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GLOBAL CONTROL ASPECTS FOR LONG WAVES IN NONLINEAR
DISPERSIVE MEDIA

ROBERTO DE A. CAPISTRANO-FILHO"*® AND ANDRESSA GOMES?

Abstract. A class of models of long waves in dispersive media with coupled quadratic nonlinearities
on a periodic domain T are studied. We used two distributed controls, supported in w C T and assumed
to be generated by a linear feedback law conserving the “mass” (or “volume”), to prove global control
results. The first result, using spectral analysis, guarantees that the system in consideration is locally
controllable in H®(T), for s > 0. After that, by certain properties of Bourgain spaces, we show a
property of global exponential stability. This property together with the local exact controllability
ensures for the first time in the literature that long waves in nonlinear dispersive media are globally
exactly controllable in large time. Precisely, our analysis relies strongly on the bilinear estimates using
the Fourier restriction spaces in two different dispersions that will guarantee a global control result
for coupled systems of the Korteweg—de Vries type. This result, of independent interest in the area
of control of coupled dispersive systems, provides a necessary first step for the study of global control
properties to the coupled dispersive systems in periodic domains.
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1. INTRODUCTION

Nonlinear dispersive wave equations arise in a number of important application areas. Because of this, and
because their mathematical properties are interesting and subtle, they have seen enormous development since
the 1960s when they first came to the fore.! The theory for a single nonlinear dispersive wave equation is well
developed by now, though there are still interesting open issues, however, the theory for coupled systems of such
equations is much less developed, though they, too, arise as models of a range of physical phenomena.

Considered here is a class of such systems, namely coupled Korteweg—de Vries (KdV) equations. The systems
we have in mind take the form

Opu+ 02u + 0, P(u,v) = 0, zcT, teR,

(1.1)
O + addv + 0,Q(u,v) =0, z€T, teR,
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which comprises two linear Korteweg—de Vries equations coupled through their nonlinearity. Here, u = u(x,t)
and v = v(z,t) are real-valued functions of variables (z,t) € T x R and the nonlinearities P and @ are taken to
be homogeneous quadratic polynomials.

As far as we know, there are no studies of the global control properties of this kind of coupled system in a
periodic domain. Thus, in this article, the goal is to fill this gap by focusing on the global exact controllability
and global asymptotic behavior to the solutions of the coupled system of KdV equations (1.1) when we add two
control inputs in each equation and considering initial conditions (u(zx,0),v(z,0)) = (ug(z),vo(x)) belonging in
H*(T) x H*(T), for any s > 0.

1.1. Models in the literature

Such systems arise as models for wave propagation in physical systems where both nonlinear and dispersive
effects are important. Moreover, their close relatives arise as models for waves in a number of situations. Before
presenting details about the problem that we will study, let us start to list a few specializations of systems (1.1)
that appeared in the literature.

1.1.1. The coupled KdV system

The classical Boussinesq systems were first derived by Boussinesq in [6], to describe the two-way propagation
of small amplitude, long wavelength gravity waves on the surface of the water in a canal. These systems and
their higher-order generalizations also arise when modeling the propagation of long-crested waves on large lakes
or on the ocean and in other contexts. Recently Bona et al. [1], derived a four-parameter family of Boussinesq
systems to describe the motion of small amplitude long waves on the surface of an ideal fluid under the gravity
force and in situations where the motion is sensibly two dimensional. More precisely, they studied a family of
systems of the form

{ N + Wy + (nw)m + aWyqa — bnwa:t =0, (12)

Wy + Ny + WWy + CNggy — AWyt = 0.

In (1.2), n is the elevation from the equilibrium position, and w = wy is the horizontal velocity in the flow at
height Ok, where h is the undisturbed depth of the liquid. The parameters a, b, ¢, d, that one might choose in
a given modeling situation, are required to fulfill the relations

1 1 1
b==(6%2-2= d==(1-6%> 0 1
arv=y(#-3). eri=za-#z0 sepu.

where 6 € [0, 1] specifies which horizontal velocity the variable w represents (cf. [1]). Consequently,

1
a+b+c+d:§.

As it has been proved in [1], the initial value problem for the linear system associated with (1.2) is well-posed
on R if either Cy or C5 is satisfied, where

(C1) b,d>0, a<0, ¢c<0;
(C3) b,d>0, a=c¢>0.
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When b = d = 0 and (Cy) is satisfied, then necessarily a = ¢ = 1/6. Nevertheless, the scaling z — /6,
t — t/+/6 gives an system equivalent to (1.2) for which a = ¢ = 1, namely

z TTT « =0,
{m+w + Waze + (M) (1.3)

Wi + Nz + Negz + Wwy =0,

which is the so-called Boussinesq system of KdV-KdV type.

1.1.2. Gear-Grimshaw system

In [15] a complex system of equations was derived by Gear and Grimshaw as a model to describe the
strong interaction of two-dimensional, weakly nonlinear, long, internal gravity waves propagating on neighboring
pycnoclines in a stratified fluid, where the two waves correspond to different modes. It has the structure of a pair
of KdV equations with both linear and nonlinear coupling terms and has been the object of intensive research
in recent years. The system can be read as follows

{ut + Uy + Uggy + QVzze + Q10U + GQ(U/U)x =0, (1 4)

cvp + 1z + VU + abUgrr + Vpre + asbuug, + a1b(uv), = 0,
where a1, as,a,b,c,7 € R are physical constants and we may assume that
1—a?b>0 and b,c>0.

1.1.3. Majda-Biello system
The following coupled system

Ut + Uggr = —VVg,
UVt + QUgge = —(’U/U);m

when « € (0,1),% was proposed by Majda and Biello in [27] as a reduced asymptotic model to study the nonlinear
resonant interactions of long wavelength equatorial Rossby waves and barotropic Rossby waves.

1.1.4. Hirota-Satsuma system

In the eighties, Hirota and Satsuma introduced in [17] the set of two coupled KdV equations, namely

Up + QUzzr = Bauly, + bvv,,
{ UVt + Vggy = —3UVg,
with a # 0, where a,b € R are constants that appear in the model deduction. This model describes the interaction
of two long waves with different dispersion relations.
We caution that this is only a small sample of the extant equations with a similar structure to the system (1.1).
For an extensive review of the physical meanings of these equations, as well as local and global well-posedness
results, the authors suggest the following two nice references [2, 40].

2The parameter a > 0 depends upon the Rossby wave in question and it typically has a value near 1.
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1.2. Setting of the problem

Since any solution (u,v) of system (1.1) has its components with invariant mean value, we can introduce the
numbers [u] := § and [v] := +. Setting & =u — S and ¥ = v — , we obtain [u] = [v] = 0 and (u, V) solves
o+ 93u+ (2BA+vB)du+ (BB +~C)0,0 + 0, P(u,v) =0, zeT, teR, (15)

OV + ad3v + (BB +~0)dpu + (27D + BC)O, T + 0,Q(w,v) =0, =z €T, tE€R. '

Throughout the paper, we will denote p := 28A+vB, n:= 8B +~C, ¢ := 2vD + SC which are real constants.
Thus, as mentioned before, this article presents for the first time the global control results for a class of models
of long waves with coupled quadratic nonlinearities. Precisely, thanks to (1.5) we will study the following system

Ou + 2u + pdpu +ndyv + 0, P(u,v) = p(z,t), x €T, teR,
Opv + @d3v + (Opv + ndpu + 0,Q(u,v) = q(x,t), z €T, teR, (1.6)
(u(x,0),v(x,0)) = (uo(x),vo(x)), zeT,

with quadratic nonlinearities

{P(u,v) = Au? + Buv + $0?, (17)

B
Q(u,v) = Dv* 4+ Cou + Su?,

where a, A, B, C and D real constants, from a control point of view with forcing terms p = p(z,t) and ¢ = ¢q(z, t)
added to the equation as two control inputs on the periodic domain. Therefore, the following classical issues
related to control theory are considered in this work.

