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ABSTRACT. In this work, we are interested in a detailed qualitative analysis of the Kawahara
equation, a model that has numerous physical motivations such as magneto-acoustic waves in
a cold plasma and gravity waves on the surface of a heavy liquid. First, we design a feedback
control law, which combines a damping component and another one of finite memory-type.
Then, we are capable of proving that the problem is well-posed under a condition involving
the feedback gains of the boundary control and the memory kernel. Afterwards, it is shown
that the energy associated with this system exponentially decays.

1. INTRODUCTION

1.1. Background and literature review. Water wave models have been studies by many
scientists from numerous disciplines such as hydraulic engineering, fluid mechanics engineering,
physics as well as mathematics. These models are in general hard to derive, and complex
to obtain qualitative information on the dynamics of the waves. This makes their studies
interesting and challenging. Recently, appropriate assumptions on the amplitude, wavelength,
wave steepness, and so on, are invoked to investigate the asymptotic models for water waves
and understand the full water wave system (see, for instance, [1, 6, 24] and references therein
for a rigorous justification of various asymptotic models for surface and internal waves).

As a matter of fact, it has been noticed that the water waves can be considered as a
free boundary problem of the incompressible, irrotational Euler equation in an appropriate

non-dimensional form. This means that there are two non-dimensional parameters 0 := %

and ¢ := 3, where the water depth, the wavelength, and the amplitude of the free surface
are respectively denoted by h, A and a. On the other hand, the parameter p, known as the
Bond number, measures the importance of gravitational forces compared to surface tension
forces. We also note that the long waves (also called shallow water waves) are mathematically
characterised by the condition § « 1. Obviously, there are several long-wave approximations
depending on the relation between ¢ and §.

The above discussion led to, instead of studying models that do not give good asymp-
totic properties, we can rescale the parameters mentioned above to find systems that reveal
asymptotic models for surface and internal waves, like the Kawahara model. Precisely, letting
e=0«l,p= %—Fueé, and the critical Bond number p = %, the so-called equation Kawahara
equation is put forward. Such an equation was derived by Hasimoto and Kawahara [17, 22]
and takes the form

1
£2W + SWW, — v Wy + 4—5mem =0,
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or, after re-scaling,

(1.1) W, + aWs + BWaze — Wagsas + WW, = 0.

The latter is also seen as the fifth-order KdV equation [7], or singularly perturbed KdV equa-
tion [28]. It describes a dispersive partial differential equation with numerous wave physical
phenomena such as magneto-acoustic waves in a cold plasma [23], the propagation of long
waves in a shallow liquid beneath an ice sheet [19], gravity waves on the surface of a heavy
liquid [15], etc.

Note that valuable efforts in the last decays were made to understand this model in
various research frameworks. For example, numerous works focused on the analytical and
numerical methods for solving (1.1). These methods include the tanh-function method [4],
extended tanh-function method [5], sine-cosine method [33], Jacobi elliptic functions method
[18], direct algebraic method and numerical simulations [27], decompositions methods [21], as
well as the variational iterations and homotopy perturbations methods [20]. Another direction
is the study of the Kawahara equation from the point of view of control theory and specifically,
the controllability and stabilization problem [3], which is our motivation.

Whereupon, we are interested in a detailed qualitative analysis for the system (1.1) in a
bounded region. More precisely, our primary concern is to analyze the qualitative properties
of solutions to the initial-boundary value problem associated with the model (1.1) posed on a
bounded interval under the presence of damping and memory-type controls.

Now, we will present some previous results that dealt with the asymptotic behavior of
solutions for the Kawahara model (1.1) in a bounded domain. One of the first outcomes is
due to Silva and Vasconcellos [30, 31], where the authors studied the stabilization of global
solutions of the linear Kawahara equation, under the effect of a localized damping mecha-
nism. The second endeavor is completed by Capistrano-Filho et al. [3], where the generalized
Kawahara equation in a bounded domain is considered, that is, a more general nonlinearity
Wro, W with p € [1,4) is taken into account. It is proved that the solutions of the Kawahara
system decay exponentially when an internal damping mechanism is applied.

Recently, a new tool for the control properties of the Kawahara operator was proposed
in [11]. In this work, the authors treated the so-called overdetermination control problem for
the Kawahara equation. Precisely, a boundary control is designed so that the solution to the
problem under consideration satisfies an integral condition. Furthermore, when the control
acts internally in the system, instead of the boundary, the authors proved that this integral
condition is also satisfied.

We conclude the literature review with three recent works. In [10, 14] the stabilization
of the Kawahara equation with a localized time-delayed interior control is considered. Under
suitable assumptions on the time delay coefficients, the authors proved that the solutions of
the Kawahara system are exponentially stable. This result is established by means of either
the Lyapunov method or a compactness-uniqueness argument. More recently, the Kawahara
equation in a bounded interval and with a delay term in one of the boundary conditions was
studied in [8]. The authors used two different approaches to prove that the solutions of (1.1)
are exponentially stable under a condition on the length of the spatial domain. We point out
that this is a small sample of papers that were concerned with the stabilization problem of
the Kawahara equation in a bounded interval. Of course, we suggest that the reader, who
is interested in more details on the topic, consult the papers cited above and the references
therein.

