COUPLED LINEAR SCHRODINGER EQUATIONS: CONTROL AND
STABILIZATION RESULTS
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ABSTRACT. This article presents some controllability and stabilization results for a system of two
coupled linear Schrédinger equations in the one-dimensional case where the state components are
interacting through the Kirchhoff boundary conditions. Considering the system in a bounded domain,
the null boundary controllability result is shown. The result is achieved thanks to a new Carleman
estimate, which ensures a boundary observation. Additionally, this boundary observation together
with some trace estimates, helps us to use the Gramian approach, with a suitable choice of feedback
law, to prove that the system under consideration decays exponentially to zero at least as fast as the
function e=2¢? for some w > 0.

1. INTRODUCTION

This work is dedicated to the study of the boundary control problem and stabilization issue of a
linear system that appears modeling some problems in the context of nonlinear optics. Precisely, our
motivation comes from the following system

iug(t, ) + pugs (t, ) — Qu(t, z) + a(t, x)v(t
(1.1) iov(t, ) + quaa(t, 2) — av(t, ) + Su?(t, =
U(O’I) = UO(I)v ’U(O,I) = UO(‘T)7

x)=0, t>0, x €R,

va
I
=)

where u and v are complex-valued functions and «, 0, and a := 1/0 are real numbers representing
physical parameters of the system, where ¢ > 0 and p,q = +1. Notice that the system (1.1) is given
by the nonlinear coupling of two dispersive equations of Schrédinger type through the quadratic terms.

There are some physical meanings for the previous system, as mentioned before. For example, the
complex functions u and v represent amplitude packets of an optical wave’s first and second harmonic,
respectively. The values of 7 and 7, depend on the signals provided between the scattering/diffraction
ratios, and the positive constant ¢ measures the scaling/diffraction magnitude indices. For details
about this system, the authors suggested the references [13,19,28], and the references therein.

Concerning the mathematical context, most of the work related to the system (1.1) is devoted to
proving the well-posedness of the Cauchy problem in R™, for n € [1,6] or in a periodic framework T.
For example, in [17] the authors showed the local well-posedness for the Cauchy problem (1.1) on the
spaces L? (R") x L? (R") for n < 4 and H' (R") xH! (R") for n < 6. About qualitative properties of
Cauchy problem (1.1), the case where ;3 = 2 = 1 was studied in [4] for initial data ug, vy in the same
periodic Sobolev space H*(T). We also cite that in [5], the author studied the well-posedness of the
Cauchy problem associated with the coupled Schrodinger equations with quadratic nonlinearities. He
obtained the local well-posedness for data in Sobolev spaces with low regularity. Finally, the authors
suggest the reference [24] for the recent progress on nonlinear Schréodinger systems with quadratic
interactions.
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In the context of the control theory, no author attempted to show controllability results in bounded
domains for the system (1.1). Due to this fact, our motivation is to present the boundary control
results for the linear system associated with (1.1) posed in a bounded domain, giving a necessary first
step in the direction to prove the nonlinear results for the system (1.1).

1.1. Problem setting. As mentioned before, our motivation in this work is to present, as a first step,
the control results to the linear Schrédinger system associated with (1.1). More precisely, considering
T > 0 be any finite time and Q = (0,1), we define Q7 = (0,7) x Q and 37 := (0,T) x 9. So, we
will study the boundary controllability of the following linearized system

iUy + Y1Ugy — 1 =0 in Qr,
(1.2) 10V + YoUgy — v =0 in Qr,
u(0,2) = up(x), v(0,z) =vo(z) inQ,
where the constants o, 1, v2, a1, aa, a are positive and (ug,vg) are given initial data in certain spaces

which will be specified later. We will consider the system (1.2) with the so-called Kirchhoff boundary
condition at the right spatial point z = 1:

{u(t, 1) =v(t 1) in (0,7),

1.3
(13) Tug(t, 1) + o, (t,1) + au(t,1) =0 in (0,T).

Here, the boundary control h € L?(0,7T) acts either on the component u or v at the left spatial
point x = 0; to be more precise we set
(1.4a) either u(t,0) =h(t), v(t,0)=0 1in (0,7),
(1.4b) or u(t,0) =0, v(t0)=h(t) in (0,7T).
So, the first goal of this article is to answer the following null controllability problem:

Problem A: Given T > 0, (ug,v0) in a certain space X, can one find an appropriate control input
h such that the corresponding solution (u,v) of (1.2) with boundary conditions (1.3)-(1.4b) (or (1.3)-
(1.4a)) satisfies

(1.5) (u(0,2),v(0,2)) = (ug(x),vo(z)) and (w(T,z),v(T,z)) =(0,0), Ve e ?

If we can positively answer the previous question, an interesting problem is to study the boundary
stabilization problem for the system (1.2) with boundary conditions (1.3) and with a single boundary
control force exerted on the component v (or u), namely (1.4b) (or (1.4a)). In this context, the second
main problem in this work treats the following stabilization issue:

Problem B: Can we construct a stationary feedback law h(t), of the form F,(u(t,-),v
that the solution of the closed-loop system (1.2) with boundary condition (1.3)-(1.4b) (or (
decays exponentially to zero at any prescribed decay rate?

(t,-)), such
1.3)-(1.4a))

An important point to answer these questions is that we need to assume the parameter o, in the
second equation of (1.2), be a positive number and the choice of ¢ will play a crucial role in deducing
the required controllability result, which will be discussed further up. Moreover, we mention that now,
the second problem will be called the rapid stabilization problem.

Before giving details about the main results of the article and some important facts, let us give a
brief history of the control problem for the Schrodinger type systems, as well as some references to the
rapid stabilization issues of partial differential equations (PDEs).

1.2. Literature review: Control theory. We will divide our state-of-the-art into three fronts. The
first concerns some (non-exhaustive) control results for a single Schrédinger equation. The second part
is dedicated to the control results obtained for systems like (1.2). Finally, we will give a brief overview
of the rapid stabilization problem for some systems.

1.2.1. Control results for Schridinger equation. It is well known that control properties for a single
Schrodinger equation have received a lot of attention in the last decades (see, e.g., [23,39] for an
excellent review of the contributions up to 2014). There is an ongoing effort to show new control
results for this equation, and this effort is giving significant progress for control properties. So, in this
spirit, we can cite [21,30,31,32,34,35] and the references therein for control issues or [8,10, 22,29, 36]
and the references therein for Carleman estimates and their applications to inverse problems.
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1.2.2. Control results for coupled system. We are not aware of any results for systems where the
coupling is given at the Kirchhoff boundary condition for the Schrédinger type systems, as is our
case. However, concerning the coupled (internal) structure in the equation, there are several results
considering the cascade system for Schrodinger equations, which we would like to mention.

