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ABSTRACT. This article deals with the stability problem for a higher-order
dispersive model governed by the so-called Kawahara equation. To do so, a
damping mechanism is introduced, which contains a distributed memory term,
and then proves that the solutions of the system are exponentially stable,
provided that specific assumptions on the memory kernel are fulfilled. This is
possible thanks to the energy method that permits us to obtain a decay rate
estimate of the energy of the problem.

1. Introduction.

1.1. Model under consideration and objective. The fifth-order nonlinear dis-
persive equation

1
+20,u + 3ud,u — v u + 4—582u =0, (1)

models numerous physical phenomena. Considering suitable assumptions on the
amplitude, wavelength, wave steepness, and so on, the properties of the asymptotic
models for water waves have been extensively studied in the last years, through (1),
to understand the full water wave system. For a rigorous justification of various
asymptotic surface and internal waves models, we suggest that the reader consult
the following references [1, 5, 29].

On the other hand, we can formulate the waves as a free boundary problem of the
incompressible, irrotational Euler equation in an appropriate non-dimensional form
with at least two parameters ¢ := % and € := 7, non-dimensional, where the water
depth, the wavelength and the amplitude of the free surface are parameterized as
h, A and a, respectively. In turn, if we introduce another non-dimensional parameter
1, so-called the Bond number, which measures the importance of gravitational forces
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compared to surface tension forces, then the physical condition § < 1 characterizes
the waves, which are called long waves or shallow water waves. On the other hand,
there are several long-wave approximations depending on the relations between &
and §. For instance, if we consider ¢ = 6 < 1 and p = % + VE%, and in connection
with the critical Bond number p = %, we have the so-called Kawahara equation,
represented by (1), and derived by Hasimoto and Kawahara in [23, 27].

The main concern of this article is to deal with the well-posedness and stability
of an initial-boundary-value problem related to (1). Specifically, we are concerned
with a fifth-order dispersive partial differential equation with a distributed memory
term

Opu(x,t) + OBu(x,t) — agddu(x,t) + u(x, t)0pu(z,t)
radiuat) + (<1 [ F©0 - s =0, (@,1) € 1% (0,50),
0

u(0,t) = u(L,t) = 0, t>0, (2)
0,u(0,t) = dyu(L,t) = O2u(L,t) =0 t>0,
u(z, —t) = up(z,t), x €1, t>0.

Here u represents the amplitude of the dispersive wave, k € {0,1,2}, L > 0, I =
(0, L), while a; € R and ag > 0 are physical parameter of the dispersive equation.
Moreover, ug is the initial condition and f is the memory kernel satisfying f : R} :=
[0,00) — R so as there exists a positive constant ¢y such that:

FECPRY), ['<0, 0< "< —cof, f(0)>0 and lim f(s)=0. (3)

After that, the energy associated with the system (2) is

o0
B0 = 5 (a1 + [ stk ¢.)Pds) .t R (1)
Observe that E' < 0 and hence the energy of our system is decreasing (see Lemma
2.1). This means that the localized damping mechanism and the memory term
constitute a damping mechanism and consequently one has to study the decay of
the solutions of (2). Notwithstanding, it has been noticed that the stability property
of solutions of many physical systems may be lost when a memory effect occurs [32].
Thus, our concern is to provide an answer to the following questions:

Problem P: Does the energy E(t) decay to 0 as t is sufficiently large? If so, can
we provide a decay rate estimate?

1.2. Historical background. Let us present a review of the main results available
in the literature.

First, we shall focus on the third-order Korteweg-de Vries (KdV) equation. In
the case when a memory term occurs, numerous stability results were obtained in
[12, 13] (see also the reference therein). Chentouf [12] considered the KdV equation
with a boundary finite memory term in a bounded interval. Additionally, Chentouf
and Guesmia [13] studied the stability problem for the KdV equation subject to
the effect of a distributed infinite memory term. Recently, in [34], Parada et al.
studied the stabilization problem of the KdV equation with either a boundary or
distributed time-dependent delay. Note that this outcome extends those obtained
in [4, 36].

Concerning the analysis of the Kawahara equation in a bounded interval, a pio-
neer work is due to Silva and Vasconcellos [37, 38], where the authors studied the
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stabilization of global solutions of the linear Kawahara equation in a bounded inter-
val under the effect of a localized damping mechanism. The second endeavor, in this
line, was completed by Capistrano-Filho et al. [3], where a generalized Kawahara
equation in a bounded domain Qr = (0,T) x (0, L) is considered:

Opu + Opu + O3u — 2u + uPOpu + a(z)u = 0, in Qr,
u(t,0) = u(t,L) = d,u(t,0) = dyu(t,L) = d?u(t,L) =0, on [0,T], (5)
U(O,$) = UO(I)a in [Oa L]a

with p € [1,4) and a(z) is a nonnegative function and positive only on an open subset
of (0,L). It is proven that the energy of the above system decays exponentially.