Let us now present the framework of this article.
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1.2. Problem setting and main results. Consider the system (1.1) in a bounded domain
Q = (0,¢), where ¢ > 0 is the spatial length, under the action of the following feedback:

(O (t, v)+adw(t, ) + Bow(t, x) — Pw(t, z)
+ WP (t, x)0,w(t, x) = 0, vell t>0,
w(t,0) = w(t, ) =0, t >0,

(1.2)  Ow(t,0) = dw(t,f) =0, t >0,
Pw(t, l) = F(t), t >0,
2w(t,0) = 2zo(t), ted,

(w(0,7) = wo(w), x € (),

with wp, 2o are initial data and the feedback law is a linear combination of the damping and
finite memory terms given by

t—T71
(1.3) F(t) := v102w(t,0) + VQJ o(t — 5)0%w(s,0) ds.

t—1o
Here, @« > 0 and 8 > 0 are physical parameters, p € {1,2}, whereas v; and v, are nonzero
real numbers. In turn, 0 < 7, < 7» correspond to the finite memory interval (¢t — 71,t — 79).
Moreover, J = (—73,0), and the memory kernel is denoted by o(s). Of course, the presence of
a memory term is usually ubiquitous in practice. Particularly, memory is of great importance
in systems control as they are governed by equations, where the past values of one or more
variables involved in the system play a crucial role. On the other hand, the impact of a memory
term in some systems can be deleterious as it can affect their performance [12, 13, 26]. Last
but not least, we indicate that the memory term, that arises in the boundary control (1.3),
could reflect the case of a compressible (or incompressible) viscoelastic fluid. The latter is
regarded as the simplest material with memory [2, 16].

On the other hand, let us note that the energy associated with the full system (1.2) is

given by

(14)  &(t) - L At 7)dz + | JM so(s) ( Lo(agwf(t ~ 56,0) d¢) ds, 1> 0.

Naturally, as we are interested in the behavior of the system (1.2), we need to check whether
the feedback law, given by (1.3), represents a damping mechanism. In other words, we would
like to see if, in the presence of the boundary memory-type feedback law, the energy of the
system (1.4) tends to zero state with some specific decay rate, when ¢ goes to 0. This situation
can be presented in the following question:

Question: Does E(t) — 0, ast — 0 ? If it is the case, is it possible to come up with a decay
rate?

To answer the previous question for the system (1.2), we will assume, from now on, that
the memory kernel o obeys the following conditions:

Assumptions 1. The function o € £*(M), where M := (71, 73). In turn, we assume that
o(s) >0, a.e. in M.

Moreover, the feedback gains v and v, together with the memory kernel satisfy

(1.5) 1] + |1 JM o(s)ds < 1.

Some notations, that we will use throughout this manuscript, are presented below:
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(i) We denote by (+,)gz the canonical inner product of R? whereas {-, ) denotes the
canonical inner product of ¢2(2) whose induced norm is | - |.
(ii) For T'> 0, consider the space of solutions

Y7 = C(0,T; L*(Q)) n L*(0,T; H3 ()

equipped with the norm

2 T
2 _ . I?
ol = (g fote.1) + [ ot Mgt
(iii) Let Q2 = (0,1) and Q := Qy x M. Then, we consider the spaces

H:=L*(Q) x L*(Q), H:=L*(Q) x L*(I x M),

respectively equipped with the following inner product:
(12 ) = oy + ol [ [ 5009206, 5)010.5) dos,
a Jao
{w, 2), (V)3 = {w,v) + |1y J f o(s)z(r, s)y(r, s) dsdr.
7Jm

Subsequently, we can state our first main result:

Theorem 1.1. Under the assumptions 1 and assuming that the length € fulfills the smallness
condition

3p
(1.6) 0<l< W\/;,

there exists r > 0 sufficiently small, such that for every (wy, z0) € H with ||(wo, 20)|g < r, the
energy of the system (1.2), given by (1.4), is exponentially stable. In other words, there exist
two positive constants k and j such that

(1.7) E(t) < kE(0)e ", t >0,
where E(t) is defined by (1.4).

The proof of this result uses an appropriate Lyapunov function, which requires the con-
dition (1.6). In turn, such a requirement can be relaxed by using a compactness-uniqueness
argument [29] (see [3, 8, 9, 30, 31]). The proof is based on the following outcome [§]:

Lemma 1.2. Let ¢ > 0 and consider the assertion: There exist ¢ € C andw € H2(Q)nH?(Q)
such that
(w(z) +w'(z) + W"(x) —W"(z) =0, xe,
w(z) =w'(z) =w"(z) =0, x € {0, (}.
If (¢,w) € C x HZ(Q) n H3(Q) is solution of (1.2), then w = 0.
We have:

Theorem 1.3. Suppose that assumptions 1 hold. Moreover, we choose { > 0 so that the
problem in Lemma 1.2 has only the trivial solution. Then, there exists o > 0 such that for
every (wo,20) € H satisfying ||(wo, 20)| 5 < o, the energy (1.4) of the problem (1.2) decays
exponentially.
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1.3. Further comments and paper’s outline. As mentioned above, the exponential sta-
bility result of the system (1.2) will be established using two different methods. The first one
evokes a Lyapunov function and requires an explicit smallness condition on the length of the
spatial domain ¢. The second one is obtained via a classical compactness-uniqueness argu-
ment, where critical lengths phenomena appear with a relation with the Mdbius transforms
(see for instance [8]). This permits us to answer the question raised in the introduction.