We first mention that controllability results for systems of parabolic equations are reviewed [3].
Concerning systems of hyperbolic equations, we cite the works [1,2,14]. There and the references
therein, the reader can find results about the controllability of two coupled wave equations with only
one control, under the hypothesis of the geometric control condition. More recently, in [33] a boundary
controllability result is shown for a Schrédinger cascade type system with periodic boundary conditions.
This result is obtained as a consequence of the controllability result for a cascade system of two wave
equations. We also refer to the work [26], where the authors studied the null controllability of a linear
system formed by two Schrodinger, controlling only one of them using Carleman estimates. Finally,
considering two uncoupled wave equations with potentials on an interval, in [27], the authors estab-
lished a Carleman estimate for wave systems with simultaneous boundary control, giving a boundary
controllability result for uncoupled wave equations.

1.2.3. Rapid stabilization of PDEs. For rapid stabilization issues, in recent years, some abstract meth-
ods [20,37,38] have been developed to obtain answers considering linear PDEs. The method is based
on the Gramian approach and the Riccati equations, and several authors employed during the last few
years this approach. For example, we can cite, [11] for the KdV equation in a bounded domain, [9] for
the KdV-KdV equation with only one boundary feedback acting, [18] for one-dimensional Schrodinger
equation and of the beam and plate equations by moving or oblique observations and, additionally, for
vibrating strings and beams, we can refer to [6].

We mention that this is only a small sample of the results concerning the control and stabilization
problem. We strongly encourage the reader to see the previous references and the references therein.

1.3. Main results and structure of the article. We are now in a position to give comments on
our main contribution to this article. Consider, now on, the space

(1.6) H= {(ul,ug) S [Hl(Q)]2 | ul(O) = UQ(O) =0, ul(l) = UQ(l)},
as the natural space for belonging of the initial data associated with (1.2) with the following norm

2

(17) sl = ([ (4@ + (o))

and the associated inner product defined by

((u1,uz), (v1,v2))g = Re/ﬁu’l(x)mdx + Re/ﬂué(m)v’z(m)da@,

for any (u1,uz), (v1,ve) € H. Finally, we denote H’ as the dual space of H with respect to the pivot
space [L?(0,1)]%.

The first result of our work gives the control problem for the system (1.2) with boundary conditions
(1.3)-(1.4Db), that is when the control is acting on the second component. Precisely, considering these
boundary conditions, due to a new Carleman estimate with boundary observation, the following result
is verified.

Theorem 1.1. Consider

(1.8) 6::{a>0|azm, /€>3},

71
where v1,7v2 > 0 are as appearing in (1.2). Let any T > 0, initial data (ug,ve) € H' and parameters
V1,72, 01, 2, @ be given positive. Then, for any o € &, there ewists a control h € L*(0,T) such that
the solution (u,v) to the system (1.2) with boundary conditions (1.3)-(1.4b) satisfies (1.5).

Since we can prove an observability inequality (for the associated adjoint system), as mentioned
before, naturally, the Problem B seems reachable. The next result gives, for the coupled Schrédinger
equation (1.2), the following positive answer for the rapid stabilization problem.

Theorem 1.2. Let any parameters vy, Y2, a1, as, @ be given positive. Then, for the same choices of o
as in Theorem 1.1, there exists a continuous linear map F,, : H — C and a positive constants C' and
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w, such that for every (ug,vo) € H, the solution (u,v) of the closed-loop system (1.2) with boundary
conditions (1.3)-(1.4b), with h(t) = F,(u(t,-),v(t,-)) satisfies

(1.9) 1(u(®), v()ll2 < Ce™" [[(uo, vo)lly, , ¥t > 0.

Remark 1.3. In what concerns our main results, Theorems 1.1 and 1.2, the following remarks are worth
mentioning:

e As usual in the literature the answer for the Problem A, that is, Theorem 1.1, is shown by
using the Hilbert Uniqueness Method introduced by Lions [25] and the classical duality theory
of Dolecki and Russell [15]. For that, it is essential to prove a suitable observability inequality
with boundary observation, and to do so, in the present article, we prove a new Carleman
estimate for the associated adjoint system to (1.2)-(1.3)-(1.4b).

e Problem B is answered using a classical Gramian approach [20, 37, 38], giving the proof of
Theorem 1.2.

e We study the control and stabilization problems for the system (1.2) with boundary conditions
(1.3)-(1.4b), however, we point out that a similar analysis can be performed if we instead
consider (1.3)-(1.4a).

e The choice of such ¢ € & in Theorem 1.1 is important to deduce the required controllability
result via Carleman estimate; for more details, we refer to Remark 2.4.

Our work is composed of five parts, including the introduction. In Section 2, the boundary control-
lability is considered. We obtain a new Carleman estimate with boundary observation, which is the
key point to prove the observability inequality. So, with this observability in hand, the Theorem 1.1 is
verified. In Section 3, we recall Urquiza’s approach and use it to achieve the second main result of the
article, i.e., Theorem 1.2. Section 4 is devoted to presenting some comments and open issues. Finally,
in Appendix A, we present an overview of the well-posedness results, for the direct and adjoint systems
associated with (1.2). Additionally, a key lemma, essential to prove the rapid stabilization result, is
proved.

2. BOUNDARY CONTROLLABILITY

Let us first study the global null-controllability properties of the system (1.2)-(1.3) when the control
acts on the component v, that is precisely (1.4b). The main tool is to establish a suitable Carleman
estimate that yields a proper observability inequality and utilizing that, we prove the required control-
lability result for the concerned model.

Definition 2.1. For a given 7' > 0, the system (1.2) with boundary condition (1.3)-(1.4b) is null
controllable at time T if for any given initial data (ug,v9) € H', there exists a control function
h € L?(0,T), such that solution (u,v) to (1.2) satisfies (1.5).

Additionally, the solution by transposition of (1.2)-(1.3)-(1.4b) is given below.

Definition 2.2. Let (ug,vo) € H' and h € L?(0,T). We say that (u,v) € L>(0,T;H’) is solution of

WU + Y1 Uge — =0 in Qr,
10V + YoUpe — 20 = 0 in Qr,
u(t,0) =0 in (0,7),
(2.1) u(t, 0) = h(t) in (0,7),
u(t, 1) =v(t,1) in (0,7),
g (t, 1) + oy (t,1) + au(t,1) =0 in (0,T),
u(0,2) = ug(z), v(0,2) = vo(x) in Q,

in the transposition sense if and only if

T T
Re/ ((u(t),v(t)), (91, 2)) w7 mdt =((u0,v0), (#1(0, ), 92(0, )37 3 — Re/ h(t)p2.2(t,0) dt,
0 0
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for every (g1,g2) € L*(0,T;H) where (o1, p2) are the mild solution to the problem

101,¢ + V11,02 — Q101 = 1, in Qr,
10Q2 1 + V202 20 — Q2p2 = g2, in Qr,
(2.2) e1(t,1) = p2(t, 1), in (0,7),
Y11,0(t, 1) + 2oy o (t,1) + a1 (2,1) =0, in (0,7),
©1(t,0) = 0, pa(t,0) = 0, in (0,7,

on the space C([0,T]; H), with (p1(T,-), p2(T,)) = (0,0) in Q.

We remark that the discussion of the system (2.2) is given in Appendix A. Furthermore, the following
result is verified.

Proposition 2.3. Let (ug,v9) € H' and h € L*(0,T). Then the control system (2.1) has a unique
solution (u,v) in C([0,T); H').