The internal controllability problem has been tackled by Chen [10] for the Kawa-
hara equation with homogeneous boundary conditions. Using Carleman estimates
associated with the linear operator of the Kawahara equation with an internal ob-
servation, a null controllable result was shown when the internal control is effective
in a subdomain w C (0,L). In [8], considering the system (5) with an internal
control f(t,z) and homogeneous boundary conditions, the equation is shown to be
exactly controllable in L2-weighted Sobolev spaces and, additionally, controllable
by regions in L2-Sobolev space.

Recently, a new tool for the control properties of the Kawahara operator was
proposed. In [7], the authors showed a new type of controllability for the Kawahara
equation, what they called overdetermination control problem. A boundary control
was designed so that the solution to the problem under consideration satisfies an
integral condition.

The last studies on the stabilization of the Kawahara equation deal with a local-
ized time-delayed interior control. In [9, 11], under suitable assumptions on the time
delay coeflicients, the authors were able to prove that solutions of the Kawahara
system are exponentially stable. The results were obtained using the Lyapunov
approach and a compactness-uniqueness argument. More recently, the authors in
[6] gave an analysis to better understand the stabilization issue for the Kawahara
equation. Indeed, it is shown that the Kawahara equation under the action of a
time-delayed boundary control remains exponentially stable under a condition on
the length of the spatial domain. Such a desirable property is proved using two
different approaches. It is also worth mentioning that the stability of the solutions
to the Kawahara equation has been extensively studied in the context of periodic or
non-periodic bounded domain [20, 21, 24, 26] and also in the case when the spacial
variable lies in (—o0, 00) or [0,00) [15, 16, 17, 19, 25, 30].

We end the literature review by mentioning that the occurrence of a memory
phenomenon in the Kawahara problem (2) could be explained in practice by the fact
that numerous compressible and incompressible fluids are intrinsically viscoelastic
and therefore the influence of the past values of the amplitude of the dispersive
wave of the fluid is unavoidable [2, 13, 18, 33].

Regarding the main contribution of this paper, we can claim that we go one
step further in the study of the stabilization problem for the fifth-order Korteweg-
de-Vries type system. Compared to the recent works [3, 6, 9, 11], where damping
mechanisms and delay controls are used, this paper closes the gap since it is the first
work to treat exponential stability using only infinite memory. It is also noteworthy
that the current paper shows that a memory term plays a role of a damping control
in the sense that it leads to the stability of the system without any additional
damping such as a(x)u used in [3, 11, 39] to get the stability property of the system.
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Finally, note that our results remain valid if a; = 0 and hence the drift term 0, u(z, t)
can be omitted.

1.3. Notations and main result. Throughout this article, C' denotes a constant
that can be different from one step to another in the demonstrations presented in
the sequel. Let us use (, ) and || - || to denote the standard real inner product in
L?(I) and its corresponding norm given by

= LZ"U.’.EI’ an ull = LUIQZ'
<u,v>f/0u<><>d 4 | |</0|<>d>

Consider two functions u(z, -) and ug(x, ) belonging to C(R, L?(I)) and satis-
fying the boundary conditions of (2). As in [18], introduce the following approxi-
mation

t s
n'(x,s) = / w(z,7)dr and 7°(x,s) = / uo(x, 7)dr, v € I,s,t € Ry,
t—s 0

1
2

for u(z,-) and ug(z,-). Observe the the functional ' satisfies

Ont(x,s) + 0snt(x,s) = u(w,t), ze€l, s,;t € Ry,

nt(x,0) =0, xel teR,.

Indeed, differentiating formally n’ with respect to ¢, we obtain
o' = —u(z,t — s) +u(z,t).
Analogously, we have
Osn' = u(z,t — s).
Therefore,
o' +0snt = u(z,t), Vxel, Vs,t cRy.

In addition, observe that thanks to the boundary conditions of (2), we ensure that

t t
n'(0,5) = / w(0,7)dr =0, n'(L,s)= / u(L,7)dr =0,
t—s W-'—() tiS\\_’O—/

while
t
n'(x,0) = / u(x, 7)dT =0,
t

which gives us (6).
Now, in order to express the memory term

(oo}
(—1)’“/ f(s)0%*u(z,t — s)ds
0
in terms of nt, pick a function g := —f’, with f satisfying (3). Thus, thanks to the
properties of the function f, we get
geC'(Ry), >0, 0<—g' <cog,

go = /0 g(s)ds = f(0) > 0 and Slggo g(s) =0.