Remarks. Let us point out some important comments:

e Considering 15 = 0 and « = 0, the authors in [9] showed the stabilization property for
(1.2) using the compactness-uniqueness argument. Since they removed the drift term
ad,w, the critical lengths phenomena did not appear.

e The main concern of this work is to deal with the feedback law of memory type as in
(1.3). In fact, one needs to control this term to ensure well-posedness and stabilization
results.

e Our results are valid for the general nonlinearities u?d,u, p € {1,2}, and also can
be extended for linearity like c;ud,u + cou?d,u. To draw more attention to the first
general nonlinearity, the decay rate in (1.7) depends on the values of p since we have
(see Section 3)

pa|va|e =026 1
2(1 + pufre]) " 202(1 + L) (p + 2)

{4 < min { [(p +2)(3728 — al?) — ZWQKQ_QTP]} :

We end our introduction with the paper’s outline: The work consists of three parts
including the Introduction. Section 2 discusses the existence of solutions for the full system
(1.2). Section 3 is devoted to proving the stabilization results, that is, Theorem 1.1 and
Theorem 1.3.

2. WELL-POSEDNESS THEORY

In this section, we are interested in analyzing the well-posedness property of the system
(1.2). The first and the second subsections are devoted to proving the existence of solutions for
the linearized (homogenous and non-homogeneous) system associated with (1.2), respectively.
The third subsection concerns the well-posedness of the full system (1.2).

2.1. Linear problem. As in the literature (see for instance the references [32] and [25]), the
homogenous linear system associated with (1.2) can be viewed as follows:

(Ow(t,x) + adyw(t,x) + BPw(t,x) — Pw(t,x) =0, (t,z) e Rt x Q,
sOz(t, @, 8) + 0pz(t, ¢, s) = 0, (t,0,8) € RT x Qg x M,
w(t,0) = w(t,l) = d,w(t,0) = dyw(t, ) =0, t >0,
SN Pw(t, ) = v1Pw(t,0) + VQJ o(s)z(t,1,s)ds, t >0,
M
OLJ(O, :E) = wO(x)a x €,
\ 2(07 ¢7 T) = ZO<_¢T)7 (‘b? T’) € Q0 X (O; 7-2)7
where z(t, ¢, s) = d*w(t — ¢s,0) satisfies a transport equation (see (2.1)5). Letting A(t) =
l :((f: ’)) ] A = (:(?(_ 6) | one can rewrite this system abstractly:

22) {At(t) — AA(t), t>0,

A(O) = AO € H,
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where

—ad, — BR+ 3 0
A —

1
0 —=0
s ¢
whose domain is given by

(w,z) € H,
D(A) = { (w.2) € H*(Q) n H(Q),
e L2<M; Hl(QO));

w(0) = 2(0,-),
2w(l) = 1102w(0) + 1y JMO'(S)Z(L s)ds

The following result ensures the well-posedness of the linear homogeneous system.

Proposition 2.1. Under the assumption (1), we have:

i. The operator A is densely defined in H and generates a Cy-semigroup of contractions
e, Thereby, for each Ny € H, there exists a unique mild solution A € C([0, +o0), H)
for the linear system associated with (1.2). Moreover, if Ag € D(A), then we have a
unique classical solution with the regularity

A e C([0, +0), D(A)) n C([0, +0), H).

ii. Given Ag = (wo, 20(+)) € H, the following estimates hold:

(2.3) 18200, ) 20 + f f 2(t,1,5) dsdt < C| (w0, 20())| .
(2.4) 10200 20 7200 < Cllwin 200 [,

2.5) 20 agay < (T, ) agey + f | ot 1.5) s
and
(2.6) Tl < 1o rz2y) + T1E%0(0) o 7y
iii. The map
G: Ao = (wo, 20(")) € H— A(-) = e?Ng e Y x C ([0, T]; L*(Q))
18 continuous.

Proof. Proof of item i. This part can be proved by using the semigroup theory. In fact, note
first that for given A = (w, z) € D(A), it follows from the Cauchy-Schwarz inequality that

2.7) JM o (s)2(1, 8)ds < UM a(s)ds) : (L{ o (s)(2(1, s))2ds>

[N
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Thus, using integration by parts and (2.7) yields that

CAA, A :% [(ylagw(m + sz o (5)2(1, 5) ds>2 ~ (2w(0))?

Dl [ a9 AL s+l (220007 [ ()]
(2.8) <% [(a;w(o))2 <yf — 1+ | fM o(s) ds)

+2u115 (02w(0)) <JMU(S)Z(1,S) ds)

+<ﬁ—?%%ﬁ>(Lﬁ@ALQ%YI=;GKXM%

where
07w (0)
X = J o(s)z(1,s) ds
M
and
vi—1+ 1wl | o(s)ds 242
M

G =

2 "/2|

ENWESTE

V19

Due to (1.5), we have
det G — || (fMa(s) ds)l { l1 ~ 0| (fMa(s> ds)T - yf} -0

—1
trG < [v1|(Jva] — 1) — |]|ve] <J o(s) ds) <0,
M

since |v1| < 1. Moreover, is not difficult to see that G is a negative definite matrix. Putting
these previous information together in (2.8) we have that A is dissipative. Analogously,
considering the adjoint operator of A as follows

A*(v,y) = (a&xv + /Bé’iv — 521}, %@y)

and

with domain

et vl :@ 1,s
D) o 4 2y e @) om0 T
ye L? (M; Hl(Qo)>; 53’0(0) = ulaiv(é) + |1 LtU(S)y(O’ s) ds

we have that for (v,y) € D(A*),

)

@“@w%@w»+ﬂwV—Wﬂwa%mﬂ(Lﬁ@ﬂ@ﬁﬂ%Q

(2.9)
—%<G*Z, 7,
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where
o7 (0)
Z= J a(s)y(0,s)ds
and
Vf—1+|V2\J o(s)ds |l
Gy = M
Vil Vs — L

[va(s)l?