2.1. Global Carleman estimate. With the previous definitions, we are in a position to obtain the
global Carleman estimate for the adjoint system associated with the system (1.2) with boundary
conditions (1.3)-(1.4b), namely,

1014 + V191,22 — 0101 =0, in Qr,
10021 + Y202, 20 — C2p2 = 0, in Qr,
s o1(t.1) = gt 1), in (0.7),
Y1#1,2(t 1) + 2w o (t, 1) + api(t,1) =0, in (0,7),
v1(t,0) =0, pa(t,0) =0, in (0,7),
p1(T,z) = G(z), p2(T,2) = Ga(2), in €2,

with ¢ := (¢1,¢2) € H.
To this end, we introduce the space

Q :={(p1.¢2) € [C*@DIP | 1(,0) = pa(t,0) = 0, p1(t,1) = a(t, 1),
NP1t )+ Lpra(t, 1)+ api(t1) = 0, ¥t € 0,71},

Now recall that ¢ € & (see (1.8)) and thus

(2.4) o="72 for some x > 3.

24!
With this in hand, we consider the following auxiliary functions (motivated from [7]):
25) Bi(x) =2+c¢ij(z—1), j=1,2,
' ¢1 =1, co = —k and thus |ca| > 3.

Therefore, 3; € C?([0,1]) and satisfy
62 Z 51 > 07 in [Ou 1]7 51(1) = ﬁ?(l)

Next, for any parameter A > 1, we introduce the following weight functions:
eMBi () e2MBill oo — 285 (2)
( ) g](ax) t(T_t)v T]](,Jf) t(T—t) 9

Note that

V(t,ﬂf) S QT, j = 1,2.

gjv U > 0 for ] = 1327 61(t71) = 52(ta 1)7 771(157 1) = 772(t7 1)5
since 31(1) = B2(1). Concerning of the function ¢; and 7;, we have the following behavior in Qr:

§jw = A&iCjy Mja = —A0,

(2.7) Njaw = —AC5E5, Njaee = —A°C}Ej,
&5l < CTE, il < CTE,
0jwt] < OXTES,  |njue| < OT?ES,

for j =1,2.

Remark 2.4. We point out that the choice of ¢y in (2.5) and the value of o € & in (1.8) are crucial
to obtain the Carleman estimate (2.8). More precisely, those choices help us deal with some unusual
boundary integrals while proving the underlying Carleman estimate.
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The main theorem of this subsection can be read as follows:

Theorem 2.5 (Carleman estimate). Let the weight functions &1,&2, n1,m2 be chosen as in (2.6) and
o >0 is taken as (2.4). Then, there exist constants Ao > 0, po > 0 and C > 0, depending at most on
Y1,Y2 and co, such that the following estimate holds true

X // (e72 Ml 1| + e 25| po|?) drdt
Qr

ot [[ e,

=¢ // (72| Ligr|* + €72 Logo |*) ddt
T

T

+ CsA e 200 ¢, (¢, 0)|p2,(t,0)|dt,
0

for every A > Xo, 8 > 8¢ := po(T +T?) and for all (p1,p2) € Q, where

24 6_2‘9"2£2|g02)x|2) dxdt

L1 = Zat + ’Ylazz and L2 = Zat + %&m

To prove the above theorem, let us now define the following variables:
(2.9) Pt x) = et x), Y(t,z) € Qr, forj=1,2,
so that we have the following boundary conditions:
210) {w, 0)=0, @1(t1) =a(t, 1),
Y11, (t, 1) + 2aho o (8, 1) = —ap1 (¢, 1) + sAE1(t, 1) (2, 1) (7101 + %202) .
We further denote
Fyi=e " Li(p;) = e Lj(e”Vv;),
where L1 and Ls. So, with this, we find the following relations for each j =1, 2,
i(Yje™ )y = inpj 1™V +isthie®Vn;
(Vje™ )y = j o€ + s1p;e*n; o,
(1€ ) 2w = Vj.aa€™ + 25”05 41 0 + 595€ 1) 2 |* + 5550 2.
Using the previous relation, F; can be written as follows
(2.11) Miy; + Mayp; = Fj,
where

M1 = 281 M,z + STV 22 + 05U 1,
Moy = ip1 4 + V11,00 + 52’?1|771,x|27/)1,

and

M =2 z z x = Tx ) )
(2.12) { 12 = 25220 M20 + 57 P2M2,00 + i5YaN2,4

Mothy = i) + 24hg 40 + 52¥|ﬂ27z|2¢2~

Thus, we get from (2.11),

)
/ (|M1’¢j|2 + |M2'l)/Jj|2) dxdt + QRG/ Ml'll)jMQ’(/delL'dt
Qr

Qr
= // |Fj|2dl'dt,

for j = 1,2. Now, we are in a position to prove Theorem 2.5.

(2.13)

Proof of Theorem 2.5. Our goal is to focus on the following inner product
Re/ MﬂﬂjMQlﬂjdl‘d?f
Qr

that contains 9 terms. We will elaborately make the computations for j = 2, similarly, the computations
can be done for j =1 as well.
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Recall that the quantities M1y and Mat)y are given by (2.12) and, for j = 2, we have the relation
(2.13). We further denote

Re [[ MwaThvadedt= 3" I,
Qr

1<k,I<3

where all the terms [Ij; for 1 < k,I < 3 consists of the integral term with the product involving the
k-th term of Mj1o with the [-th term of M5, and will be computed below. Now, we split the proof
into several steps.

e Step 1. Computations of the terms Iy, Is; and I3s.
Let us start with I1;. Observe that

I :25%Re/ 2 22 12 rdxdl
Qr

72 -
(2.14) . o, Y2 22,2,

= — QSBIID/ ¢27wn27$t%d$dt - QSEIIH // ¢2,ztﬂ2,z%d$dt
Qr g Qr

g

::J1 + JQ,
where there is no boundary integral since

lim ¢2(t7 ) = tEI’Ir}— ’(/}2(1;’ ) =0,

t—0+

thanks to the choices of weight functions (2.6).
Next, for the quantity Is;, we see that

Iy =s2Re / bty we it rdrdt
g Qr

:sﬁlm/ w2n27$w¢?¢daﬁdt
Qr

g

=— sEIm // ¢2,In2,z¢?¢dxdt — sﬁlm/ Yan2,o Y2 txdxdt
o QT 4 Qr

(2.15) .
+ SEIIH/ ¢2 (ta l)wQ,t (t7 1)7]2,18 (tv l)dt
0

g

:SEIID // ¢2,xtﬁ2,x%dmdt + SEIm // ¢27x7727wt%dzdt
Qr g Qr

g

T
_ SEIm // ¢2n27x¢27wtdajdt + S%Im/ ’(/Jg(t, 1)w27t(t, 1)772735(1‘5, 1)dt,
Qr 0

g

where we have applied integration by parts w.r.t. = to the term involving 72 -, then w.r.t. ¢ to the
term involving 2 ; in Qr, and using again the decay of 7o at t =0 and t = T

Now, thanks to the fact that —Im(z) = Im(2) (for any z € C) in the third integral term in the last
equality of (2.15), we get

Iy ZQSEIm/ Yozt xodzdt + Sﬁlm/ Vo2, hodrdl
g QT o QT

T
(2.16) 2 / (b, 1) 1 Dne (£, 1)t
0

g

_ Ji Y2 T TR
=—Jy— ? + S;Im 1/’2(157 1)w2,t(t7 1)7’2@(157 1)dt
0
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Finally, the term I35 is computed as follows.

