =qq,0y = 22,

g
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Proof. Multiply the equations (2.4) by (m@1, + 3p1m’) and (m@i,, + 2@1m’), respectively, and using
integration by parts along with boundary conditions, we have

2

e [ [ (5 iortea) + i) o0,0) ) e =

0 0

)m(@) @0 (T, x)dx

[

<
Il
—

S

<
~
S

1
— —Im
2

©; (0, 2)m(z)p; (0, z)dz

<.
Il
.

;(t, 1)ym(1)p;(t, 1)dt

<
I
—

+

|

=
VMN

+
\
3
N
ot — = o~ o~

Similarly, we have from the second term of both equations:

RZ/ / e (g @y 4 ) 0,7) ) dact = I, / (ol D) Pm(1)dt

00 Jl

) T 1
1 -
_§Re Z%‘//%‘zm( ).z (t, x)dzdt
=L " "o
. ) T 1
— e [ Sow [ [ eram @)t )dade
=L " "o
2 T T
+ Re Zyj/%,x(t,nm’(m%(t Td ZV]/m Yoy (£, 0 2dt
J=1 0 J=1 0
Also, we have
2 11 s T
Re> 0 | / o (5 @i + mie)sata) ) dedt = | 365 [ m(Dls(e. )P
j=1 0 j=1 0
Putting together the previous relation (B.1) holds and the lemma is finished. O
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