Again, thanks to the relation (1.5), we have det G, = det G > 0 and trG, = trG < 0, since
l1] < 1. Thus, using the fact that G, is negative definite in (2.9), we have that A* is also
dissipative, showing the item i.

Proof of item ii. First, remember that e/ is a contractive semigroup and therefore, for each
Ao = (wo, 20) € H, the following estimate is valid

(2.10)  [(w(®), 2(t, DIE = lw @) + 12t -, iz < lwol® + |20(=) 720y, VE € [0, T].

Moreover, the following inequality holds

J J (1, 8)] dsdt < !wl Qf valso(s) [2(—ds)] dsds

f J f |vy|s0(s) 2% dsdadt.
71|V2| Qo

Indeed, multiplying the second equation of (2.1) by qba( z, rearranging the terms, integrating
by parts and taking into account that s € M = (71, 72), we have

J Jsa 2(t,1,5))° dsdt<@J LJ lwlo(s) (z(t, ¢, 5))° dsdedt

2
|V2| | oheloes (00,097 dsdo

(2.11)

ol b fM valéo(s)s (=(T. 6, 5))* dsdo

T
7-2 2
<7Mf0 f st|u2|o—<s> (2(t,6,5))? dsddt

w2 [ [ ol (ol s

This proves the estimate (2.11). As a consequence of (2.10), (2.11) and the hypothesis of
71 < 5 <7y and ¢ < 1, we also have

T
(2.12) f f 2(t,1,5))? dsdt < |Z—Z| <T_1 + 1) (HWOH2 + HZo(—qu)Hiz(Q)) :

Now, we are in a position to prove (2.3). Multiplying the first equation of (2.1) by w,
integrating over [0, T] x [0, ¢], and using the boundary conditions, it follows that

T
2
|’(9920W(0>%2(0,T):‘W0’2+f (2w (0))” dt — w(T)|?
(2.13) 0

T 2
<|wol? + fo (Vlaiw(()) + vy JMO'(8>Z(', 1, s)ds) dt :=1I, + I.
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To estimate the integral 5 on the right-hand side of (2.13), we use Young’s inequality together
with the Cauchy-Schwartz inequality, to obtain

I, <vi (Qlw(t, 0))2

x

+ 2|1 ||vs| (Q3w(t,0)) (MU )é(JMU(S)ZQ(',l,s)dsY
ol o))

<[+ 55 ([ o) | @0
[zeyl L2 UM o (s)d >] UMU(S),Z?(-,LSMS) |

Thereafter, inserting (2.14) into (2.13), we find

1= =2 ([ o(s)ds ) | 1200 oy < Jeol?
2 (.,
ot ot ([ o) ([ L oo )

Thanks to (1.5), one can choose § > 0 large enough so that

2

(2.16) 122 U a(s)ds> =~ 0.
20 \ J

This, together with (2.15) and (2.12), yields

(2.15)

1 (T
Hagw(())Hiz(o ) <<C (\w0]2 + —J J sa(s)2%(-, 1,5)d5dt)
' 71 Jo Jm

(2.17) gC(l Lk (T+1)> wol® + Cr (Z—Fl) 20(—¢s) |32
. ool + - (4 1) Lol =09)lac

<C (ol + I20(=05) 32 ) -

Clearly, combining (2.12) and (2.17), we get (2.3).
Now, let us prove (2.4). Multiplying the equation (2.1) by xu, integrating by parts over
(0,T) x £, and isolating the term |03w( 72 1.2y We obtain

x
|’3§WH%2(0,T;L2(Q)) < L gwo( r)dr + — HWH%Q(O,T;LQ(Q))
Alan f o (s)ds JT(# (t,0))
) 2¢
+§|:2€I/12+I/§ (f )]f J 22(t,1, s)dsdt

<5Hon2 HWHL2 (0,T;L%(

Q)
T
+ C} lf f f 2(t,1, s dsdt]
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where (2.14) is used and

€1 = max {é lyl + ’;—Z (J J(S)dS)] é [2%2 02 (JMU(SMS)] } |

Now, taking into account the fact that e? is a semigroup of contractions and using (2.3), we

4
obtain (2.4) with the constant C' = max 5 C’

Finally, let us show (2.5) and (2.6), respectively. For (2.5), multiply the second equation
in (2.1) by o(s)z and integrates by parts over (0,7") x Q, to obtain

LO JMS"“)ZQ 5) dsdg < LJ s0(5)2*(T, ¢, s dsd¢+f f 2(t,1,5) dsdt,

showing (2.5). To prove (2.6), we multiply the first equation in (2.1) by 2(T — t)w and
integrating over [0,7] x [0, ¢], to find

T
2
Tl < Tl oo oy + T j (2w(0))” dt,

giving (2.6). Last but not least, it is worth mentioning that the above estimates remain true
for solutions stemming from Ay € H, giving item ii.

Proof of item iii. Follows directly from (2.4) and from (2.10). O

2.2. Non-homogeneous problem. Let us now consider the linear system (2.1) with a source
term f e L'(0,T; L*(2)) in the right-hand side of the first equation. As done in the previous
subsection, the system can be rewritten as follows:

A(t) = AN(E) + (p(t,),0), >0,
(2.18) {A(O) — Aoe H,

where A = (w, z) and Ay = (wo, z0(—)). With this in hand, the following result will be proved.