Problem 1.1 (Exact controllability). Given an initial state (ug,vg) and a terminal state (uj,v1) in a certain
space, can one find two appropriate control inputs p and ¢ so that the equation (1.6) admits a solution (u,v)
which satisfies (u(-,0),v(-,0) = (ug, vo) and (u(-,T),v(-,T)) = (u1,v1)?

Problem 1.2 (Stabilizability). Can one find some (linear) feedback controls p = K1 (u,v) and ¢ = Kz (u,v) such
that the resulting closed-loop system (1.6) is stabilized, i.e., its solution (u,v) tends to zero in an appropriate
space as t — 00?

Note that system (1.6) has the mass (or volume) and the energy conserved, which are

M (u,v) = /Tu(:r,t)dac, Ms(u,v) = /Tv(x,t)dx, E(u,v) = %/T(tf(x,t) +v?(x,t))dz,

respectively. In order to keep the mass M; and M conserved, the two control inputs p(z,t) and g(z,t) will are
chosen to be of the form G f(x,t) and Gh(x,t), respectively, where this operator is defined by

(@O)(a,) = g(a) (ax,t) -/ g(ywy,t)dy) , (1.8)

where f and h are considered the new control inputs, and g(z) is a given nonnegative smooth function such
that {g > 0} =w C T and

27t[g] = /Tg(:v)dx =1.
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Due to such a choice of g, it is easy to see that for any solution (u,v) of (1.6) with p = Gf and ¢ = Gh we have

ng(u,v) :/Gf(:mt)dx =0 and gMg(u,v) = / Gh(z,t)dz =0,
dt - at :

that is, the mass of the system is indeed conserved.

To stabilize system (1.6) we want to employ two feedback control laws that help make the energy of the
system decrease, that is, E'(u,v) < 0. We will see that this is possible, and so makes sense to show global
answers to the Problems 1.1 and 1.2, mentioned before. Before it, let us give a state of the art of control theory
for KdV-type systems.

1.3. State of the art

The study of the controllability and stabilization to the KdV equation started with the works of Russell and
Zhang [36, 37] for the system

Ut + Uy + Uggy :fa (19)

with periodic boundary conditions and an internal control f. Since then, both controllability and stabilization
problems have been intensively studied [7, 9, 12, 34, 42].
Equation (1.9) is known to possess an infinite set of conserved integral quantities, of which the first three are

I (t) :/Tu(x,t)dx, Ir(t) :/Tuz(:r,t)dx and I3(t) = /T (ui(az,t) - ;u?’(x,t)) dz.

From the historical origins of the KdV equation involving the behavior of water waves in a shallow channel
[5, 11, 21, 29], it is natural to think of I; and Iy as expressing conservation of volume (or mass) and energy,
respectively. The Cauchy problem for equation (1.9) has been intensively studied for many years (see [4, 18, 19]
and the references therein).

The first work of Russell and Zhang [36] is purely linear. They had to wait for several years to extend their
results to the nonlinear systems [37] until Bourgain [4] discovered a subtle smoothing property of solutions of
the KdV equation posed on a periodic domain, thanks to which Bourgain was able to show that the Cauchy
problem (1.9) is well-posed in the space H*(T), for any s > 0. This novelty discovered the smoothing property
of the KdV equation has played a crucial role in the proof of the results in [37].

Question 1: Can one still guide the system by choosing appropriate control input h from a given initial state
ug to a given terminal state uy; when ug or uy have large amplitude?

Question 2: Do the large amplitude solutions of the closed-loop system (1.9) decay exponentially as t — oo?

Laurent et al. [24] gave positive answers to these questions. These answers are established with the aid of
certain properties of propagation of compactness and regularity in Bourgain spaces for the solutions of the
associated linear system of (1.9).

We have to mention that other works in the literature deal with the models having similar structure as the
system (1.1) in periodic domains. Micu et al. [28] gave a rather complete picture of the control properties of
(1.2) on a periodic domain with a locally supported forcing term. According to the values of the four parameters
a, b, ¢, and d, the linearized system may be controllable in any positive time, or only in large time, or it may
not be controllable at all.

Recently, Capistrano-Filho et al. [10] considered the problem of controlling pointwise, by means of a time-
dependent Dirac measure supported by a given point, a coupled system of two Korteweg—de Vries equations
(1.4) on the unit circle. More precisely, using spectral analysis and Fourier expansion they proved, under general
assumptions on the physical parameters of the system, a pointwise observability inequality that leads to the
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pointwise controllability by using two control functions. In addition, with a uniqueness property proved for the
linearized system without control, they are able to show pointwise controllability when only one control function
acts internally.

There are two important points to say about the results shown in [10, 28]. The first one is that the results
presented in [28] are purely local (controllability and stability), the authors did not use propagation of singular-
ities, provided by the Bourgain spaces, to obtain more general results. In fact, one of the problems left in [28]
is to prove global results for systems like (1.6). With respect to the results proved in [10], the results are purely
linear, and extensions to the non-linear system are only possible in regular spaces.

1.4. Notation and Main results

Let us introduce some notation and present the main results of the manuscript.
We denote D(T) the space of periodic distributions whose dual space is C*°(T). The Fourier series of periodic
distributions is given by

27
Ff(k) = (k):% ; (x)e *edz, keZ

and the inverse Fourier series by

Flfa) =) e™ f(a).

keZ

For s > 0, we use the operator D® = (—A)% given on the Fourier side as

— o~
S

D f(k) = [E° f(£)-

Similarly, we have the operators J*® given on the Fourier side as

— ~

I f(k) = (k)" f (k)
where (k) := (14 |k|) ~ (1 + |k[?)=. Here we define the H*(R) Sobolev spaces, for s € R
H*(T) ={f € D(T) : |[flls = [I[J°fI| < o0}

For the Cartesian spaces H*(T) x H*(T) we define ||(u,v)||s := || (w, v)|| g (myx z= (1) = ||©e]|s + [[v]|s. Throughout
this paper we will denote the norm |[|(-,-)|| L2 (1) x £2 (1) simply by ||(,-)||. Let X be one of the previously defined
spaces, we will denote Xy the function space belongs in X with mean-value null, i.e., Xg :={u € X : [u] = 0}.

This manuscript aims to address the control and stabilization (global) issues. Precisely, we want to give
answers for both questions (see Probs. 1.1 and 1.2) presented at the beginning of this introduction. As a first
result, we will analyze the exact controllability for the following linear system

Ou + O3u + pdyu + ndyv = Gf, zeT, teR,
O+ ad2v + (0yv +ndpu=Gh, z €T, teR, (1.10)
(u(z,0),v(z,0)) = (uo(z),vo(x)), xzeT.

Here, f and g are defined as two control inputs and the operator G is given by (1.8). We have established the
following.
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Theorem 1.3. Let T > 0 and s > 0 be given. Then for any (ug,vo), (u1,v1) € HS(T) x HE(T), there exists a
pair of control functions (f,h) € L3(T) x L3(T), such that system (1.10) has a solution in the class

(u,v) € C([0,TT]; H5(T)) x C([0, T]; H (T))
satisfying
(u(z,0),v(x,0)) = (ug,v0) and (u(z,T),v(z,T)) = (u1,v1).