Iso —s2Re // Wan2 42 o dudt
o T

= SBIIH // 772,t1/12¢2,md$dt
T

—S*Im // N2,t2V2V2,0 + N2,102,202,0 ) dadt

(2.17) —s—lm/ a8, 1)ba (b, 1) o (6, Tt
=% / / Voatini Tadudt

—s—lm/ 772t t 1 ¢2(t 1)'(/)2x(t 1)

N

T —
== 52t [ (e )l D D
o 0

where we have used the fact that
2y // Mot |20 | 2dwdt = 0
g Qr

since 72+ is real-valued function. Therefore, by adding (2.14), (2.16) and (2.17), we get

T
I+ 191 + I3 =J1 + SEIHI/ wQ(t, 1)¢2,t(t, 1)772,$(t, 1)dt
(2.18)

—S—Im/ 77215 t 1 "LZ)Q(t ].)’1/12 m(t 1)

where J; satisfies

|J1] =

QSEIm // 1/)2,x772,xtw2d$dt‘
(2.19) —SAT// &322, 0| dadt

S%SZ/\QT// §3\¢2|2dxdt+CT/ Ealtha o [P dadt,
Qr Qr

finishing step 1.
e Step 2. Computations of the terms I;5 and I5s.

Let us, for I15, to perform by integration by parts w.r.t. space variable to ensures that

2
1o :28’}/7221:{@ // 772,I¢2,zw2,xzdxdt
g T
,72 72 -
B 25—22 // 772’131|1p2$z|2d$dt — 2S%Re // n2,x¢2,zxw2,zdxdt
T

+237/ Moo (t, 1) |20 (8, 1)] dt—Qs”‘ nz,z(t,())mz,m(t,O)th.
0

Recalling the expressions of 72, and 7z ;. from (2.7), we get

2115 :23A2c§722 / Eoltha o |2 dadt
(2.20)

2 T
262 [ et 2008 [ a0 w0
0 0

where the boundary term s . (¢,1) > 0 once we have co < 0 (see (2.5)).
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The term I35 can be computed as

2
19 :S%Re // n2,xxw2w2,mmdwdt
T

R [ e

+sZRe / (1, 1) (8, 1) (5 D),
0

S 2 Re // 2, wwxw2w2 a:dxdt

Again, using the expressions of 72 4, and 72 444, thanks to (2.7), we have that

Iy =s\?c} 722 // Ea|ta o] Pdadt + sA3c3 38 Re/ Eothothy pdudt
(2.21)

— sA\2c3 272 Re/ (b, D)o (t, 1)ta o (8, 1)dt

Now, by adding the final expressions of I15 and Iso, i.e, (2.20) and (2.21), yields that
Lis + Iy =25\2C3 ”22 / / Eoltha,ofPdadt + 5N 2 R / Exthan pdadt
Qr
(222) — S/\CQ / 52 t 1 ‘1,&2 w(t 1)| dt—|—$)\62 2/ 62 t 0 |1/)2 x(t 0)‘ dt

svc”?Re/ Ex(t, 1) (t, 1) o (¢, 1)dt
0
where the second term of the r.h.s. of (2.22), denoted by J3, satisfies

|J5] =

sh3c %Re / 52¢2¢2,Id:cdt’
QT

C 2 2
(2.23) S—s)\4l22 / / £2|1/J2|2dxdt—|—es)\2l22 / Ealtho 0| 2dudt
_C

6

bty /\472 // €31 dxdt+esA272/ Ealibn o |2dadt,

for any € > 0 small enough, where we have used the fact that & < CT*E3.

So, at this point, it is worth mentioning that the boundary integral consisting of s ,(t,0) in (2.22)
will lead to the observation term in our final Carleman estimate (since we have exerted a controlled
force on the second component), finalizing the analysis in step 2.

e Step 3. Analysis of remaining terms I3, Io3, I31, and I33.

Let us first deal with the term I13. Notice that the fact that 2Re(z) = z + Z (for any z € C), and
then integrating by parts w.r.t. x, gives us

2
= 837—22Re // n§,$w27xw2dxdt
g Qr

2
— 3722 //Q T]Q x (¢2¢2 z + ¢2¢2 Z) dxdt

_2 / / i, (o), dedt

= 53 ZQ // 3772 212, ww‘wQI dzdt + 83 72 772,a:|w2(t7 1)‘2dt
0

T
3534 15 // €3 2dzdt — s3X3¢3 2/ €3(t, 1) wa(t, 1)|2dadt,
0

where the boundary term has a positive sign since ¢y < 0.
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Now, for the analysis of Is3 we just need to see that

[23 :S Re// 72, Im|’l72$| |w2‘ drdt = 3/\4 472 / €2|’(/)2| dxdt.

Let us see the term I37. For this integral, using again the decay properties of the weight function
and integrating into the time variable, this term can be written as

[31 = — sRe // 7727t¢21/)?)tdl‘dt

=— 1s// N2, (Vatha.r + Yatpa ) dadt

2 Jg
1 /
=355 N2,tt
2 JJor

|I31] < CSTQ/ E3|aho |2 dadt,
Qr

|*dadt,

which satisfies

using the boundness of 72 4 from (2.7).

For the last quantity Is3, since 72, and 7, , are real valued functions, we get that

133 = SS%RG <Z //7]27t

Adding each peach of I3, I3, Is; and I33, we have

|2d:z:dt) =0.

Ly + Iog + Isy + Ig 2233A4c§722/ 5§|¢2|2dxdt—s3x3c§7§/ €3(t,1)|wn(t, 1)[2dt
(2.24) Qr
~ost? [ gipPsar,
Qr
achieving the goal of step 3.
e Step 4. Finding an intermediate estimate.