Theorem 2.2. Under the assumption (1), it follows that:

(a) If Ay = (wo,20(—)) € H and p € L'(0,T; L*()), then there erists a unique mild
solution

A = (w,2) e Yy x C([0,T]; L*(Q))
of (2.18) such that

(2.19) |(w, 2)Ego.r7.m < C <H(W0>ZO(—'))H?{ + HQOH%l(O,T;LQ(Q))) ;
and
(2.20) ook, < € (s 200Dl + 13 iz ) -
for some constant C' > 0, which is independent of Ay and .
(b) Given

weYp=C(0,T; L*(2) n L*(0,T; H3(€2))
and p € {1,2}, we have wPd,w € L' (0, T; L*(Q)) and the map
(2.21) F:we Yy wlowe L0, T; L*(Q))

1S continuous.
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Proof. Proof of item (a). Since A is the infinitesimal generator of a semigroup of contractions
et and ¢ € LY(0,T; L*(Q)) it follows from semigroups theory that there is a unique mild
solution A = (w, z) € C([0,T]; H) of (2.18) such that

t

A(t) = e Ay + J =4, 0)ds
0

and hence, we get
I(w, 2)llcqorm < C (I (wo, zo(=Nlla + [l romz@y) -
Young’s inequality gives
I, 2oy < 26* (I(wo, 20(= )1 + Il oruzay )

which proves (2.19). To complete the proof of item (a), we must verify the validity of (2.20).
For this, observe that from (2.19), we have

(2.22) mase []? < 2C% (o 20Dl + Ielroram)-

In turn, if we multiply the second equation in (2.18) by ¢o(s)z, integrating over [0, 7] x [0, 1] x
[T1, 2] and arguing as for the proof of (2.11), we obtain

J f so(s) (z(t,1,5))* dsdt
(2.23)
(—+ 1) (Jool? + Iao(-65)Rs10,+ Iellsoissan) -

Now, multiplying the first equation in (2.18) by w, integrating over [0, T] x [0, ¢], and thanks
0 (2.23), we get

IVI

T 2
H&iw(O)Hiz(QT) <Jwo|? + J <V10§w(0) + VQJ o(s)z(- 1, s)ds) dt
(2.24) 0 M

[0,7)

+2 (e ot ) [ ot

Now, replacing (2.14) in (2.24), we find

2O eany < Jeal? + [+ 2 ([ a(oyas) | jT(2 @ o>>2d

s () [ )

2 t t dt.
; (t% o ,:c)n) f lo(t, 2)]

Isolating [|02w(0)]|3 . (0,r) @nd using Young’s inequality for the last term of the right-hand side,
we reach

-2 ( jM(f(s) ) |12

o Lo ([ o)

2
N (n[lx i, x>r) + ez
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Thanks to (1.5), (2.16) and (2.26), the estimate (2.19) becomes

T T
1820(0) oz <Co (2+02+ : (—+1)) ool

71’7/2| T1
co (<2 (i) 140 (=092
— 2ol —dS
(2.27) 1 mlw| \ 2 0 12(Q)
+Ci(1+ Cz)HSOH%l(o,T;L?(Q))

<C (Il wo, 20(—=0)) 3 + Il 0.zizn ) -

Now, multiply the equation (2.18) by zu and integrate by parts over (0,7") x (0,¢) and then
perform similar calculations to those of the previous item to get

5 l al
§||6925WH%2(0,T;L2(Q)) < §HWOH2 + 70 <H(W0a 20(—09))|I7 + HSDH%I(O,T;B(Q)))

14 14
+ 50 (H(Woa 20(—09))| % + ||90H%1(0,T;L2(Q))> + §HSOH%1(0,T;L2(Q))

(2.28) 2
vyl 2 ([ otonas) [ € (1m0l + el raen)

12 T T
o loen? 402 f d T (E ( _ 2 2 )
+ o [ vy + 1y ( MU(S) 3)] ol \ 7 + l(wo, 20(=08) 7 + |2l21(0.7:02(0)) ) +

where we have used Cauchy-Schwarz inequality, Young inequality, estimates (2.14), (2.23),
and (2.27). Therefore, taking any € > 0 in (2.28), there exists C' > 0 such that

(2.29) ”wH%Q(O,T;Hg(Q)) = Hang%?(QT;LQ(Q)) <C (”(Woa 20(—09))| 3 + ‘|90H%1(0,T;L2(Q))> :

The estimate (2.20) follows directly from the estimates (2.22) and (2.29), and item (a) is
achieved.

Proof of item (b). Given w,v € Y we have, for p = 1, that

T T

ool 2y |Gl < & f o 2yt < kw2, < o,

(2.30) Hw&waLl(o’T;Lz(Q)) < k:f
0

0

where k is the positive constant of the Sobolev embedding L?(2) — L*®(Q). Therefore,
wiyw € L0, T; L*(R2)), for each w € Y. Thus, using the triangle inequality, together with the
Cauchy-Schwarz inequality, we get the classical estimate

(2.31) |F (W) = F@)leromez@) < klw —vlyr (lwlyy + |vlyz),  for anyu, v e Yz

Therefore, the map F is continuous concerning the corresponding topologies. On the other
hand, when p = 2, we have for w,v € Y that

T

23)  1@lerm < Huloommon | lolmadt < Hul, <+
0

Hence, F(w) is well-defined and for any w, v in Yy, we have

3k
(2.33) [F(w) = F@)oraw) <5 (Wl + 105;) | = vl

Thereby, the map F is continuous for the corresponding topologies. 0
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2.3. Nonlinear problem. We are now in a position to prove the main result of the section.
Precisely, the next result gives the well-posedness for the full system (1.2).