Taking advantage of the results obtained by Bourgain [4], we are able to extend the previous local result to
the nonlinear system, which is represented by,

Ou + O2u + poyu 4+ ndyv + 0, P(u,v) = Gf, z €T, teR,
Ov + ad3v + COpv + ndpu + 0,Q(u,v) = Gh, z €T, teR, (1.11)
(u(z,0),v(z,0)) = (uo(x), vo(x)), z €T,

where P(u,v), Q(u,v) are defined by (1.7), G is represented by (1.8), with f and g are control inputs. Thus, our
second result deals with the asymptotic behavior of the solutions of (1.6). In order to stabilize system (1.11),
choose the two feedback controls

f=-G'Li,,u and h=-G"L_,,v,
in (1.11), to transform it in a resulting closed-loop system reads as follows

Opu + O2u + pdyu + ndyv + 0, P(u,v) = =Ky ypu, =z €T, teR,
Ov + adv + COpu + ndyu + 0,Q(u,v) = —Kocav, =z €T, teR, (1.12)
(u(z,0),v(x,0)) = (uo(z), vo(z)), zeT,

with the damping mechanism defined by

x7r—1
Kgﬂ’,\ = GG Lﬁ,'y,)\'

Here, Lg » is a bounded linear operator from H*(T) to H*(T), s > 0, for details see Section 3. So, as for
Problem 1.2, we have the following affirmative answer.

Theorem 1.4. Let s > 0 and v € R be given. There exists a constant k > 0 such that for any ug,vo € H§(T)

the corresponding solution (u,v) of the system (1.12) satisfies

1w, )l < asy (w0, v0)llg) € [[(uo, vo)l

for allt > 0. Here as~ : RY — R" is a nondecreasing continuous function depending on s and 7.

To finalize, observe that Theorem 1.3 is purely linear. Thanks to Theorem 1.4 we guarantee global
controllability for long waves, thus responding to Problem 1.1. The result can be read as follows.

Theorem 1.5. Let s > 0 and Ry > 0 be given. Consider o < 0 and |u| + || being sufficiently small, so there
exists a time T > 0 such that if (uo,vo), (u1,v1) € H(T) x H§(T) are such that

[(uo,vo)lls < Ro,  [[(ur,v1)l[s < Ro,
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then one can find two controls input f,g € L*(0,T; H3(T)) such that system (1.11) admits a solution
(u,v) € C([0,T]; H5(T)) x C([0, TT]; H5 (T))
satisfying
(u(,0),v(z,0)) = (uo(x),vo(x)) and (u(z,T),v(z,T)) = (u1(z),v1(z)).

It is important to point out that Theorems 1.4 and 1.5 are valid for the case when we consider in the systems
above mentioned o < 0 and |p| + |¢] is small enough. This restriction is necessary because we need estimates for
non-linear terms (see Lems. 3.7 and 3.8 in the Sect. 3) which needs to be verified when |u|+ (| << 1, @ < } and
1 < 1, simultaneously. However, if B = C =0, i.e. n = 0 (see system (1.6)), we have two KdV-type systems
coupled only in the nonlinear terms. Thus, 7 = 0 ensures that all the results presented in this manuscript remain
valid without any restriction in the constants o, u, and (.

1.5. Structure of the article

Section 2 is devoted to showing the spectral analysis necessary to prove the exact controllability result for
the linear system associated with (1.6). Next, in Section 3, we present the Bourgain spaces and its property.
Precisely, thanks to linear and nonlinear estimates we are able to prove the global well-posedness results for
the system (1.12). In Section 4, the reader will find the proofs of the main theorems of the article. Section 5
is devoted to presenting the conclusion of the work and some open issues. Finally, in Appendix A, we collect
results associated with the system (1.6), which were used throughout the paper.

2. SPECTRAL PROBLEM

In this section, we study the spectral properties of the linear system associated with (1.10). Precisely, using
Ingham’s type theorem, we prove that the exact controllability for (1.6)—(1.7) holds. Consider the following
operator

_ _af — p0y 10y
L= ( “n0e  —ad—Co, ) 21)

with domain D(L) = H3(T) x H3(T). This operator has the following properties.

Proposition 2.1. Consider the operator L defined as in (2.1). If « < 0 and ( — p > 0 then L generates a
strongly continuous group S(t) in L?(T) x L?(T). Moreover, the eigenfunctions are defined by e‘“"’”Z;t, with
k € Z and form an orthogonal basis in L*(T) x L?(T) satisfying

Z,f—)Zi, as k — Foo,

where Z1 :=(0,0) and Z~ := (0,2(1 — «)).

Proof. A simple calculation shows that L* = —L and (Lu,u) = — (u, Lu) = 0. Thus L and L* are dissipative.
Since D(L) is dense on L?(T) x L?(T) follows from Corollary 4.4 of [32] that L is an infinitesimal generator of
a strongly continuous group of contractions on L?(T) x L*(T).

We claim that, for each fixed k € Z, e~ (0}, 1) is an eigenvector of L with eigenvalue iwy, if and only if

(2.2)

(/ﬂ?’ — ,uk —wk)ok - 77ka = 0,
—nkoy, + (ak® — Ck — wi) 7 = 0.
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That is, there exist non-trivial solutions if and only if
Wiy +wr(C+ p = (L4 a)k*)k + ak® = k(¢ + ap) — k*(n* — p¢) = 0.

Hence, we have two possible exponents, given by the formula

= B((L+ )k — (14 Q) £ VR + C — (L + a)k2)? — k2 (ak? — K2 (ap +C) — (1F? — 1uC)
— B4 a—(u+ Ok ) £ V[ =) + k2 — ) + 4k 2

that is,

2wt =k [(14a)— (C+mk2+/[0—a)+k (C—u)]2+4k—4n2)} . (2.3)
If k # 0, with n # 0, then w, # w,j and two corresponding non-zero eigenvectors are given by the formula
ZE = (o, ) = 2k7° (nk, k® — pk — wif) . (2.4)

If £ = 0, then both eigenvalues are equal to zero and two linearly independent eigenvectors are given for example
by

7§ = (00,70) = (20, (1 = ) F /(1 = a)” + 4P (2.5)

A direct calculation show that Z+ Z, =0, for all k € Z and Zi — Z% as k — +o0. Thus, (¢k ,z/;k)
e~k Z;t, where Z,:f = (02:,7'13:) is defined as in (2.4)—(2.5), form an orthogonal basis in L?(T) x L?(T) with
the eigenvalues given by (2.3), showing the proposition. O

We recall the definition of the upper density DT = DT (Q) of Q. For each ¢ > 0 we denote by n*({) the
largest number of exponents wy that we may find in an interval of length ¢, and then we set

+
Dt = inf = ) € [0, 0]
>0

It can be shown (see, e.g., [20], p. 174) that

DT = lim n+(€).

{— 00 Y4

It follows from the definition that D% is subadditive:
DT(QUQy) < DT (Q) + DT () (2.6)
for any families 2, and Qs. If Q is uniformly separated, i.e., if
v =7(Q) = inf{|lwy —wn| : k#n} >0,

then DT < 1/, and hence DT < co. With this, we will prove the following.
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Lemma 2.2. Let w,:f be as in (2.3). We have

: + +y _ - - -y _
kgrfoo(wk+1 —wy) =+o0 and kgrfoo(wk+1 —wy, ) = —00

Consequently, we have that
D*({wih) =0.