(7)
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On the other hand, integrating by parts with respect to s and using that n*(z,0) = 0
and the limit (3), we have that

[ oot wsis= [ reod@sis= [ fo et - ds. (8)
0 0 0
Next, with the approximation (8) in hands, we can rewrite our system (2) as

Opu + O3u — apdPu + udyu + ardpu + (—1)F / g(8)0%nt(x,s)ds = 0.  (9)
0

Thereafter, we introduce a variable U and its initial data Uy given by
U= (u,n") and Uy(z,s)= (uo(x),n’(x,s)),

where
we L*(I) and 7n' €L, := {fu Ry — Hk;/ g(s) |0k (s)|Pds < +oo} ,
0

and the space Hy is defined as
L2(I), ifk=0,
Hp =< H(I), ifk=1,
HE(I), ifk=2.
Furthermore, we will consider in the set Ly, defined above, the inner product and
norm given by

o, = | " g()(@ku(s), 0w (s))ds

and
1

loelle, = ([ atolotuolas)

respectively and we define the energy space as H = L*(I) x Ly, which will be
equipped with the following inner product and its corresponding norm
((v1,v2), (w1, w2))3 = (v1,w1) + (v2, w2) 1,

and
1

3
() w(s) e = (o2 + lw(s)3, )"
Additionally, to get our stability results we assume the following additional hy-
pothesis on ¢g: There exists a function £ : RT — R¥ such that

£eCU®N, € <0, [ eo)ds=oomnd o <~y (10)
0

Remark 1.1.

(i) The set of functions g satisfying (7) and (10) is very wide and contains, for
example, the ones that converge to zero exponentially like

g(s) = dye 13,
where £(s) = g1 = & with d; > 0 and ¢; > 0, or polynomially like
g(s) = di(14s)"",

o & = q1 with d; > 0 and ¢q; > 1, or between them like the

where £(s) = 1
s

following one
gls) = dye (D"
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where £(s) = qip1(s +1)P* 71, & = qups, with d; > 0, g1 > 0 and p; € (0,1).

(ii) The assumptions on g are classical and used in numerous papers where other
types of models and problems are treated (see for instance [13] and the ref-
erences therein). However, one could relax some of the conditions on g but
at the expense of technical complexities. The reader is referred to [14, 22] for
further details about this point.

In the sequel, Mp is the smallest positive constant satisfying the Poincaré’s

Inequality
loll* < Mp||0zv],
for all v € H}(I). Furthermore, let us denote by Mg the positive constant of the
Sobolev embedding H1(I) < L>(I)
2 2
[0l 71y < Msllvll3n(ry, ©ve H ().

Now, we can announce the main result of this article, precisely, the stability of the

solutions of (2).

Theorem 1.2. Assume that (3) and (10) are verified. If Uy € H satisfies

2
|a1|M%>+gMp(Mp—l—l)\/ZMSHUQH < dag, (11)

then there exist positive constants ¢ and é such that the solution U of (12) satisfies
the following stability estimates

(i) If € is a constant function, we have
E(t)<ée ™, teRy.
(i3) If € is not a constant function, then it holds

t 0
E(t) S éeic‘fot §(7‘)d7’ (1 —|—/ ecfoa g(T)dTé-(o_)/

g(s)h(o, s)dsda) ,te Ry,
0 o

where

h(t,s)—t2+t+‘ ,

t—s
/ Orug (-, T)dr
0

for0 <t <s.

The previous theorem permits to solve the Problem P stated before. To prove
this result, we use a classical approach that combines the multiplier method with
the energy technique (for further details about this approach, the authors strongly
suggest to the reader to consult the references [28, 31, 40]).

Our work is outlined as follows: Section 2 is devoted to presenting preliminary
results which are essential for the rest of the article. In Section 3, we proved the
well-posedness of the damping-memory problem (2). After that, the main result
of the article, namely, Theorem 1.2 is shown in Section 4. Finally, we presented
further comments in Section 5.

2. Preliminaries. We shall reformulate our problem (2) (see also (9)) as an ab-
stract initial value problem, namely,

{atwt) = AU(t),

U(0) = U, (12)
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where the operator A is given by

AU = (—8311 + ap02u — udpu — a10yu — (—1)k/ g(5)0*nt(-, s)ds, u — asnt> )
0

with domain
D(A) = {U € H; A(U) € H,u € H(I),0?u(L) = 0,n"(x,0) = 0}.
Additionally, for T' > 0, we introduce the space
B = C([0,T]; L*(I)) N L*(0, T; H*(1))
equipped with the norm

- lls =1 leqorszeay) + | - llz2o,0 82 (1)

The next lemma gives us a formal calculation of the derivative of E(t) = = ||U(t)||3,,
defined by (4), which will be important in the work (the computations will be
rigorously justified later).