Theorem 2.3. Suppose that (1.5) holds. Then, there exist constants r,C > 0 such that, for
every Ao = (wo, 20(—)) € H with |Ao|? <, the problem (1.2) admits a unique global solution
w € Yr, which satisfies |wl|y, < C|Ao|u.

Proof. Given Ag = (wo, 20(—-)) € H such that |Ag|?% < r, where r is a positive constant to be
chosen, define a mapping T : Yy — Yr as follows: T(w) = y, where y is the solution of (2.18)
with a source term ¢ = wP0,w = F(w), p € {1,2}. The mapping Y is well defined because of
item (a) of Theorem 2.2 from which we obtain from (2.20) that

T @)1, < C (10l + IF@) oo -

Note that T(w)— T (v) is a solution of (2.18) with initial condition Ay = (0,0) € H and source
term ¢ = F(w) — F(v). It follows from (2.20) that

IT(w) = T3, < Cl1FW) = FO) 7010200,

where the constant C' > 0 above does not depend on Ay and ¢.
Now, considering p = 1, we have from (2.30) that

[T < C(r+ K wly,.) , Ywe Yr,
while from (2.31), we have that
2
IT(w) = Y)Iy, < CF (|l + [v]5;)" lw = vl Yw,ve Ve
Thus, when |w[},. < R we get

ITW)|2, < C(r+kR?), Ywe B,

(2.34)
IT(w) =T)[3, < 4CK*R?*|w—v|3,, Yw,v e B.
1
Next, pick R = e, and r = SRR For we B = {w € Yr; |w[}, < R}, we have that
ITW)§, < R, VweB,
(2.35)

4
IT@w) =T, < zlw=vl, Yo,veb.

On the other hand, when p = 2, we have from (2.32) that
[YW)3, < C (r+ K |wl3,) . Vwe Yr
and from (2.33), we have that

36\ p
IT6) = TN, <€ () (lly + 10,)7 Lo = ol Worve Ve

Thus, when ||lw[},. < R, we get

W, < Clr+ kR, Ve,
(2.36)
IT(w) = T)[3, < ICK*R?|w—wv|3,, Yw,ve B.
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1 1
Therefore, just take R = ——= and r = —— and we will have that

4kA/C 16kC'2
IT(W)[3, < R, Ywe B,
(2.37) 0
IT(w) = YT()F, < 1—6\\w — 0|}, VWw,ve B.

Consequently, due to (2.35) and (2.36), the restriction of the map A to B is well-defined, and
A is a contraction on the ball B. As an application of Banach Fixed Point Theorem, the map
A possesses a unique fixed element w, which turns out to be the unique solution to problem
(1.2). Finally, the solution is global thanks to the dissipation property. Indeed, the energy
E(t) (see (1.4)) of the system (1.2) satisfies

1
€'(t) < §<GX7 X)re <0,
where G and X are given in Proposition 2.1. 0

3. EXPONENTIAL STABILITY OF SOLUTIONS

In this section, we will prove the two main results of our work. The first stabilization
result will be proved wvia the Lyapunov approach. The second one is obtained showing an
observability inequality which will be proved by the compactness-uniqueness argument.

3.1. Proof of Theorem 1.1. Initially, let us remember that the energy of the system (2.18),
for ¢ = wPd,w, with p € {1,2}, is defined by

E(t) = [AME = |lw®] + [2(t)|72(0),
where ||2( HLQ |V2‘J f t,¢,s)d¢ds. Thus, using (2.18), we get

&'(t) = 2CAu(t), At))n = 2CAA(E), A(t))r + 2((wPzw, 0), A(t))
= (GX, X)p2 + ZJ w1 0,wdx
WPR(0) wh(0)

— (GX, X)p» +2 —2 — (GX, X)p2 <0,
(OX, X + 2 =27 52 = (GX, X

where G and X were given in (2.8). Let us now define a Lyapunov function
(1) = E(t) + mEn(t) + paba(t), t =0,
where F;(t) and Fs(t) are given by

Ei(t) = L zu?(z,t)dr and FEy(t ]u2|L J se 0% t, ¢, s)dsdp,

w1 and o are positive constants to be determined and ¢ > 0 is arbitrary constant. Note that

B (0) =i | (e )i < J WA da = (]
Q

(3.1)

and
1 Ea(t) < piala) j f 50(5)22(t, 6, )dsd = pia]|2(2) o)
0

Consequently,
B (t) + paBs(t) < max{lus, po}E(t)
and, therefore

(3.2) E(t) < P(t) < (1 + max{luy, pa}) E(1).
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Differentiating E;(t) and FEs(t) using integration by parts and the boundary conditions of
(1.2) and (2.1), we get

2
Ei(t) = ofw|® = 38]0w|* - 5|Fw]* + —f W dx
Q

(33) ", [Vf ((t, 0))? + 201 (2e0(t,0)) ( J a(s)z(t,l,s)ds>

i ([rerna)]

and

B = —lal [ o) cte1.0)Pds + bl ([ o) (@ate0)’

(3.4)
—|1/2]J dse %0 (s)22dods.
M Jg

Thus, for ®(t) = E(t) + u1 E1(t) + u2Es(t), we find that

2
V(1) +209(8) = (GX, Xz + ogno]? — 3Bjm | a]? — 5y |2 + 5 f WP
Q

m [1/12 (22w(t,0))? + 200 (F2w(t, 0)) ( JMo(s)z(t,l,s)ds>

~|—V2 (J o(s)z(t,1,s)ds )2]
gl [ 5o015) Gt 190 ds gl ([ to)ts) (@20,0)
-yl | f Fse” %0 (s):2dods + 2 O + 200y + 2 | o0?(a )

+ 2l f | s ats)zte, 0, s)asae,

Next, let

v VJ s)ds 0
CTYMl:,ulg(ylll/2 12)7 Guz PJ2<2 )

and

%w(t,0)

X —
fM o(s)z(t,1,s)ds
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Thus, we have that
(1) +2u0(t) = (G + Gy + Gu) X, Xge + (g + 20) |w[* = 3B [ 0,w]* — 5pa]| Gw]?