Proof. Since wfk = —w,i it suffices to consider the case k — +o00. One denotes

TE(k) = (L4 a) — (C+ Wk~ £ /(1= a) + (C — )k 22 + 4k 112

Thus,
TH(k)=2+0(k"?) as k— o0
and
v _Loay
Hence

wi —wi = (k+1)% — k% +O(k) = 3k* + 3k + 1+ O(k) — +o0, as k — ~+oo0.
In the similar way
Wi —wp = al(k+1)° = k*] + O(k) = —oo, as k — +o0,

where the last convergence is due to the fact that o < 0. Now, as a consequence of these converges and by
definition of Dt < 1/7, where v = v(Q) = inf{|wy, —wn| : k #n} > 0, we have that D ({wif}) = 0. O
—ikr(

We now need to order our orthonormal basis, let us do it as follows. Consider (¢, 1x) = € OkyTk), SO

(d)z,i//,‘:) =e (g, 7’,;") = e’””Z,j'7 if k =2k forall ¥ € Z,
(Pr,x) := = =Y — p—ikr(— =\ _ —ikzpy— _ o/ / (2.7)
(0 ) =€ (0,7 ) =e "2, if k=2k"+1forall k' € Z.
Therefore, any vector (u,v) € H*(T) x H*(T) can be represented by
(u,v) = (Z ak(bmzbklm) ;
keZ kEZ
with the coefficients aj and by are defined by
ap = <u7¢k> and bk = <’U,Z/1k>,
where (-,-) denoting the inner product in L?(T). Consider, also, the following
+ ; / ’
oy, if k =2k for all k' € Z,
wh = { wy, if k=2k+1foral k €Z. (28)
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With these notions in hand, the following lemma gives the behavior of w,f and concludes that the upper
density of the set {wi} is zero. It is important to notice that to use ([20], Thm. 4.6) we need the following
uniform gap condition v = infj4y, |wy — wy,| > 0, where wy, is defined by (2.8). The next proposition will give us
such information.

Proposition 2.3 (Gap condition). Let wy, be as in (2.8). Thus,

lim  |wp — w,| = 4o0.
k], |7| =00

Proof. Start noting that Lemma 2.2 ensures the result for k£ and n both odd or both even. Now, we need to
guarantee that the same is true for the other cases of k and n. Consider without loss of generality r = 2k’ and

kE=2(K'+k")+ 1 for any k' € Z and k" is a fixed positive integer. Using the notation of Lemma 2.2, follows
that

Wak 1y 41 — worr = 8(a — 1)k + a[12k(2k" + 1) + 6k"(2k" + 1) + (2" + 1)°] + O(K').
Thus,

lim W (k! +k")+1 — Wk’ = +00
Ik/|—>+o<>‘ (K" +k")+ | )

and then the proposition is proved. O]

Remark 2.4. Thanks to Theorem 4.6 of [20] and Proposition 2.3 there exists a subset K C Z such that
L2%(0,T)

span{e= ik} cx has a unique biorthogonal Riesz basis {qx} C L?(0,T), where

K={k€Z; wy#w, for all k # r}. (2.9)

2.1. Exact controllability: linear result

With this previous information that concerns the spectral properties of the operator L, in this section, we
will analyze the exact controllability for the linear system (1.10).

Before presenting the main result of this section, let us first consider some properties of the homogeneous
initial value problem (HIVP) associated with (1.10). It is well know, thanks to Proposition 2.1, that (1.10), with
f =g =0, has solution on the Sobolev space H*(T), for s € [0, 3], which is given by

(u(t), v(t)) = (S(t)uo, S(t)vo) := (Ze‘““k”“)ao,Ze‘“““*mﬁo> . (2.10)
k k

Additionally, using Semigroup Theory, see for instance Theorems 1.1 and 1.4 of [32], we have that the open loop
control system has a unique solution in

C([0, T} H3(T)) n C*([0, T}; L*(T)) x C([0, T]; H*(T)) N C*([0, T]; L*(T)).

Remark 2.5. Operator G defined as in (1.8) from L?(T) to L?(T) is linear, bounded and self-adjoint. Actually,
was proved in Remark 2.1 of [25] (see also [28], Lem. 2.20) that operator G is a linear bounded operator from
L?(0,T; H*(T)) into L?(0,T; H*(T)), for any s > 0.

From now on, we are in a position to prove the exact controllability result.
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Proof of Theorem 1.3. Since the functions (¢, %), defined by (2.7), form an orthonormal basis on L?(T) x
L*(T) and the space L3(T) x LZ(T) is a closed space, we can represent the initial and terminal states like
expansions, which are convergent in H§(T) x H§(T), as follows

uj = Zuk,j@c, U = /Tuj(ac)qbk(ac)dac7 for j =0,1,

kEZ

vj = Zﬂk,ﬂ/}k, Vkj = /ij(xWT(I)dL for j =0,1.

kEZ

(2.11)

The solution of the homogeneous (adjoint) system can be expressed by (ug(z,t),vi(z,t)) =
(e~ wrtgy (x), e~ Wrtehy (z)), where wy, are the eigenvalues defined in (2.8). Pick smooth functions (f, h) on T x T.
Multiplying (1.10) by (ux(z,t), ve(z,t))T and using integration by parts on T x (0,7T’), we obtain

——— T AN T ur (. t)
e Ty Tz — [ ate oyt 0w = [ [ 6ot asar (212)

/Tr o(z, TYor (@, T)dz — /TF o(z, 0)or (7, 0)dar = /O ' /T Gh(x, t)or(z, D) dadt,

with the previous equality valid for f, h € L([0,T]; H§(T)), for any s > 0, where (u,v) satisfies (1.10). Observe
that (ug,vx) = (e“*tor(x)), ertehy.(x)). Moreover, thanks to (2.12), we get that

Au(LT)ei“”“Tde—/Tuo(x)mdx: /OT/TGf(wj)ei“”“t(bk(:n)dx
and
/Tv(x,T)ei“’“szk(x)dx—/OT vo(x)ql)k(:r)dx:/OTAGh(x,t)ei“ktszx.

Evaluation of the integrals in (2.12) with

wk:/Tu(:c,T)d)T(x)dx and  zp :Av(x,T)wk(x)dx (2.13)

gives that

T
wy, — uppe T = / e wr(T—t) / Gf(z,t)pr(x)dadt, vk € Z,
0 T

. (2.14)
2p — v oe Wl = / e~ twr(T—1) / Gh(z, ), (x)dzdt, Vk € Z.
0 T
Let us take our control functions f and A in the following way
flz,t) = ijqj(t)G¢j(x), and h(z,t) = Zhjqj(t)ij(x). (2.15)

JEZ JET
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Here the coefficients f; and h; must be determined so that, among other things, the series (2.15) is appropriately
convergent. Substituting (2.15) into (2.14) yields,

T
wy, — up e Wkl = e ij/ e“rty; (t)dt/ GGoj(x)pw(z)dx (2.16)
iez o T
and
. . T . —
2k — vp e Wkl = emirT Z hj/ ety (t)dt/ GGy (x)g(z)dz. (2.17)
iez o T

Thanks to the fact that {qi } kex is a biorthogonal Riesz basis to {e ™™} ,cx in L3(0,T), for K defined by (2.9),
and due to the Remark 2.5 we can get that

wy, — ugge T = ey / Gor(z)Go(x)dr = e fi]|Gor ||,
T (2.18)

2k — vk,oefi“’“T = e Tp, / Gy (), G (z)dx = e T hy || G |2,
T

for all k; € Z'\ UleKj, where K; := {k € Z ; wp = wy,; and k # k;}. By the definition of G, see (1.8), yield
that

2

jGoul? = [ Jota) (x(0) = [ atontis) | ao = o5 (219)

and
2

G0l = [ lota) (s~ [atwpntian)| az = nfs. (220)

where
e—ikx 2
= ||G

Since [g] = 5= it is easy to see that Sy = 0. The fact that g(z) is real valued shows that g(x)% cannot be a

constant multiple of g(z) on any interval. Thus, follows that 8 # 0, k > 0 and
lim = /T g(x)2da 0.
Its implies that there is a § > 0 such that
|Bk| > 6,  for k #0. (2.21)
Due to the fact that o # 0 and 74 # 0, for all k, we can putting fo = hg = 0 and
dwp T

ug 1T — g

low| 2B

Vg 1€ — Uk,0
|75 |2 Bk ’

fk = and hk = (222)
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for all k € Z*\ Uj_1K;. So we get, from (2.18), that wy = ug,1 and zx = vy 1, where uy 1 and vg 1 are given

by (2.11)3. Since wy, is given by a polynomial of degree 3, each set K; has at most three elements. So, we can
consider k;; € US_ K; for i = 0,1,2. In this case, from (2.16)-(2.17) follows that