With the previous steps 1,2 and 3 in hand, adding all the terms Iy; for 1 < k,I < 3, that is
(2.18)—(2.19), (2.22)—(2.23), and (2.24), we can get the following

> Iy >25°Mc} 173 // SN dxdt+2sA2c§722 // Eoltba o |*dudt

1<k,1<3

—ost? [ @uaPasie- St [ @uaPasa
Qr Qr
2 C.4 47% 3 2
- CT &2| e o *dadt — —T*sA =2 §2|w2| dxdt
Qr €

2
- Lo // §g\w27w|2dmdt—s3)\3c§%2/ €308, 1) (1, 1) Pt
(2.25)

— S)\CQ*/ 52 t 1)|’L/J2 m(f 1)| dt+8)\62 / 52 t O W}Q x(t 0)|2dt
- )\20272 Re/ Ea(t, 1)ha(t, )¢, (¢, 1)dt
+8*Im/ Pa(t, D)ba e (t, )2 (¢, 1)dt

Following a similar approach as the case of 1y, we can compute the same for 11, for this, let us
denote

Re/ Ml’l/)lMgwldﬂjdt: Z Hkl
Qr

1<k,1<3
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In this case, one can find

Z Hyy >253Mclqy? //

1<k, 1<3 Q

—OSTQ/ §§|¢1|2dxdt—032A2T/ E oy |Pdadt
Qr Qr

—C’T// 1|1 | Pdadt — 9T4S/\4712 // 1| dxdt
QT € Qr

T
—es)\Q/Q £1|1/)1@|2dxdt—53)\3c:13712/ (¢, 1) (¢, 1) 2dt
T 0

E 1| dadt 4 2s)% 33 / /Q 1|1 o | ddt
T T

(2.26) ; .,
—s)\cnf/ 51(t,1)|1/J1,$(t,1)|2dt+s)\cwf/ €14, 0)|tbr.a (2, 0) 2t
0 0
T
—snniRe [t 1)t DTG D
0
T N
+ syiIm / (1, 1)1 D (8, 1)dt
0

T
—svllm/ n,e(t, D)1 (¢, D)ahr 2 (8, 1)dt.
0

We are now in a position to combine the above estimate. For simplicity, we denote 1y = 7; and
vy = 22, Choose € > 0 small enough in (2.25) and (2.26) so that, combining those estimates, we have

1 2
3 Z//Q (1M1 |2 + | Moty |?) dadt
j=1776r
2

2
+) 2s%\ed? // &y dzdt + > 25)°v; // &|j.02dxdt
Qr j=1 Qr

j=1
2
_o(Lenerp it // §§’|¢2|2d:rdt—CT// g 0| 2dudt
o? o? Qr Qr ’
— C ($PN°T + T*s\"+7) // §§\¢1|2dxdt—CT// &y o> dxdt
Qr Qr

(2.27) 2 , [T ) 2 , [T )
—53A32c§yj/0 €36, 1)l (1, 1)] dt—sxzcjyj/o & (6 1)y (£, 1)t
Jj=1 j=1

2 T 2 T
Ay el / &1, 0)ya(t, 0) 2t — 532 3 2v2Re / &5(t, 1) (, 1)y (6, TVt
j=1 0 j=1 0
2 T .
453wyt [ (0 T Dt D
=1 0

2 T 2
—SZVjIm/ . (t, D)5 (8, )45 (8, 1)dt < CZ// |Fj | dadt.
j=1 0 j=1 QT

In the above, it is clear that there exist some positive constants Ag, o such that if we choose A > A
and s > sg := po(T + T?), then the lower order integrals

1 2
c (252)\2T + T%A”z) // €3]y |2 dzdt,
ag g Qr
C (s°X°T + T*sA'}) / / E o1 |Pdadt,
Qr

CT/ &3 |, | * drdt,
Qr
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and
cr / €3[4y, [2dudt,
Qr

can be absorbed by the corresponding leading integrals

2 2
2233)\40?%2 // & ;P dedt and ZQSAQVj // i .2 dadt.
j=1 QT Jj=1 QT

Now, it remains to find the proper estimates for the boundary integrals. We do this in the following
step.

e Step 5. Computing the boundary integrals.
We split this step into several parts. We hereby recall the fact that
51 (t7 1) = £Q(ta 1)) U (tv 1) = 772(t7 1)a ¢1 (ta 1) = ¢2(t7 1)v

and thus, from now onwards, we shall replace all the quantities & (¢,1), n1(¢, 1) and 11 (¢,1) by & (¢, 1),
n2(t,1) and 19 (t, 1) respectively. Moreover, we will denote the six boundary terms in (2.27) in the
order presented above as By given by

By, = ZBW, 1<k<6.

j=1,2
Let us now give the details of each part.
— Part A: Computing By := Bi1 + Bjo.
First notice that, the term

2 T
B = —83)\303%/ gg(tv 1)[eo(t, 1)‘2dt
0

is positive, since co < 0. We need to absorb the negative term

T
B = —83)\30:1)’712/ & (8, 1)[a(t, 1)Pdt
0

by the term Bjs. To do that, since we have ¢; = 1 and, by (2.4) that

_ _C272
71
we have, by adding By; and Bjs, that
By = B11 + B2
42 T
343 372 2 3 2
(2.28) A (Cz 02 71) /0 &5 (1 1)]¢ha(t, 1)t

T
=98 (el = 1) [ e Dt P
0
which has a positive sign since by choice we have |ca| > 3.
— Part B: By := By, + By estimate.
Now, on one hand, the integral
A2 (T
Boa = _SACQJ%/ ot Vlibo (8, 1)[2dt
0
is positive since co < 0 and we shall use this term to absorb the negative integral
T
B = ~shen? [ &lt, Dlna(t. Dt
0
To see that, thanks to the boundary conditions (2.10), we can ensure that

71¢1,x(t, 1) = —aiha(t, 1) — %wlz(t 1) + sA&(t, 1)pa(t, 1) (7101 + %@) .
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Then, by using Young’s inequality, we obtain
T
Ba=sher [ @l Vvt )P
0
T 7 9 T
st [t 1) [ Zunat )] dtr3rcia? [ ot Dluate, 1P
0 o 0
RS
(2.29) +3s30\3¢; (7101 + ;202> / E3(t, 1) |a(t, 1)2dt
0
T 7 9 T
st [ at1) | Zunat, )] dtr CT a0 [ €ieDlwalt, 1) P
0 o 0
2 N2 [T
+3533¢; (%cl + ;CQ) / €3(t, 1) o (¢, 1) 2.
0
So, adding Ba; and Bag, the fact that ¢; = 1, and the choice of o given by (2.4), yields that
By =Bs; + B
(230) s\2 T T
>0 (el = 3) [ €l ) nalt, ) de — €T [ (e, lun(e, )P
2 0 0
Note that, here we exactly need the assumption |cz| > 3 (in other words, x > 3 in (2.4) since c3 = —k)

to make the first integral of (2.30) positive.
— Part C: Computing each term of By := B3 + Bss, that is, B3y and Bss.

Let us look at these terms separately. We have

T
(2.31) B = 3/\017%/ &1(t,0) |11 ,2(t, 0)*dt > 0,
0
since ¢; = 1 and &;(¢,0) > 0. Now, using the expression (2.9), we find

Yoa(t,w) = R0 gy 4 (8 2) — s R0y 4 (1 )t ).
But ¢2(t,0) = 0 and so,
P4 (t,0) = e P00, (2,0).

Therefore, we have

2 T
|Baa| = s\ |en 22 / Ea(t,0)e= 200 |0y (1 0)dt
= Jo
say2 [T
< 2 [ a0 o, 0)
0

which is indeed the observation integral for our final Carleman estimate.
— Part D: Analysing the terms By, and Bys.