2
+ A J WPt da — pg|us)| f e %a(s) (2(t,1, ) ds
M

p+2Jq

— u2|1/2|f 5se %o (s)22dpds + 2u (¢ )HLQ + Q'MMJ w?(x,t)dx
M Jog Q

+ 2 f | s ots)att.o.s)dss
<G+ o+ Go) X, Xma + (g + 201+ ) [l — 38p | ol — Sy |02

2
+ R J WPPRda — pig|vp|e™™ J o(s) (z(t,1,5))" ds
M

p+2
— lio|vole” 6726J f )22 dgds
Qo
# 20y + 2nlal | | so(2)2t, 0, s

Now, observe that

2
T(/Ll,ﬂg) =G+ G,ul + GHZ =G+ /Llf < VIIJIUQ V]l/gQ ) + g ( |V2| SM00-<5)d8 8 )

is a continuous map of R? on the vector space of square matrices My,o(R) and that the
determinant and trace are continuous functions of Ms.o(R) over R, we have that hy(uq, pe) =
det T'(pu1, pt2) and ho(py, p2) = trT(pu1, p12) are continuous from R? over R. Therefore, knowing
that h1(0,0) = det G > 0 and h(0,0) = trG < 0 for uy, e small enough, one can claim that
hy(pr, p2) > 0 and ho(pq, o) < 0. Thereby, G + G, + G, is negative defined for jiy, p1o small
enough. Moreover, using the Poincaré inequality® we find

, P
(1) + 20 () < [; (s + 20(1 + ) — m] Joutol = 5y |2

2
(3.5) Lt pr+2dx_ug|y2\e‘5ﬁf o(s) (2(t,1,))* ds

+ (201 + pua|va]) — pofvele™™8) |2(1) 7).
Now, we are going to estimate the integral
ﬂf WP2der.
p+2Jg
For this, applying the Cauchy-Schwarz inequality and using the fact that the energy of the

system &(t) is non-increasing, together with the embedding HE()) — L*(Q) we have, for
|(wo, 20) | < r, that

2 2 20
ij wWPdr < L|w|%w(Q)J wdr < =21 |6Iw2J wPdx
P Q p+2 Q

p+2 Jo +2
%Ml _p 205 1y
(3.6) < 5l 0xw [P0 wl” < 2 0zl (wo, 20) I3
252 2 puq 1P

o

52
Hwl? < —lonw]?, for w e HE (),
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Combining (3.6) and (3.5) yields

, %
¢@)+2M¢@)<[;§®W1+2Mﬂ+ﬂh@)—3@h]Wﬂﬂ2—5ﬂﬂﬁww

2075 iy 1P
0wl — pelv e_hf s) (2(t,1,5)) ds
P [Oow]|” = pa|va| MU()(( )

+ (201 + p|va|) — pofvale™™6) |2() 720
2025 g 1P
p+2

M(l + p1|a]) — M?‘V2’6_6725) Hz(t)H%?(Q)
Note that ®'(t) + 2u®(t) < 0 when

(3.7)

2
[—-mu+2u1+uw»—3mu+ ]\@w?—anw@ﬂ

2u(1 + pu|va|) — palvale™™8 < 0

and

02 20275 juy 1P

= 2u(1 + ) — 3 0
— (a4 2u(1 + pul)) = 3B + 2 <0

which holds for 1 > 0 satisfying, respectively
/LQ’V2|€_6T25
2(1 + )

and
M1
202(1 + Lpa)(p + 2)

where we need to take r > 0 satisfying

(p+2)(37%8 — al?) — 220% 5P > ()

0<pu< [(p +2)(3726 — af?) — 27r262—%rp] :

or, equivalently, » > 0 must satisfy

<(p +2)(3m26 — a€2)> v
< p
Qw2023

Thus, for puq, o small enough and an arbitrary 6 > 0, taking

<<@+m@ﬁﬁ—w%>i

220?53

and

fi2|va]e ™6 1
21 + pa|wa])’ 202(1 + ) (p + 2)

{4 < min { [(p +2)(37°8 — al?) — 27r2£2§rp]} ,

we get that
O'(t) +2u®(t) <0 = &(t) < ®(0)e 2.
Lastly, from (3.2), we get
E(t) < ®(t) < ®(0)e " < (1 + max{luy, po})E(0)e " < kE(0)e

for k > 1 4+ max{fuy, po}, proving the theorem. O
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3.2. Proof of Theorem 1.3. First, we deal with the linear system (2.1) and claim that the
following observability inequality holds

T
(3.8) |lwo|* + HZOH%Z(Q) < C’J <(8§w(t, 0))? + J so(s)2%(t, 1, ) ds> dt,
0 M

where (wo, 20) € H and (w, 2)(t) = e (wo, 29) is the unique solution of (2.1). This leads to
the exponential stability in H of the solution (y, z) to (2.1). The proof of this inequality can
be obtained by a contradiction argument. Indeed, if (3.8) is not true, then there exists a
sequence {(wy, 2{)}n = H such that