—itwg, T __ —twg. T
= Uk; 0 0 = Ok e 0 §:fkj,zfakj,eMkj,ekj,w

Wk, ;
£=0
2.23
2 (2.23)
—twg. L —iwg, 1
2k — Uk;;,0€ 300 =T, € 3,0 E hkj,éTkj,ZMkj,ékj,i7
=0
where
M, — 1 GG (e ki) g—ikjizq
kjekji = 52 (6 ! )6 7 AT.
27T T
In other words, fy., and hy, ,, for each j = 1,2,--- ,n and £ = 0,1,2, must be satisfy the following matrix
) .0 VAl y &y ) y Ly 4y y
identities
Wi .
Uk Mkjo,k 0 O'k Mk”,k 0 Uk M/ejz,k o Ok 0k 0 Wi o€ J*‘JT—ukj,U,o
_ W .
ng 0,k Mkj 1,k Mk; 2,k;5,1 ’ Ukj,lfkj,l = Wk; . € J'OT — Uk;,1,0
Mk] 0.k Mkj 1k Mk] 2,kj2 ka,2fkj,2 wkaezwkj)g — Uk, 5.0
and
WM, WM WM Tk, oI 2, g€ ka0l — g
kjo0,k kj 1,k kj 2,k kjollkj o kjo€ T kj,0,0
_ LW
Mk] 0.k Mk] 1,k Mk] 2,k Tkj,1hkj,1 = zij 7,07 — Ukj,1,0
iwr,, T
k0 Mp; ok io M1 ko ThyoMp o k; Thjolk; ijgelwk_],o — Uk, 5,0

In order to achieve the result, we will need to prove the following two claims.
Claim 1. The previous systems have a unique solution (fx, o, fx;,, fx,.) and (hg,,,hx, ., b, ,), for each j =
1,2,---,n

Indeed, note that the determinant of the above matrices are given by oy, , X oy, , X 0;, X det M; and
Thjo X Thy1 X Th;, X det My, respectively, with M; defined by

Mkjo.kj0  Mkjokjr  Mkjokj 2
My = My ko Mikgakin Mok
Mkjo.kjo  Mkjokjn  TMhkjokj2

Since o, , X Ok, , X Ok;, # 0 and 7, ; X Tk, , X T;, # 0, we only have show that the hermitian matrices M;
are invertible for all j = 1,--- ,£. For fixed j, let us consider X the space spanned by Ty, , = e~ii §=0,1,2.
Let px; , be the projection of GG(Yy; ,) onto the space ¥, that is,

2
Pkje = § :Mkj,zkj,iTkj,i'

=0

3Note that clearly wo and zp must be zero.
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Now, it suffices to show that py, ,, £ = 0,1,2, is a linearly independent subset of ¥p. Assume that there exist
scalars g, £ = 0,1, 2, such that

2
Z)\gpk_m( =0 < Z )\ng7 0,k 1Tk”(l') =0
£,i=0

Then, it yields that
2 2 2 2
SN NGy, Gy )Yk = <GG (Z Angj’,Z) ,T,ﬁ.ﬂ.> Ty, =0
=0

i=0 £=0 £=0

Since Tk“ is a basis of Yo, follows that

2
<GG <Z )\ngM> ,ka> =0,
£=0

for each ¢ = 0,1, 2. As consequence of the last equality, we get
2 2 2
0= <GG (Z )\ngj~,z> ,Z/\mw> = > ANTi,, =0 <= A\ =0,
£=0 i=0 =0

for £ =0, 1,2, showing the Claim 1.

Claim 2. The functions f and h defined by (2.15) and (2.22) belongs to L?([0,T]; H5(T)) provided that
(Uo,’Uo), (Ul,’Ul) S HS(T) X Hg(T)

In fact, let us write G¢;(z) and Gy;(x) as follows

Goj(x) = ajud and Guo(z) = bijxthr, (2.24)

keZ kEZ

where
aji = / Go;or(x)dxr and bj, = /Gz/ijwk(x)dac, ke Z.
T T
Therefore, we can see that

f(zt ZZf]ajk% ¢k( ) and h(x t Zzh b]k% d)k( )

JEZL kEZ JEZL kEZ

Consequently, this yields that

2 2

o = [ 0+ 0™ [Saas] a=30+ 10 [ [ aeharo) a

kEZ JEL kEeZ JEL
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As {qx}rex is a Bessel sequence and Z \ K is a finite set, from the previous identity holds that

1o,z myy < € D0 LF1P Do (L KD agl. (2.25)

JEZ keZ

Analogously, we can obtain the following estimate for A, that is,

IRl 22 o.ryimzgmy) < €D hg1* > (1 + [K])? |bju]*. (2.26)
JEZ kEZ

To finish the proof of Claim 2, let us prove that the right hand side of (2.25) and (2.26) are bounded. For
this, note that

laje] = [(G5(x), r(a))] < \/%\okfjuajnoku (0 613} | + lowllos 1] (g 85} 11 (g2 65 |

and, in a similar way,

1
[bjk| < \/T—W\Tk—jl\fjllmll (9, Pr—s) | + I3l (g, ¥x) |1 {9, ¥5) |-

Hence,

laji? < 2002 (Jok—51* okl {g, pk—5) |* + lowl?[ (g, 8x) |*] (9, 05) 1)
and
i l* < 27512 (fri—5 7l [ (g, o) 1P+ 1el 1 (g, 0w} 1] (g, 905) 1)
Using the last inequalities we can estimate
D (L [k lag|* <2lo5* | (141507 Y (U + KD {g: 01} P+ [{g-05) 17 D (1 + k)| (g, b [
kEZ kEZ keZ
<2fo;* [(1 + 131)** + [ {g. &30 [] llgll3,

and analogously, we have

D@D ogml® < 2075 [+ 15D + 1 g, %) [P] llgll:-
kEZ

Therefore, (2.25) and (2.26) together the previous inequality results

|ujae ™ — ujol® 125
112 0,7 115y S2C0 Y — |0,‘|2|5_|2J [+ 17D + [ (g, ¢5) Plllgll3,
=/ J J

where Cp = max;=1,... n{1, HMj_l |} and ||Mj_1|| denote the Euclidean norms of the Matrices Mj_l. An analo-

gous inequality is obtained for k|2, (0,7 H3 (1)) Putting all these inequalities together and using the relation
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(2.21), we get

25 |05 2 (14 * + [45.0/%)

o |2

1CF W2 0,70, 115 () < 22 0,70, 113 () < C06 219105 ¢y > @+
JEZ

+ Cod gl ¢my S+ 141)

JEZ

25 732 (W51 + [v5.01%)

751>

)

where u;; and v;; denote the Fourier coefficients with respect to the orthonormal base {%} » So,
™ ) je

1CF P2 g0,7: 15 () < 22 (0,15 () < 0021910 ¢y (Ul (w0 00) g my g my + 11wt 00) g (my 1 (my)

completing the proof of Claim 2 and showing Theorem 1.3. O

As a consequence of Theorem 1.3 we have the next result, which will be important to extend the result to
the nonlinear system.

Corollary 2.6. Equations (2.15), (2.22) and (2.24) define, for s > 0, two bounded operators ®(ug,vo) = f and
U (uy,v1) = h from H§(T) x H3(T) to L2([0,T); H3(T)) such that

T
S(T)(uo,vo)—l—/o S(T — 7)(GP(ug, u1), G¥(vg,v1)) (-, 7)dT = (ug,v1),

for any (ug,u1), (vo,v1) € HF(T) x HF(T). Moreover, there exists a constant Crp 4 := C(T,g) such that the
following inequality is verified

[[(@(uo, u1), ¥(vo, v1))ll[Le2 (0,775 ()2 < Cr,g ([[(10: v0)ls + [[(ur, v1)]ls) -

3. WELL-POSEDNESS THEORY IN BOURGAIN SPACES

It is well known that Bourgain in [4] discovered a subtle smoothing property of solutions of the KdV equation
posed on Torus, thanks to which he was able to show that the KdV equation is well-posed in the space H*(T),
for any s > 0. In this section we will present the smoothing properties of the IVP (1.10), considering f = g = 0,
which are the key to proving the global control results in this manuscript, using the techniques introduced by
Bourgain.