Lemma 2.1. Assume that (3) hold, then the derivative in time of the energy func-
tional E satisfies

1 1 [~
E(1) = ~ga0 [@w0)] + 5 [ g (s)lokn'|ds, (13)
0
Proof. Observe that it follows from (3) that
0

We will analyze each part of the E’(t) separately. First, note that by multiplying
(9) by wu, integrating by parts in and using the boundary condition of (2), we have

L 1
/ ulrudx = —aoy (92u(0 / / 8)02knt(x, s)dsda. (15)
0

Now, multiplying (6) by (—1)*9?*g(s)n' and again, integrating by parts in I x R,
we get

/ / )92k t(?mtdsdx—l—/ / $)0%knto,ntdsda
/ / $)02Fn' dsdw

thanks to the boundary conditions of (6). When k& = 0, (13) holds directly from
(14), (15) and (16). For the case k = 1 or k = 2, note that integrating by parts
k—times with respect to the variable z, in the two terms in the left-hand side of (16)
and, only once with respect to the variable s in the second term of the left-hand
side of (16), we find that

1 > L[
o ([ ot okt s ) =3 / o) 0k
0 0
/ / 8)0%*ntdsdr,

since we have that n’(z,0) = 0 and that the limit (7) holds. Hence, in this case, to
get (13) just add (15) and (17). O

(16)

(17)
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Remark 2.2. Let us give some comments.

(i) Since ap > 0 and due to the assumptions on ¢’ (see (7)), it follows from (13)
that E’(t) < 0. Hence the memory acts as a mechanism of damping feedback.
(ii) Note that the integral term of (13) is well-defined. In fact, observe that since

0 < —¢' < cgg, we have
oo
_ / ¢/ (510t | 2ds
0

[ et P
<o / o(s) |0t |2ds
0

=colld5n'|1Z, < oo,

for any n' € Ly, showing our claim.

3. Well-posedness of the memory problem. In this section, we will study the
well-posedness of the system (2). Precisely, we will initially study the well-posedness
of the linearized system associated with (2). Then, we will show that the system
with source term is well-posed and, finally, we prove that the original nonlinear
system (2) is well-posed.

1. Well-posedness: The linearized problem. In this subsection, we give the
details about the well-posedness of the linearized system associated with (2), namely

Oyu + 83u — apd2u + a10,u
¥ 1T 9(s)02knt (z, s)ds =0,  (x,t) € I x (0,00),
o't (x,s)+85n (w,s)—u(az,t):o, zel, s,;teRy,

nt(0,s) = nt(L, s) = n'(z,0) = 0, zel, s,teRy, (18)
u(0,t) = u(L,t) =0, t >0,
0,u(0,t) = Opu(L,t) = O?u(L,t) =0, t>0,
u(x,()) = UO(l')v xzel,

with some initial data (ug,n°). Note that the system (18) can be written in an
abstract form in #H as follows

0,0(t) = AB(L), t >0
{@(0) - (19

with ® = (u,n'), ®¢ = (ug,n°) and A is a linear operator giving by
AdD = (—8§u + ag02u — a10,u — (—1)’“/ g(8)0%nt (2, s)ds, u — 857775) (20)
0

with domain
D(A) ={® € H; A(®) € H,u € HZ(I),0?u(L) = 0,n"(x,0) = 0}.

In turn, recall that, in this section, the generic positive constant C' is independent
of the initial data ®y but may depend on T, gy and the system’s parameters a;,
i =0, 1. The following result ensures the well-posedness of the linearized system.

Theorem 3.1. If the condition (3) is satisfied, then the following assertions are
valid:
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(i) The linear operator A defined by (20) generates a Cy-semigroup of contractions
S(t). Moreover, given an initial data ®9 € D(A), the problem (19) admits a
unique classical solution
O c O(Ry; D(A)UCHR L, H). (21)
In turn, if ®g € H, then (19) have a unique mild solution
O c C(Ru;H). (22)
(it) For any ®9 € H and T > 0, the following estimates holds
1ull 207120,y < Cll (o, )3, (23)
for some positive constant C. Additionally, the mapping
A @y = (ug,n")T € H — @(-) := S(-)®y € Bx C([0,T); L)
18 cONtINUOUS.

Proof. In order to show (i), consider ® = (u,n') € D(A). Owing to (13) and (19),
we find

(A(®), B = (04, ®) = (;um) _ P <0,

Thus, A is dissipative thanks to Remark 2.2. On the other hand, we can check that
the adjoint operator of A is defined by

o0 !
40— <6‘§’v —awdZot ado-+ (1F [ g0 sy~ + L ascf)
0

with domain
D(A*) = {¥ € H; A*(¥) € H,v € Hi(I),02v(0) = 0,¢"(z,0) = 0}.
The same line of thought may be applied to obtain

2 2 00
), 0 = —ao ZEE 0 [T gkt Pas < 0,90 € D)
0

and hence A* is also dissipative. Now, since A is densely defined and closed, the
assertion in (i) is a direct consequence of the semigroups theory of linear operators,
see for instance [35].