(3.9) I L
and
n 2
(3.10) |2 Oy + [ 0221, ds = 0 s m = 4o

where (w", 2") (t) = e (wi, 28). Then, arguing as in [8], we can deduce from Proposition 2.1
that {w"}, is convergent in L* (0,7, L*(Q2)). Moreover, {w}}, is a Cauchy sequence in L?(12),
while {20}, is a Cauchy sequence in L?(Q). Thereafter, let (wp, zo) = lim, o (W, 25) in H
and hence Hw0|\2+||zo|\%2(g) = 1, by virtue of (3.9). Next, take (w, z) = e (wo, 20) , and assume,
for the sake of simplicity and without loss of generality, that a = § = 1. This, together with
Proposition 2.1 and (3.10), implies that w is solution of the system

O + Opw + Pow — PBw = 0, re,t>0,
w(0,t) = w(l,t) = d,w(l,t) = 0,w(0,t) = Pw(l,t) = 2w(0,t) =0, t>0,
w(z,0) = wo(z), x € (),

with [wo|;2(q) = 1. The latter contradicts the result obtained in [8, Lemma 4.2], which states
that the above system has only the trivial solution (see also Lemma 1.2). This proves the
observability inequality (3.8).

Now, let us go back to the original system (1.2) and use the same arguments as in [29].
First, we restrict ourselves to the case p = 1 as the case p = 2 is similar. Next, consider an
initial condition [(wo, 20)| 5z < 0, where o will be fixed later. Then, the solution w of (1.2) can
be written as w = w; + wq, where wy is the solution of (2.1) with the initial data (wo, 29) € H
and wsy is solution of (2.18) with null data and right-hand side ¢ = wd,w € L'(0,T; L*(Q)),
as in Lemma 2.2. In other words, w; is the solution of

rétwl — 6§w1 + ﬁiwl + (?xuh =0, X € Q,t > 0,
w1<t, O) = wl(t,ﬁ) = 8zw1(t, 0) = 6xw1(t,€) = O, t > 0,
t—T1
2wy (t,0) = 1102w (¢,0) + ng ot —s)02w(s,0)ds, t>0,
t—1o
6§w1(t, O) = Zo(t), te (—TQ, 0),
\wl(oax) ZWO(x)v 1'697
and wy 1s solution of
(O1wy — Pwo + OBwy + Oy = —w0,w, reQ,t>0,
CUQ(t, O) = (A}Q(t’E) = 5;5(,02@, O) = J;WQ(t,f) = O, t > O,
t—T71
2w (t, ) = 1102wy (t,0) + VQJ ot — s)&iw(s, 0)ds, te(—7,0),
t—7o
Q,%wg(t, O) = O, X € Q,
(wo(0,2) =0, x € Q.
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In light of the exponential stability of the linear system (2.1) (see the beginning of this sub-
section) and Theorem 2.2, we have

(3.11) |@(T), ()1 < x (w0, 20) | iy + ClwlZaom 20

in which x € (0,1). Subsequently, multiply (1.2); by zu and performing the same computations
as for (3.3), we get

wa Txd:c+3ff w(t,x)) dxdt+5fj (QZu(t, ) =
(3.12) L LwQ(t,m)dmdtJrEL (m@fc (,0)+V2JM o(s)z (t,l,s)d) dt+La:w§(x)dx

9 T
+ —J J W3 (t, z)dxdt.
3Jo Jao

On one hand, multiplying the first equation of (1.2) by w and arguing as done for (2.3) (see
(2.13)), we get

(3.13) L ' <y1a§w(t,0) T fMa(s)z(t, 1,s) ds)th < CO(wo, 20) 4.

On the other hand, using Gagliardo—Nirenberg and Cauchy-Schwarz inequalities, together
with the dissipativity of the system (1.2), we deduce that

T
f f wgd:cdt < C(T) H((,L)U, ZO)H?—I H(-“-)HLQ(O,T;HQ(Q))'
0 JQ

Applying Young’s inequality to the last estimate and combining the obtained result with
(3.12)-(3.13), we reach

2 2
(3.14) w220 o2y < C'l(wo, 20) [ (1 + [ (wo, 20)77) -
Finally, recalling that |(wo, 20)|; < o, and inserting (3.14) into (3.11), we get

[@(T), 2T < lwo, z0)lr (x + Co+ Ce’) .

Given 1 > 0 sufficiently small so that x +7 < 1, one can choose ¢ small such that ¢+ 0* < &
to obtain

[ (T), 2(T)lla < (x +n) [(wo, 20)l s -

Lastly, using the semigroup property and the fact that x +7 < 1, we conclude the exponential
stability result of Theorem 1.3. U

4. CONCLUSION

This article presented a study on the stability of the Kawahara equation with a boundary-
damping control of finite memory type. It is shown that such a control is good enough to obtain
the desirable property, namely, the exponential decay of the system’s energy. The proof is
based on two different approaches. The first one invokes a Lyapunov functional and provides
an estimate of the energy decay. In turn, the second one uses a compactness-uniqueness
argument that reduces the issue to a spectral problem.

Finally, we would like to point out that our well-posedness result (see Theorem 2.3) is
shown for the nonlinearity w”d,w, where p € {1,2}. Notwithstanding, we believe that using an
interpolation argument, this finding should remain valid if p € (1,2). The same remark applies
to the second stability result (see Theorem 1.3). It is also noteworthy that our first stability
outcome (see Theorem 1.1) is established for a more general nonlinearity w?d,w, p € [1,2].
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