3.1. Fourier restriction space
Observe that the IVP (1.10), with f = g = 0, can be rewrite as

((5Z>>+(3(3>>(2‘izz>+<’é ()= (5). semien
. = o) € HE (D) x HA (D).

To find an appropriate way to define the X, for the targeted system (1.10), taking into account thatf = g = 0,
consider the following equivalent system

(3.1)

Oyw + BO3w +v0,w =0, x€T, teR,
w(0) = wo, € H*(T).
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The solution to (3.1) is given explicitly by

w(z, t) = Y e®re®” TG (k) == §77 (tywy (3.2)
kEZ

with
77 (k) := BK® — k.

For convenience, ¢''0 will be written as ¢.

Remark 3.1. With the notation (3.2), note that when we put n = 0 in (2.1), the operator L remains an
infinitesimal generator of a strongly continuous group of contraction on L?(T) x L?(T) which is given by

—t(O2+udy) 0
_ —tL _ | € *
St)y=e = ( 0 e—t(a@i-‘r{@,c))

Hence, S(t)(ug,vo) = (S (t)ug, S*¢(t)vg). In this way, the Corollary 2.6 also is obtained for 7 = 0.

Definition 3.2.* For any f3,7,s,b € R, the Fourier restriction space Xf’b'y is defined to be the completion of
the Schwartz space S (T x R) with respect to the norm

)

— S _ B b~
lwllxag = [ (r = 0?7k k7|,

where v refers to the space-time Fourier transform of v. In addition, for any T > 0,
~,T
Xsﬁ,b([ovT]) = Xsﬁ,b7

denotes the restriction of X f »J on the domain T X [0, 7] which is a Banach space when equipped with the usual
quotient norm.

As well known (see e.g. [19]), for the periodic KdV equation, one needs to take b = % But, this space barely
fails to be in C (Ry; HE). To ensure the continuity of the time flow of the solution will be used the norm Yfl;7

given by
”w”YfZﬁ = ||(k)*(r — ¢Bﬁ>b@(k’7)||e2(2)u(n§)
and the companion spaces will be defined as
Z0y =X n Yjﬁ%, b,s €R,
endowed with the norm
g = ol + il -

s,b—5

TWe infer for more details the two references [4, 19].
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Since the second term ||(k)*@(k, 7)||s2(z)r1(r) has already dominated the Lg°HZ norm of v, it follows that
Zf 7 C C (Ry; HE) continuously. Lastly, the spaces
’2

Z50([0,10) = 22"

denotes the restriction of Z f »/ on the domain T x [0, T'| which is a Banach space when equipped with the usual
quotient norm.

Remark 3.3. When b = —%, the companion spaces Zf "7, wia the norm previously defined is so introduced to
T3

control the Zsﬁ V-norm of the integral term from the Duhamel principle (see Lem. 3.4)
’2
(k)*w(k,7)

i H (=77 (R))

holl gar = fleol] o

=3 ©-3 e@LE)

3.2. Linear and nonlinear estimates

To obtain a global well-posedness result for the system (1.6), with p = ¢ = 0, we will need some estimates
related to linear and nonlinear IVP associated with this system. Let us first recall some classic results in the
literature for dispersive systems.

Lemma 3.4.° Let s, b€ R and T > 0 be given. There exists a constant Cy > 0 such that:
(i) For any w € H*(T),
ISt 7w a0 < Collwlls;

IS@wl s < Collul
(ii) For any f € Xﬁ}j_l,

<
= Collfllxspr

/ S§5(t — ) f(r)dr
0

8.,
X5y

provided that b > %;
(iii) For any f € Zf’fl,
T2

/ SP(t — 1) f(r)dr
0

< Collfll oot

A 1’1‘1: s, =35
S5

Observe that the Bourgain spaces associated to (3.1) will be Xslf and Xz;f (ZL# and Z2¢, respectively). In
our case, it is important to see that supycy [¢* — ¢®¢| = oo, which results that the norms || - ”Xsl'b” and || - ”X?f
never will be equivalent (see for instance, [16], Rem. 1.1). To overcome this difficulty we need appropria;ue
lemmas introduced first by T. Oh in [30] and, more recently, by Yang and Zhang in [40]. Consider X f L7 for S

and v;, i = 1 and 2. So, we present a lemma proved in Lemma 3.10 of [40] for the case b = %, here, we are able
to extend the result for b € (3, 3].

5For details about this lemma, the authors suggest the following references [13, 39, 40].
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Lemma 3.5. Let 81 # 32, s € R, % <b< % and 0 < T < 1. There exist constants e = €(f31, B2), C1 = C1(51, B2)
and 6 > 0 such that for any y1,v2 with |y1]+ |72| < €

[900l] o e < LT ] 5y 10 (33)
; : B1,71,T
is verified for any w € X[} .
Proof. We must to prove that
||awaX/3%,wf,T < ClTGH’LU”?(}S”Ybl,I and \|8xw||Y[aZ,W§,T < ClTGHw”Xﬁlb,'yl,T. (3.4)
s,b— ’ s,b—5 3,

Thus, it is sufficient to show the following estimates

10z w|| 82,72 < Crl|w]l 819 and  ||Opw]|s 8272 < Crl|W|| y81,7.7, (3.5)
xP2m x4 yP2m X7
s,b— s,b— sb—3 5,6~

here b~ denote b — € for € < 1.
We will start by showing that the first inequality of (3.5) holds. Using the duality approach and Plancherel
theorem, we get that

/ ki (k, 7)g(k, 7)dr
R

Haww”Xf‘zbvj% = sup

‘g”Xézng_bgl kEZ

> /R H(k, 7)W (k,7)G(k, 7)dr

= sup )
loll 202 <1 [kez
where
1k
H(k,7)= ,Z —,
(T — @B (k)" (1 — ¢P22 (k)
W(k,7) = (k) (r — P (k)" @(k,7)

and

—b

Glk,7) = (k)" (7 — "2 (&))" Gi(k, 7).

The following claim shows that the function H(k, ) is bounded.

Claim: For some constant C7 > 0, which depends only on S, 82, we have that

sup |H(k,7)| < Ch.
(k,7)EZXR

In fact, if |k| <1 is immediate. If |k| > 1 note that

(7= ¢ (k) (7 — 67272 (k) = [77 (k) — 67272 (k)| = (B — B2)k® — (31 — 72)k]-
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Since 81 # B2 we can choose € < 1 such that |y1| + |12| < € and consequently
1 3
71 — ellk| < §|51 — Bal K[

So, using this previous inequality, yields that

1 .
(1= ¢ (k) (7 = ™72 (k) = [B1 — Bal [k* — |1 — k] > 3181 = BRI,
Thus, we obtain

|H(k.’7_)| < 01(51562)‘k| < Cl(ﬂlaﬂQ)

<C
= HBO) (7 — ghena () DT RPEO-T T 1(B1, B2)

where we use the fact the b € (%7 %] in the second and third inequality, respectively. This ends the proof of the
claim.