Now, we will show (ii). Let ®y = (ug,n") € H. As we know that S(t) is a Cp-
semigroup of contractions, we have

IS®)Polle = ll(w, n") 2 < 1®oll2e = ll(wo,n°)ll2, ¥t € [0,T]. (24)

Next, consider the function p(z,t), to be chosen later, and consider a classical
solution ® = (u,n') of (19) with initial data ®y € D(A). In this case, ® has the
regularity (21). Then, multiplying the equation (18) by 2zu, integrating by parts
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over [0,T] x I and using the boundary conditions, we have:

T T
4/ ||8zu|\2dt+5ao/ (|0%ul|2dt
0 0
L L
z/ mugdaj—/ u?(z, T)dx
T
/ / Q:vu/ 502kt (x s)dsdfcdtJral/ ||| 2t (25)

0

<Dl +an [ ol

/ / QZ’U,/ §)02*nt (x, s)dsdxdt.

Let us treat the case k =0 and k € {1, 2} separately.
Case 1: k£ =0.
First, note that

/ / / 2g(s)xun’(x, s)dsdxdt <L2/ / s)||u|*dsdt

+ / I 9)I12, dt (26)
0
T T
~1I2g / ul2dt + / I, )2, dt.

Thus, amalgamating (25) and (26), we deduce that

T
/0 (lul® + 10.l)? + 92u]2) dt < C|(up, 7°)|[2.

where C'= C(T, L, ag, |ai|, go) > 0, showing (23) for ® € D(A). Finally, the result
for ® € H follows by a density argument. This, together with (24) implies the
continuity of A.

Case 2: k£ =1.

Now, considering k = 1, integrating the last term of (25) by parts and using
Holder’s inequality and Young’s inequality, we get

T T T
(4 cgol?) / 10,2t + 5ao / |02u)2dt <L Juoll? + (a1 + o) / ul2dt
0 0 0

1 1 2
+ (14— dt.
( 6)/0 lIm ||Lg

3
Taking € = 90? > 0, we have

T
/O (Iull® + 10zull* + 10Zull?) dt < Cl(uo,n°) 1%,

where C = C(T, L, ag, |a1|,go) > 0 showing (23) for ® € D(A). Again, a density
argument permits to claim that (23) holds for ® € A and also the continuity of the
mapping A is verified.

Case 3: k£ =2.
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One has merely to argue as in the previous case. The only difference is that we
need to handle the term involving ||92u||? in addition to ||, ul|?. O

3.2. Well-posedness: The equation with source term. The goal of this part
is to deal with the well-posedness of the system (18) with a source term ¢(z,t)

Ou + 03u — agd3u + a10,u
/ 8)0% 0! (x,5)ds = p(x,t), (x,t) € I x (0,00),
ot (, s) + 051t (, u(z,t) =0, x€l, s,t € Ry,
( ) 77(L7 ) ( 0)207 .'IJEI, S,t€R+, (27)
u(0,t) = u(L,t) = t>0,
9xu(0,t) = Ozu(L, ) d2u(L,t) =0, t>0,
(z,0) = ug(x), x el

We have the following result:

Theorem 3.2. Let us consider T > 0. If (3) is verified, then we have:
(i) If ®g = (uo,n°)T € H and ¢ € L*(0,T; L%(I)), then there exists a unique mild

solution ® = (u,n")T of (27) such that ® € B x C([0,T]; L),
(s M) E 0,179 < Co <||(u07770)||3¢ + ||<P||2Ll(o,T;L2(1))) (28)
and
el < €1 (1o, ) + 11 0,222 )+ (29)

for some positive constants Cy, Cy independent of &y and .
(ii) Given u € L?(0,T; H*(I)), we have ud,u € L*(0,T; L*(I)) and the map

©:ue L*0,T; H*(I)) — ud,u € L'(0,T; L*(I))
18 continuous.
Proof. (i) Since A generates a Cy-semigroup of contractions S(t),
o € LY0,T; L*(I))

and to ensure the validity of the computations, we shall work with a regular solution
® of (27) stemmed from an initial data ®¢ = (ug,n°)T € D(A). It is well-known
from the semigroups theory [35] that the solution of (27) satisfies

t
sV <0 (1o + [ I
<C (I(uo, ")l + lell e 0,7:221)) »
and consequently (28) holds. We also have, thanks to (30), that

(30)

HUHC([O,T];LZ(I)) <C (”(UO»WO)”H + ||<P||L1(0,T;L2(1))) .