Next, we will compute the fourth boundary term as follows. First, observe that

T
|By1| = sﬁc?ﬁf{e/ Ea(t, 1) o (t, 1)1 (¢, 1)dt
0

T T
Ses/\/ £t D)o (4 1)|2dt+93A3T4/ 30t 1) s (8, 1) 2dt,
0 € 0
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where C' = C(v1) > 0. Here we have used Young’s inequality, the estimate & < CT*£3, and the fact
that ¢; = 1. In the above estimate, we apply (2.29), so that one has

4 Y2 2
| Bai | §3€8)\/ &t 1) ‘;¢2,z(t71)’ dt
0
C . T
+ (C’eT4a25)\+ 5A5T4)/ E5(t, 1) |1a(t, 1) 2dt
(2.32) ‘ 0

3 )\ 2 T
=2 [ ol 1) (e 1)
55 0
4 2 C s [ . 2
+ | CeT*asA + —sA\°T E5(t, 1)|a(t, 1)|%dt,
€ 0

where we have used the choice of o as given by (2.4) and c; as (2.5).
Similarly, one can estimate the term Byo as follows:

2 T T
C
Bl <esdea) 3 [ ot Dt )P+ ZaNT [ (e 1) (e 1) P

2.33
(2.33) _ €sAY3

el

T C T
[ ettt )P+ ConTt [ e nluate, v,
0 € 0

finalizing this part.
— Part E: Analysis of Bs := Bs; + Bso.

Let us look into the terms of Bs. To do that, these terms can be viewed as

Bs =Bs1 + Bsa
2 T

=53 vyt [0, )5 D 1)

(234) ; J B J Js J
Y2 T —
:—sk@mq+@501m/‘wﬂLDwMQJKﬂLDﬁ,
0

where we have used that n; ., = —A{;c¢;.

It is important to point out that this term is difficult to absorb in terms of the leading terms because
of the appearance time derivative term 1 +(¢,1), and this is the main reason why we have chosen the
parameter o as in (1.8) (in other words, (2.4)) and ¢o = —k in (2.5). Thanks to those choices, one
readily has

(e +272) —o,
ag

once ¢; = 1, and this makes the quantity Bs equal zero.
— Part F: Estimates to Bg; and Bgs.
Finally, we compute the terms Bg. Using that

0] < CTE and o= 2 = 202
at 71
we get
T
BMSC%%A|%@DWm@mb@DWt
(2.35)

2 T T
<2 [ @) wane )P e+ 08T [ e 1) (e P
2 JO 0



CONTROL AND STABILIZATION ISSUES FOR COUPLED SCHRODINGER SYSTEM 15

Using the expression of 141 5(¢,1) from (2.10), we further get
T
Bl <CTsn [ 1ot 1)[[01.0(8, 1)1,
0
T T
(2.36) S/ &a(t, 1)|71¢1,m(t71)|2dt+082T2/ & (8, [ (t, 1)[*dt

371 / &(t,1) [thau (8, D2 dt + C (T + $>T7) / €3(t, 1) o, 1) 2dt.

Here, thanks to the quantity (2.29) we can find the estimate for the following term
T
| Db,
0

e Step 6. Getting rid of the lower-order boundary integrals.

Finally, thanks to the computation of the boundary terms (step 5), we can add all the parts of this
step to have the estimate for By for 1 < k < 6. Putting together (2.28), (2.30), (2.31), (2.32), (2.33),
(2.34), (2.35) and (2.36), we find that

ZBk >N (|ea| — 1) / E3(t, 1) [a(t, 1)|2dt
k=1

SA
+ ’71

2|—3/ Ea(t,1) [nn (1, 1)|2 dt

2
— CT*sha? / E(t, 1) (1, 1) Pt

es)\fyl

3+ |cal) / Ea(t,1) [an(t, 1) dt
(2.37)

- (CGT40425)\—|—CS)\3T4) / €304, 1)|tha(t, 1) 2t
471/ E2(t,1) |an (£, D)2 dt

— C (a?T* +s2T2)/ E3(t, 1)|aba(t, 1)]2dt
0

sMYT

|cal

T
A / €a(t,0)e= 200 |0y (1 0) 2.
0

In the above we fix € > 0 small enough and choose A > \g and s > sg = g (T +T2) (for A\g > 0, 10 > 0
large enough) so that all the lower order boundary integrals can be absorbed by the first two leading
integrals of (2.37).

As a consequence, from (2.27), one has

x [ (@l + luaP) dodt+ 53 [ (@lral + lnal?) dade
Qr QT
. T . T
500 [0 )l )P+ 5A [ 6alt,1) (e, 1)
0 0

T
gC// (\F1|2+|F2|2)dxdt+csA/ e~ 220V ) (1.0)| a0 (t, 0)[2d,
T 0

for all A > A\g and s > sg. Therefore, the previous inequality gives us the required Carleman estimate
(2.8), and the proof of Theorem 2.5 is complete. O

2.2. Observability inequality and its application. This section is devoted to proving a suitable
observability inequality as a consequence of the Carleman estimate (2.8), which is the key point to
deduce the null-controllability of the system (1.2).
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Proposition 2.6. For any ¢ := ((1,(2) € H, the associated solution of the adjoint system (2.3)
@ = (p1,92) € C([0,T]; H)

satisfies the following boundary observation

T
(2.38) le(0)]3, < C / Dapa(t, 0.

Proof. Consider ¢ € H. Thanks to the Carleman inequality, given by Theorem 2.5 to the solution
(¢1,¢2) of (2.3) with

QP2 K2
Lipy =a1p1 and Lops = ? <U = 7) ;
g ")/1

gives us that

o // (e Mm& |1 ]* + e 25| po|?) dudt
T
(2.39) + s)\? // (e Meilp1al® + e 2280 0|?) dwdt
Qr

T
<C / / (e725M o1 |2 4 €252 |y |*)dadt 4+ C'sA / e~ 220y (1.0)| .. (1, 0)[2dL.
T 0

Now, using the fact that 1 < 8T 65? for j = 1,2, we can easily absorb the first two integrals of
the r.h.s. of (2.39) by the associated leading integrals for any s > CT?. Thus, we have the following
inequality from (2.39),

sA? // (e72ME& |1 2> + e 2 Es |0 4|?) dadt
(2.40) r

T
< O\ / E(t,0)e~ =m0, (£,0)dt.
0

Moreover, for some m, M > 0, we have the following relations
e Mg, >m in (T/4,3T/4) x (0,1), and e 2%¢; <M in Qp, forj=1,2,

which together with (2.40), yields that

3T/4

1 T
/ (10l + p20l?) dedt < C / (oo (1, 0) 2.
T/4 Jo 0

Then, from the estimate given by (A.3), one can deduce that

3T/4 ,1
@ <Cr [ [ (e
T/4 Jo

and hence the required observability inequality (2.38) follows. g

T
2 4 |pnol?) dudt < C’/ (92,0 (£, 0) 2,
0

We are now in a position to prove the first main result.

Proof of Theorem 1.1. The proof follows the classical Hilbert uniqueness method introduced by Lions
[25]. Once we have the above observability inequality, then one can prove the existence of a boundary
control h € L?(0,T) such that (u,v) solutions of (1.2) with boundary conditions (1.3)-(1.4b) satisfies
(1.5). O

3. RAPID EXPONENTIAL STABILIZATION

This section is devoted to studying the boundary stabilization issues for (1.2)-(1.3) with a single
boundary control force acting on the component v, namely (1.4b). More precisely, we construct a
stationary feedback law h(t), of the form F,(u(t,-),v(t,-)) such that the solution of the closed-loop
system decays exponentially to zero at any prescribed decay rate.