With this in hand, we infer that

Josullsyy <C1 s S [ Wik [Gkm)|dr
s,b—1 \Iglle2qz_bélkez R

£2(Z) L (R) H

<C HW
S Z)L2(R)
b

Hg”Xﬁz,’Yz
A

<Oy ||w||Xﬁ1w1 .
5,0~

Consequently, for % <b< %, there exists 8 > 0 such that

||3szXﬁ2bnf,T < Ciflwll ysrmr < C1T9Hw||xﬁlb,w1,T7
s,b— s,b— Ss

reaching estimate (3.4).
Now, to prove the second inequality in (3.5), note that by duality we have

ik (k)° |w(k
HaIwHYﬂ%‘Y% = sup Zak/ ik k) oot 7T§)|7bd7'
lalle@ kez  TEAT = Dpaa(K))?

ak#o

s.b—3

< sup Z/H(km) Y W(k,7)dr
lakllezzy kez’® (1 — pP2v2 ()
ap # 0
where
H(k,7) = L ]
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and
-

W(k,7) = (k)° (7 — "7 (k)Y Jai(k, 7).

The claim proved before give us

ai
[0sullyssvs <C1 supull oy al
s,—b—3 llaklle2z) <1 s || {1 — pP22(k)) 2 @) I2®R)
<Cr  supwll e llakllez) < Cillwl] o1,
“ak”ﬂ(z)fl 5,67 ;b7

showing the second estimate of (3.5), and consequently, Lemma 3.5 is proved. O]

Remark 3.6. It is important to point out that the following inequality
]l g < CTY = ||u]| gaor Vu € XH5T, (3.6)

s,b/ s,b!! ’

holds for any —1 < b <V’ <, 0<T <1 and s € R, where C > 0 independent on 7. For the previous
Lemma 3.5 replacing b~ , in the proof, by any b; satisfying % <b; <band b+ b; <1, we can apply (3.6) with

Y =1 and b” =V + 6, since we can take b” < 3, to get 0 < 6 < .

The next lemma was borrowed from Lemmas 4.1 and 4.2 of [40] and concerns with the bilinear estimates in
Bourgain spaces for the term 9, (uv) when the functions v and v belong in X 5 v for f; and 7;, i = 1 and 2,
distinct. In fact, the authors in [40] showed the result for general cases on a domain Ty x R, for A > 1. Here,
we will revisit the result proving in a simpler way the bilinear estimates on T x [0,T], which will be used for
obtaining our future results.

Lemma 3.7. Let s >0, T € (0,1) and B1, 2 € R*, with 81 # ($2°. Also consider that % < i. Let u and v
functions such that with [u] = [v] = 0. There exist constants 0 > 0, € = €(p1, B2) > 0 and Cy = Ca(51,02) > 0,
independent of T, u and v, such that if |y1| + |y2| < €, we have:

a) If u e Xflﬁl’T and v € Xfi’”’T, then
12 12

Ho”'w(uv)HZlezT < CQTQHUHXTL”“’T ||1}HX521,—YQ,T. (37)
T2 2 2
b) If u,v € Xfi’”’T then
2
10wl v < CoT g ol (38)
s,—1 53 53

Proof. We will prove the estimate (3.7). The proof of (3.8) is shown similarly and we omit its demonstration.

Let u € X7 and v € X272, with [u] = [v] = 0. Necessarily, we must prove
S 3 Sy3
||3x(uv)|lez;12 < O2T9||“H)(fllm HU”szi"fz (3.9)
T2 2 2
6The cases 81 = B2 and ~¥1 = 2 is known be true and can be seen in Proposition 5 of [13].
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and

Haﬂﬂ(uv)” Bave < CQTGHU” B1,71 HU” B2,72 y (310)
Ys —1 X 1 X
, 5,3

s,%

for some 6 > 0.
Firstly, we will show (3.9). To this end from the Plancherel theorem, the duality approach and convolution
properties yields that

Cw ksl (ks)* 7 _Lfilki 7o)

T2 Hgllxﬁg,? <1 T

—s,5

Here Li(ki, i) = 7 — ¢P7i(k;), for i = 1,2, L3(ks, 73) = 73 — ¢"272(k3), T and A given by
3 3
I':= {(kzl,kg,kg)eZ3 : Zkl:()} and A := {(/{Jl,k‘g,k‘g)ER3 : ZTi:O}’
i=1 i=1

respectively, with

1
2

filky, 1) = (k1) (11 — 677 (k)

u(ky, 1),

Nl

folka, 72) = (k) (72 — $7272(k2))? O(k2, 72)

and

fa(ks,3) = (k)™ (3 — ¢62’72(k3)>% g(k3,73).

The condition [u] = [v] = 0 together with the fact that (k1, ke, ks) € Z* ensure us that we only need to consider

the case |k;| > 1 for ¢ = 1,2, 3. In addition, as (ki1, ko, k3) € ', we have % < 1. Thus,

|ks] (ks)” 3
W < (ka1 |lk2|[k3]) 2,

for all s > 0. Define

H(ky, ko, ks) == 77 (k) + 67272 (k) + ¢7272 (k3). (3.12)

Claim. Let % < %. There exist € = (1, 32) and § > 0 such that if || + |¢| < € then the function H defined
in (3.12) is d-significant on Z, i.e.,

3
(H(ky, ko, k3)) > 6 [ ] Ikil for any (ki ks ks) €T.
i=1
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Assume that the claim holds true. Thus,
3 3
[T 1kl S (H (1, ko, kes) = <ZLi(k'ini>>~
i=1

i=1

Using the last inequality we obtain

Lk kg 1] ikl g, < ST > T filkem)
Z/ ST NZ/A<ZW o (313
3 1.3 '
Hz L (L (kyy 7)) 2 Ty filki, 7i)
5;;/ (Liks,7:))* "

Let us estimate each term of the right-hand side of (3.13). For simplicity, we will present the estimate
corresponding to j = 1. The other terms will be estimated similarly. For this case, we have

ko, T (ks, T2)
E /|f1 k1, 71) | ke, )| 1 falka; 1 E /91 ki,71)92(k2,2)g3(k3, 73)
La(ka,72))

(L3(ks,73))2

Nl=

with

| fi(Ki, i)

g1 = |fi(k1,m)| and g; = T
(Li(ki, 1))

for i =2,3.

Thus,

|folka, o) |f3(ks,72)|
k ) T 1 1 < k y k/’ 5 d
e e F 20, B

Sllgrlle@zyr2@)llg2llerzyLa@)ll 93l 4 2y Lo w)

NHUHXBllﬂ [0l e XxP22 HQHXﬁwlzv
2 o3 —o3

where we have used that X By i is continuously imbedded in the space ¢4(Z)L*(R)". Replacing the last inequality
in (3.13) we conclude from (3.11) that

10r ()l S (Il Boll s+ oo lolgoon ).
] 3 '3 2

‘57—

which implies that for any T € (0, 1), thanks to the Remark 3.6, there exists a positive constant C5, independent
of T, such that

10z (wo) | 52 7207 < 02T9||uHXm nrl|oll e ne

5’7 2 2

for § € (0, %), showing (3.9).

See Lemma 3.2 of [24] or Lemma 3.9 of [40].
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Before presenting the proof of (3.10), let us prove the claim. Note that the function H defined by (3.12) can
be rewritten as

k
H(ky, ko, ks) = —3B2kih (kj) — (n1 — 72)k1,

where h(z) = 22 + z + %( ) Since % < 7, so h does not have real roots. Thus, there exists §; > 0 such

that h(z) > §;(2? + 1) for all x € R. In addition, we can take € sufficiently small, only depending on (3, such
that |y1 — ye||k1| < % + 01|B2|k1|? for any ki € Z*. Hence, for ki, ko, ks € Z* satisfying E?:1 k; = 0 we have

k k2
(H(ky, K, b)) >1+3|62|k1|3h< j) It =l = +351|52|k1||k1|2< 2 1) 6118l
>4 <1+|k1|Z|ki|2> zar[wm,
7 =1

where ¢ is a positive constant which depends on (1, 82 and the claim is verified.