Therefore, to obtain the H2-norm of the solution, that is, (29), we use an analogous
argument as in the proof of (23), and hence we will omit it. On the other hand, a
density argument allows us to extend the results to any initial condition ®¢ € H.
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.e . . 2 . 2
(ii) First, consider y,z € L*(0,T; H*(I)). We have

T
1l 0.zt <K / ylla2 o 10w dt

T
(31)
<K [ ol
:KHy”QL?(O,T;Hz(I))v
where K is the positive constant of the Sobolev embedding H? «— L>°(I). Thus,
ydzy € L1(0,T; L*(1)),

for each y € L2(0,T; H*(I)).
In turn, using triangle inequality together with Cauchy—Schwarz inequality, we
get

T
10(y) — Ol oz 221y <K / ly — 2l 2y ez oyt
0

T
HK [ elmally = =l
0

<Klly = zllz20,m;m2 (1) 19l 22 0,152 (1)

+ K|zl 20,1352 () 1y — 2l 220,132 (1))
=Klly — 2l 20,712 () 1Y L2 0,512 (1))

+ Klly = 2|l 20,7820 12l 220,75 52 (1)) -

Thus, the mapping O is continuous with respect to the corresponding topologies. [

3.3. Well-posedness: The nonlinear problem. The next result ensures the
well-posedness of the system (2), which is represented by the problem (12).

Theorem 3.3. Let us consider T' > 0 and ag > 0. If (3) is verified, then there
exists a positive constant C' such that, for every Uy € H with
1

2
106l < foczrea

(32)

where Cy is as in (29) and K is the positive constant of the Sobolev embedding H* —
Le°(I), the problem (12) has a unique global solution U satisfying the reqularity (22)
and consequently, the problem (2) admits a unique global solution u € B.

Proof. First, consider Uy = (ug,n°) € H satisfying (32). Next, define the map
I': B — B by I'(z) = u, where u is a solution of (27) with source term ¢(x,t) =
—z(x,t)0,z(x,t) and initial data Up.
Claim 1: T is well-defined.
In fact, take a > 0 such that
1

Ul < a < ——5s.

|| OHB S 16012K2
Theorem 3.2 ensures that for each initial data Uy, there exists a unique solution
U = (u,nt) of (27) satisfying, thanks to (32), the estimate

ITGls < Cr (o + 1202138 0 rizzay ) - (33)
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Moreover, by using (31), we get

ITIE <Cr (1o, "), + 11202203 07221y
<Ch (04 + KQHZHi?(o,T;H?(I))) (34)
<Cy (a+ K2||2]1%)
for all z € B, showing the claim 1.

Claim 2: I' is a contraction.

Indeed, we have

IT(y) — F(Z)”QB §2K2||y - Z||2L2(0,T;H2(1)) (||y||%2(o,T;H2(I)) + HZH%Z(O,T;HQ(I)))
<2K?|ly — 23 (IlyllE + l1213) -

Then, consider the restriction of I' to the closed ball B = {z € B; 2|/ < r}, with

Va

24 vi
=5k Thus, (33) and (34) yields that

||I‘(z)||23 < Ci(a+ K2||z\|?3) < Ci(a+ K2r2) <2Cia<r
and
1
IT(y) = T(2)|l < 4rK?|ly — 2|5 < Slly = 2|

The mapping I is well-defined and contractive on the ball B according to the choice
(32), showing claim 2.

Therefore, using the Banach Fixed Point Theorem, we deduce that I" has a unique
fixed element u € B, which turns out to be the unique solution to our problem (2).
Lastly, the system (2) being dissipative as its energy is decreasing, the solution is
global. O

4. Proof of the main result. This section is devoted to the proof of the main
result, namely, Theorem 1.2. The principal ingredient of the proof is the utilization
of the energy method.

Proof of Theorem 1.2. First, multiplying (9) by xu, integrating by parts several

times, observing that 0,(xu) = u + z0,u, and thanks to the boundary conditions
of (2), we have that

5&22__ 1/L2 3 21/3 2
|0zul|* = — O (2 ; zudx 2\\8mu|| + 5/, dac—i— 5 ||uH
/ xu/ §)0%%n' (x, s)dsdz.

We are now in a position to estimate the terms of the right-hand side of (35).
Estimate 1: First, the Sobolev embedding yields that

L
/ uidx
0

(35)

L L
<l / juldz < Mljul, 1, / Juda.
0 0
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Thus, the previous inequality together with Hoélder’s and Poincaré’s inequalities
give us

L L 2 L 3
/ uddx §M5||u|@h(1) / 1%dx / lu|?dx
0 0 0
1

<MLz (|lull® + [|8,ull?) [lull
<MgL* (Mp +1) [|0yul*(2
<MsL?* (Mp +1) (2

Nl

1

E(t))®

E(0))]|9yull*.
Estimate 2: We claim that for each € > 0, there exists a constant C¢ > 0 such
that

/ xu/ 8)0% 0! (z, s)dsdx| < €||0?u))® + C. /

We split this estimates in two parts, namely, k = 0 and k € {1, 2}

s)|105n" (P ds.
Indeed, for the case k = 0, using the Young’s and Poincaré’s inequalities we have