The approach employed in this section was first introduced by Komornik in [20] and has also been
studied by Vaste [38] and Urquiza [37], which one will be applied in our context and is the key argument
of this section.
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3.1. Gramian method. Let us consider the abstract control system

{ym = Ay(t) + Bh(t), te (0,T),

3.1) y(0) = yo,

where y(t) € H,yo € H,h € L?(0,T), B is an unbounded operator from C to H. A: D(A) C H — H
is an unbounded operator and D(A) is dense in H. To employ the method of Urquiza, one needs to
take the following assumptions on the operator 4 and B

(H1) The skew-adjoint operator A is an infinitesimal generator of a strongly continuous group
{e!}ier on H.

(H2) The operator B : C — D(A*) is linear and continuous.

(H3) (Regularity property) For every T > 0 there exists C(T") > 0 such that

g *  —tA* 2 2 *
| el <l voen.
0
(H4) (Controllability property) There are two constants T' > 0 and ¢(T") > 0 such that
r * —tA* 2 2 *
[ lse iyl ar=clyly, vye
0

With these hypotheses in hand, the next result holds (for details, see [37], Theorem 2.1). Its
proof mainly relies on general results about the algebraic Riccati equation associated with the linear
quadratic regulator problem (see [16]).

Theorem 3.1. Consider operators A and B under assumptions (H1)-(Hj). For any w > 0, we have
(i) The symmetric positive operator A,, defined by

<wa7 Z>’H _ / <B*e—‘r(./4+w1)*x’B*e—‘r(A+wl)*Z>C dr,Vz,z € H
0

1s coercive and is an isomorphism on H.

(ii) Let F, := —B*A_'. The operator A+ BE,, with D(A+ BE,) = A,(D(A*)) is the infinitesimal
generator of a strongly continuous semigroup on H.

(iii) The closed-loop system (3.1) with h = F,(y) is exponentially stable, that is,

where C' is a positive constant.

et(A+BFw)yHH < Ce(—2wtg(—A)t Hy”?-t Wy € H,

We will use Theorem 3.1 to prove the exponential stabilization of the coupled Schrodinger equation
(1.2)-(1.3)-(1.4b) with boundary feedback law. To apply it, we need to verify all the assumptions
(H1)-(H4) hold for our system (1.2). Let us do it in the next subsection.

3.2. Verification of the hypotheses. It is well-known that a fundamental solution of the Schrédinger
system can be obtained by the Fourier expansion, see for instance [12,18]. So, in this way, considering
the eigenvalues and the eigenfunctions that form an orthonormal basis of L?(Q2), we can define in H
an inner product similarly as in [9].

Notice that we can also find a representation by Fourier series for the solutions of the system
(1.2) (see e.g. [18], for one-dimensional Schrodinger equation) and that the operator A, defined by
(A.1)-(A.2), is skew-adjoint and hence generates an infinitesimal generator of a group {S(t)}+cr, thus
(H1) follows. Also note that g(—A) = 0, where ¢ is the growth bound of the semigroup generated
by A. Moreover, comparing the abstract system (3.1) with our system (1.2), the control operator
B e L(C;D(A*)') can be given as follows

<st (¢17¢2)>D(A*)/7’D(A*) = S(ZS/Q(O)? s € C7 (¢17¢2) S D(A*)7

and therefore, (H2) is verified. Additionally, note that the observability inequality (2.38) gives directly
(H4).

It remains for us to prove the hypothesis (H3), that is, to prove the trace regularity. This hypothesis
follows from the next proposition and is a consequence of Lemma A.4.
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Proposition 3.2. For every T > 0 there exists C' > 0 such that the following holds

T
(3.2) / (o (t,0)2dt < CII(C1 Gy

for every solution (p1,p2) of the adjoint problem (2.3) with ((1,¢2) lies in sufficiently regular space.

Proof. Choose m € C?(0,1) such that m(1) = 0,m(0) > 0, and m/(1) = 1. Thus, from (A.4), it follows
that

1< T ) p )
Q;Vj / )0 (£, 0)Pm(0)dt < Cy [ oo o1 [wl(T),w(T»HLQ(O,I)
+1(1(T), 02 (T3, + 11(21(0), 2(0)) 7201y + ||<w1<o>,so2<o>>||i}
T 2
+ G [[mllyr. o1 ( / ||<¢1<t>,¢2<t>>|ﬂdt>

T
+ 3 lImllyyz. (0,1 (/0 1Gp1(8)s 2 ()l 20,1) [1(p1.(8); @2(1) 13, dt) :

Note that, using boundary conditions of (2.3), one can prove that the last term of the identity (A.4)
is negative. Moreover, using the classical conservation of the energy for the Schrédinger equation we
have:

||<901(t)7‘P2(t>)||L2(0,1) = ||(901(0)7902(0))||L2(0,1) ,Vt € 10,77,
(1 (8), 2(8)ll3y = 1(21(0), 2(0)) [l , V¢ € [0, T1.

Therefore from (3.3), we have the following result (3.2) when ((1,{2) is sufficiently smooth. Using
a density argument we get the result when (1, {s) € H, showing the lemma, and consequently (H3) is
achieved. O

3.3. Proof of Theorem 1.2. In this section, we employ Urquiza’s method to construct the feedback
law for our system (1.2) to ensure the exponential decay (1.9).

To do that, let us consider ®} = (g, 10) and ®3 = (ro, s9) belonging of H, and define the following
bilinear form

(B}, B2) = /0 =2ty (1,052 (L, 0) dt,

where @ = (p,9) and ®2 = (r, s) are the solutions of the following systems respectively

it + V1Pee — 019 =0, n Qr,
1o + Youe — a2h = 0, in Qr,
e(t,1) = (1), in (0,7),
Y1@e(t, 1) + 2 (t,1) + ap(t,1) =0, in (0,T),
o(t,0) =0, ¥(t,0) =0, in (0,7),
(T, ) = po(x), (T, ) = tho(z), in 0
and

iry + Y17 — 17 = 0, in Qr,
108¢ + Y2Szr — 25 =0, in Qr,
r(t,1) = s(t, 1), in (0,7),
Mre(t, 1) + Zs.(t,1) +ar(t,1) =0, in (0,7,
r(t,0) =0, s(¢,0) =0, in (0,7,
r(T,z) =ro(x), s(T,z) = so(x), in Q.

Let us define the operator A, : H — H' satisfying the following
(3.4) (Au®5, @5),, 5, = au (D5, D7), Vo5, Bf € H.
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Next, we see that
oo
1 2 —2wt
1 (B}, B2) :/ e 20y (1,052 (4,0) dt
0

:/ e 2B (t) B*d2(t) dt
0

= /OO e (B*S(T — £)* S(—T)*®}) (B*S(T — t)*S(~T)*®2) dt
0

:/ 672‘*”: (B*S(ft)*q)(l)) (B*S(*t)*q)g) dt.
0
Therefore from (3.4), we have
(A ®5, ©5)4 4, :/0 e (BT, &, BT, ®F) . dt.