/ u / Yitdsds| < /O T ) / " oul || dads
<L/Oog(s)/0 (6|u| + — |n | )dxds

<L +L
6/ s)ds [ulP + 45/ ST
—90

<sz1pgocsna?u||2+L4(S JACITRE
————

CE

<el02ul? + C. / o(s) |12 ds,
0
where § = €

> 0, showing the estimate 2
012,90

Now, we turn to the case k = 1. Applying once again Young’s and Poincaré’s
inequalities gives the following

—/ g(s)/ w0, (v, s)dxds </ / $)udyn'(x,s)| dxds
0 0
<5 / ) ullds

12
b [ o s .
<5 / s)|[ul]2ds
i,

1
<6goMp||0Ful® + Bllntl\%
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Similarly, we also have the following estimate

e L
—/ g(s)/ 20,ud,n' (x, s)dxds
0 0

<5 / o(s) [0, ?ds
0

e

§6L2/ g(s)]|0zu 2ds
[ oo -

9()[10an"[|*ds

1ode
+ I3,
1
=690 L2[10,u? + — [In*||2
g0l 0.l + 1= '3,
1
<8goMpL?|02ul* + Za||nt\\%g'
Observe that

L oo
(—l)k/ xu/ g(s)02n'dsdx
0 0

<

e <] L
—/ 9(8)/ u0,n" (x, s)dxds
0 0

+

9] L
—/ g(s)/ 20,u0,n" (z, s)dzds
0 0

Thus, thanks to the inequalities (36) and (37) applied on the right-hand side of the
previous inequality we have

L [eS)
(—1)]“/ xu/ g(s)9%n dsdx
0 0

1
<090 Mpl|0Zul* + =IIn"IZ,

1
+ g0 Mp L2 | 03u]* + 1= IIn'l1Z,

1
= bgo(Mp + M) 02ull* + = 10",
N———’
v

€ Ce

€
where ) = —————— > 0, showing the estimate 2.
go(Mp + M3) ’
Now, we turn to the case k = 2. Thanks to Young’s and Poincaré’s inequalities,
we have

1
<0goMp|10zull* + 5 ln'lIZ,- (38)

[eS) L
2/ 9(s) / Opudin'(z, s)dxds
0 0

Using the same arguments as for the case k = 1, we have

oo L
‘—/ g(s)/ 0%ud?nt(x, s)dxds
0 0

Moreover, since

L oo
f(fl)k/ zu/ g(s)0intdsdx
0 0

1
<ogoL?(|0Zull® + < IIn"l1Z,- (39)

<

oo L
2/ g(s)/ Opudin'(x, s)dxds
0 0
L

+

)

/ g(s)/ r02ud?n'(z, s)dxds
0

0
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and thanks to (38) and (39), we reach

/ a:u/ ntdsdx

2
<0goMp||0zull* + dgo L[| OFull* + S[In"[Z,

2
=0go(Mp + L?) [07ul* + < ['lIZ,,
—_——

p ~~
Ce
€
where § = ———— > 0, showing the estimate 2.
go(Mp + L?) &
Estimate 3: There are two constants C; > 0 and C5 > 0 such that
L o]
o2l <~ ( [ witar)vca [ g Pas o)

0 0

Indeed, Estimates 1 and 2 together with the Poincaré inequality yield

oozl < o (; /f“gdm> +3 /OL e
+%||u\|2 / a:u/ 8)0%kn! (z, s)dsdx
< -0 <; /OL xu2dﬂc> + %MSL%(MP +1)(E(0))2 | 9,ul®
Gl + elozul + C. [ " g(s)loknt Pds
<

1 L 1 1 1
—0, (2/ $u2d$> + §MSL§MP(MP + 1)(E(0))2 [|0Zul®
0

|a1|M123 22ull? 2ul? + ¢ > 9Fntl12d
+—ll0zull” + €| Ful]” + Ce ; 9(s)||0zn"(|"ds
which ensures

2 1 1
(500~ 30240 (3 + 1(EO)? ~ anldp - 26 2P

=D

L 0o
< -0 </ qudw> + 206/ g(s)195n" || ds.
0 0

Thus, taking ¢ > 0 small enough, it follows from (11) that D > 0 and hence (40)
1
holds true for C7 = D >0 and Cy =

To conclude the proof, consider the following function

L
F(t) = uE(t) + C1£(t) </0 quda:> ,
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1
where = 2 (Cg—i— M2>’ As ¢ <0, we have

L L
0 < €(1) ( / qudz>gs<O> ( / zu2dx)gs<0>L||u|2saLs<o>2E<t>-

Consequently, owing to the previous inequality, we get

HE() <F(t) < pE(t) + Cré (1) ( / ) wmx)

<HE(t) + 2LC1E(0)E(t) = (1 + 2LC1£(0)) Et).
Observe that £ < 0 ensures that

F'(t) =uE'(t) + C1€'(t) (/OL qudx> + C1€(t) 0y </OL zu2dx>

<uE'(t) + C1£(1)0, (/OL xu%@) .