Thanks to Theorem 3.1, the operator A, defined by (3.4), is coercive and isomorphism. Finally, let
us define the operator F,, : H — C by

Fy(2) = —1(0),
where ®} = (o, o) is the solution of the following Lax-Milgram problem
(25, 93) = (2,93) , V&3 € H.

Hence, we obtain
(M@, ), 5, = (2, 9F) ¥ DF € H.

This gives A, ®} = z. It follows that ®} = A 'z. Thus we have F, = —B*A_!. Thanks to Theorem
3.1, rapid exponential stabilization for the system (1.2) is established using the feedback law h(t) =
F,(u(t,-),v(t,-)). More precisely, we get a positive constant C such that the solution of (1.2) satisfies
the estimate (1.9), showing Theorem 1.2. O

4. FURTHER COMMENTS AND OPEN PROBLEMS

In this paper, we considered the boundary control problems for coupled Schrédinger equations
through the Kirchhoff boundary conditions in a one-dimensional case. The first result is obtained
showing a new Carleman estimate with boundary observation. Moreover, with this in hand, together
with other hypotheses over the operator A, the second result ensures that the solutions of the system
decay exponentially with a decay rate of at least e =2«

Concerning Theorems 1.1 and 1.2 it is natural to ask whether they remain valid in nonlinear frame-
work (1.1). Due to the lack of regularity, we are not able to extend our result for the nonlinear case
yet, and this issue remains open.

Finally, we point out that in a forthcoming paper boundary conditions different of (1.3)-(1.4a)/
(1.4b) will be considered, which will give a more general view of the boundary control problems, at
least, for the system (1.2).
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APPENDIX A. AUXILIARY RESULTS

In this appendix, we briefly discuss the well-posedness of the control system (1.2). Additionally, to
show that the hypothesis (H3) of Urquiza’s approach is verified, we need a key lemma which will be
proved in the second part of this appendix.

A.1. Well-posedness results. Consider the following operator associated with the control system
(1.2), given by

Z"h aww - ialﬂd 0
(A1) A= :
0 1220, — %21,

with

D(A) = {(u1,uz) € [H*(Q)]* |u1(0) = uz(0) = 0, ur(1) = uz(1),
(A.2) s B
Yu1z(1) + ;UQ@(l) + auy (1) = 0}.

Let us consider the space (1.6) as the completion of D(A) with the norm (1.7) and the associated
inner product in H is defined by (1.6).With this in hand, the first result shows that the operator in
consideration is dissipative.

Proposition A.1. The operator (A, D(A)) generates a strongly continuous unitary group in [L?(2)]2.
Proof. Let us consider U = (u,v) € D(A). A simple computation gives that

- 1 1 1 1
Re (AU, U) 129 1)z =Re i%/ umﬂdm—ial/ |u|2dx+iﬁ/ vm@dx—i%/ |u|2dx}
' L 0 0 o Jo o Jo
- 1 1
=Re —im/ |u$|2dx—iﬁ/ |U$|2dx—|—i’ylu$(1)u(1)+iwv$(1)v(1)}
L 0 g Jo g
=R i1, (D) +i 20, (1271
o

0.

=Re —iau(1)|2]
By using semigroup theory, A generates a strongly continuous unitary group on [L?(£2)]2. Moreover it
can be easily checked that for all (u,v) € D(A),
<A(ua v), (u, U)> == <(’LL, U>7 A(u> ’U)>
and also D(A) = D(A*). Therefore (A, D(A)) is a skew adjoint operator. O
Note that, considering (ug,vo) € D(A), then (1.2) has a classical solution satisfying (u,v) €
C([0,T); D(A)) N CL([0,T); [L2(£2)]?), or, in more general way:

Proposition A.2. Let (ug,vy) € [H5()])?, for s > 0. Then the linear system (1.2) with boundary
conditions (1.3)-(1.4a) (or (1.3)-(1.4b)), with h(t) = 0, has a unique solution (u,v) on the space
C([0,T]; [H3()]?).

A.2. Adjoint system. Let us remember that the adjoint associated with the system (1.2) with (1.3)-
(1.4a) or (1.3)—(1.4b), is given by (2.3), with given final data ¢ := ({1, {2) from some suitable Hilbert
space. Note that, since A = —A* we have that D(A)" = D(A), so, the following result shows the
well-posedness for the system (2.3).

Proposition A.3. For given ( := ((1,(2) € H, there exists a unique solution ¢ := (p1,p2) €
C([0,T); H) to the adjoint system (2.3) such that it satisfies

(A.3) llelleqomm < ClICln,

for some constant C > 0.
Proof. The proof of well-posedness is the same as done in Proposition A.2. O

Additionally to that, if we consider (gi,g2) € L'(0,T;H), it can be shown that the solution
(p1,92) € C([0,T],H) of (2.2) satisfies

(01 (), p2() gy < Cll(g1592)l 21 0,75710)5
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A.3. Key lemma. This second part of this appendix is devoted to presenting an essential lemma that
is a key point in ensuring the hypothesis (H3) in Urquiza’s approach.

Lemma A.4. First, consider a functionm € C?(0,1). Then the solution of (2.3) satisfies the following
identity:

2
1
52 /Mmto 0)dt = Zy]/ 0.2 (t, 1)]|?m(1)dt

3 (3 [ F T

1 2 T pl1
— —Re Z Vj/ / ©jam (2)pj o (t, x)dzdt
2 = o Jo
1 2 T pl
— §Re Z Vj/ / 0jam’ (x)p;(t, z)dzdt
= o Jo

2 T
1
+ 5 Re Z_:VJ/O @i (t, D)ym/ (D)ep;(t, 1)dt | |

1
L Za/ 1]e;(t, 1)dt |,

where vy = y1,v2 = 2,01 = ay1,0; = 2.

g

Proof. Multiply the equations (2.3) by (m@r, + %@m’) and (my1, + %Wm’) respectively and using
integration by parts along with boundary conditions, we have

RZ / ' / o (im%xm(t,x) + m@)W) dadt =

_%Im Z/o i (T, 2)ym(z)pj (T, x)dz
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Similarly, we have from the second term of both equations:

2 T 1 2 T
1 _ _ 1
Rez vj /0 /0 V) za <2m’(x)<pj(t, z) +m(z)p;..(t, x)) dxdt = 3 Z vj /0 ;. (t, 1)*m(1)dt
j=1 j=1
1 2 T ,1
- iRe Z l/j/o /0 ©jam' (2)pj.(t, x)dzdt
j=1

1 2 T 1
- iRe Z 1/]-/ / i am" (x)p;(t, r)dxdt
= T Jo Jo

2 T
1 -
+ 5Re Zyj/ (6, ) (1) (1) dt
=1 70
T
0

2
1
5[ Zw [ mOoeacopa
j=1

Also, we have

2

Reéej /OT /01 2 (;m/(.%‘)@j(t,m) —l—m(x)(pj,m(t,x)) drdt = ;ej /OT m(1)|g;(t, 1)|*dt

Putting together the previous relation (A.4) holds and the lemma is finished. O
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