Now, putting (40) into (42) and using the Poincaré’s inequality, we get

P <uB'(0)+60) (Co [ atollobaiPds - 102ul?)
Oo 1
<uE'(t nt 2
<uB'()-+0) (Co [ atoobu'IPas - gzl
°° 2
“n2 0+ €0 (ot 5z ) [ atolobf s - o)
P

1 oo
<uB (0 + 60 (Ca+ M) [ alok|Pas - ey o
P/ Jo
where in the last inequality we have used (41). Here,
2
M [+ 2LC1£(0)]

Now on, we shall distinguish two cases.

Ao =

Case 1: £ is a constant function.

In this case, taking into account (10) and (13), we have

f/ (s)]|0knt|2ds < — / g (s)]|0knt||?ds < —2F'(t)
0

that substituting in (43) gives us
1
F'(t) < pE'(t) — <02 + 1z > E'(t) — MEF(t) = —\o&F(t)

implying F(t) = e~ “*F(0), with ¢ = \o&. Finally, (41) yields
1 F(0 2£(0)E(0
E(t) S 7F(t) — ( )efct S g( ) ( )efct
7 1 7
which ensures item (i) of the Theorem 1.2.

3

Case 2: ¢ is not a constant function.

17

(42)
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First, observe that integrating (40) over [0,t¢] and using the definition of E(t),
since F is decreasing, we get

t t L t e
/ | 0%u||?ds < — Cl/ 0r </ zu2dx> dr + C’g/ / g(s)||0%nt||2dsdr
0 0 0 o Jo
L t 0
<Ci </ xu%dx) + C’z/ / g(s)||0knt||2dsdr
0 0o Jo
L t
<Cy </ xu%dx) + Cg/ 2E(7)dr
0 0

L t
<Ci (/ xu%dm) + 02/ 2E(0)dr := C5(1 4+ t),
0 0

L
where C3 = max< Cy </ rudds ,2C’2E(O)}. Now, Young’s and Hélder’s in-
0

equalities together with (44) , ensures that

2 0 2

<2 0’;u(-,7)d7

t

t
/ oku(-, T)dr
0

2 L pt
+ 2t/ / (OFw)?(-, 7)drdx
o Jo

2
oFu(-, r)dr +2

t—s

t—s
<2 / OFug (-, )dr
0

t—s 2 t
<2 / 3’;u0(~,7)d7' + 2t/ ||8§u|\2d7' = c1h(t, s),
0 0

for 0 <t < s. Here ¢; = Qmax{l,M}Q;kCg} and

2

t—s
h(t,s) =t 4+t + ’ / OFug (-, 7)dr
0

On the other hand, thanks to (13)
o) t )
(1) / g()08n|12ds =¢(t) [ g(s)l|0n'|Pds + &(t) / o510k |2 ds
0 0 t
t o0
< _ / ak t 2d t 6k) t 2d
< / g0k’ s+s<>/t o(s)[19k |2ds
t o0
< / g ()[04 |2ds + eré (1) / g()h(t, s)ds
< / g ()80t 2ds + e1€(t) / g(s)h(t, 5)ds

o0

<~ 2B(t) + cr£(1) / g()h(t, s)ds.

t

Recall that

L
F(t) = uE(t) + C1£(t) </0 quda:> .
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Analogously to the previous case, we have

F(0) <= MSOF() + B0 + €05 [ g(s) 0k |Pas
0

- (45)
< = MEMF(t) + pE'(t) — pE'(t) + q%é(t) /t g(s)h(t, s)ds.

Setting ¢ := Ao, (45) ensures that
F(0)+ €OF(0) <uB' ()~ n'0)+ Ser) [ glointe.)is
¢

=) [ atonieshas,

or equivalently,

(ecfwdw(t))' < SFeclening(y) / g(s)h(t, s)ds.

t

1
Finally, the previous inequality and E(t) < —F(t), gives us
W

t 00
E(t) < ée=cJo €()dr (1 +/ e o f(T)de(U)/ g(s)h(a,s)dsda) ,

0 o
max {F(O), 617“}

where ¢ = . Thereby, the proof of the second part (ii) of Theorem

I
1.2 is complete. O

5. Conclusion. In this paper, we considered the well-known Kawahara equation
under the presence of only an internal infinite memory term. Then, it is shown that
the energy of the system decays under some assumptions of the memory kernel.
Moreover, an estimate of the energy decay is provided depending on the property
of the kernel. The main ingredient of the proof is the utilization of the Fixed Point
Theorem and the energy method. Based on this outcome, one can conclude that the
distributed memory term creates enough dissipation for the energy of the system so
that the exponential stability holds. On the other hand, we believe that our results
remain valid if the memory term occurs in a boundary condition. Of course, this
could be the subject of future work to ascertain the claim.
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