To prove (3.10) using Cauchy-Schwarz inequality and for arguments similar to the one used previously, follows
that

L .
1Ol as < Tx sup || A2 (E8)tk (3.14)
s,—1
Hak\lezg <t | Ls) 8, @I, ®)
Qg 0

with

I= s /|’f3<k3>s [l )l |fo(ka, )| | f3(ks, 75)]
sl oy <1 7 02 B0 (L (g, 71)) 2 (Lo (o, 7)) ® (L (s 73))°

dA

and f;, L;, for i = 1,2,3, defined as in (3.11). Here the characteristic function xqx,)(L3) will be chosen so that

XQ(ks) (L3)

1—a N 1
(Ls)

~

L2,(®)

uniformly in the parameter ks,|k;| > 1, for i = 1,2,3, and a > 0 to be chosen conveniently.
Now, define MAX := max{(L1(k1,71)), (L2(k2,72)),(Ls(ks,73))}. Since H is §-significant, we have

3

3 3
H|ki|§H(k‘1,k2,k3)=Z (ki, ™) §Z (ki) S MAX.
i1

i=1 i

The rest of the proof will be split in two cases.

Case 1: MAX = <L1(k1,7’1)> or MAX = <L2(/{J27T2)>.
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Assume without loss of generality MAX = (Ly(ki,71)). Take a = 1~ = 1 — ¢ with 12¢' =
we can put Q(ks) = R. Thus, from (3.14) we have

ka, T fs(ks, T
Hax(uv)nyﬁ%vz § /|f1 klyTl ‘fQ( 2 2)|l |f3( 35 S)l_dA.
o Hf‘q‘”@?@)ﬁ(m)q r (La(k2,72))? (La(ks, 73))>
Similarly to X f >2_norm, we obtain
’ 2
Hax(u’l))Hylh,‘/z S sup N HU”XZH 71||’UHX/32 72||f3HX62 72 < Hu”Xﬁl “’1||’U||X52 -
2T fsllegee st ob 3 o3+ 3 s}

Case 2: MAX = (L3(k3,73))
This case will be divided in two parts.
_1
Part 1. <L3(l{i3,7’3)> 100 < § <L1(k‘1, 7'1)> <L2(k‘2, Tg)>.
Observe that

m""

1 1 1_
(H |Fi > (La(ks, 73))? S 672 (Ls(ks, 7)) (Li(ka, 7)) (La(ky, 1)) T
Therefore, choosing a and €(k3) as in the Case 1, from (3.14) results

5 L|fg(k3773>|dA
A (Ly(k1,m1)) 2 (La(k2, 72)) 2

RO I —
st 1f3lle2 2y L2 @y <1

/ |filk, )] | fa(ke, 2)
T /A

SHu”Xf,llﬁl ||’UHX"32£2

I\J‘U‘

112

So, for any 6 € (0, #) we have

[0 (uv)||Y52 02T N TGHU”XBl 1 THUHXBz v2 T S T9Hu||xgl T HU”Xﬁ‘zlﬁzﬂT-
T2+0 s {7 +0 ]

Part IL. (L;(k1,71)) (La(ke, 7)) < 6 (Ls(ks, ) ™
Note that

(Ls(ks, 75) + H(ky, ko, ks)) = (L1 + L) < 6 (Ls) T .

Thus, |H(l€1,k}2,k‘3)| ~ |L3(k‘3,7‘3)| and

(Ls(ks, ) + H(ky, ko b)) < 8 (H (ky, ko, kg)) 0 .

1 .
Too- In this case,

(3.15)

(3.16)

(3.17)
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Define for any ks € Z* the set

3
Q0 (k) := {TGR : ki, ke, € Z such that Y k; =0 and
i=1 (3.18)

(La(ks,7s) + H (ki ko, ks)) < 0 (H (ks ko, k) ™ |

From (3.17) follows that Ls(ks, 73) € Q°(ks). Taking a = 1 and Q(ks) = Q°(k3) defined by (3.18) we have®

Xaks) (La) <1
L2)2
< 3> Li:s(R)
uniformly in k3 implying
sup ak?’l <1
lagllezzy <1 11{L3)? @ (2)L2, (R)
Qg 7é 0

Hence, using the first inequality in (3.16) we obtain

fi(k1, 7 fa(ka, T2 s
0 @) lye S sup [t e )y )l ol
ST fsllegrze<t T JA (k1)) (La(ke, m2))2 5% 3
Then, in both situation we obtain
O I L TN N
2 2
for any 6 € (0, ¢), showing (3.10) and, consequently, finishing the demonstration of the lemma. 0O

Finally, to finish this section we will prove nonlinear estimates associated with the solutions of (1.6) with
p =g = 0. To do it, we introduce the following notation

iV T
2= 20T
T2
fori=1,2 and

Z .= Zﬁl,’ylhT > ZBQ”)P’T.
s,—5 $,—35
Lemma 3.8. Let (u,v) and (w, z) belong to Z with [u] = [v] = 0. Consider s, B;,7vi, i = 1,2, as in Lemma 3.7
satisfying % <0, P and Q defined by (1.7). Then, there exist constants § > 0, e = €(f1,82) > 0 and C5 =
Cs5(pB1, B2) > 0, independent of T, u and v, such that if |y1| + |72| < €, the following estimates are satisfied

192 (P(u, v), Q(u, )z < CoT | (w, V)1 81,017 o222 (3.19)

2 ’2

8This proof is extremely technical and can be found in Lemma 6.2 case 5.2.2. and Lemma 6.3 of [40] which in turn was inspired

by Lemma 7.4 of [13].
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102 (P(u,v) = P(w, 2))||z, < CsT?||(u,v) = (w, )|z (| (u, v) ]| z + [[(w, 2) ] 2) (3.20)
and

10:(Q(u, v) = Q(w, 2)) |2, < C5T°|(u, v) = (w, 2)||z ([[(u,v) |z + [[(w, 2)] 2) (3.21)

Proof. First of all, (3.19) is a direct consequence of Lemma 3.7. Just applying (3.7) for P and @ provides us
the existence of positive constants C3, 6 and € such that

€]
102 (P(u,v), Q(u,v))||z < CoT° (|A|||u||221 +1Blllullz, vz + - lvllz. + [DIlIvlIZ,

|B|
Hellulz o)z, + S lul,
< O3T0||(uv U)||§(ﬁls71’T><XB2=’YQvT’

't it

whenever |y1| 4 |v2| < €, where C3 = Cs - 2max{|A|, |B|, |C|,|D|}.
Let us now prove (3.20). As the proof of (3.21) is analogous we will omit it. Note that we can write

P(u,v) — P(w,2) = A(u — w)(u +w) + Blu —w)v+ Bv — 2)w + %(’u —2)(v+2)
Thus, again by (3.7), we get that

10 (P(u,v) = P(w, 2))|lz, CT° ([(u — w)| 2, llu+ wlz, + [Ju—wl|z v =,

+ o= zllz wlz + llv=zllzllv+2]2),
which implies
102 (P(u,v) = P(w, )|z, <C3T°(|(u,v) = (w, 2)l|z (|, 0) ||z + [|(w, 2)]| 2) -
Therefore, (3.20) and (3.21) is verified and the proof of the lemma is complete. O

3.3. Local well-posedness

Throughout the article, from now on, we will consider the following notations

_ 7LpT a,q,T 1 ._ 7LpT o . zo,(\T
Zs,b = ZSJ] X Zs,b ) Zs,b T Zs,b ) s,b T “sb

and

— yLpT a,(,T 1 ._ yvLupT a . yol,T
XS b= Xs,b X Xs,b ’ Xs,b T Xs,b ’ s,b Xs,b .

)

Additionally, when b = %, we will denote
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and

1,u,T T 1,u,T T
Xyo= XET o x0T xl= x0T xe= x0pT
5,5 s ’ s s,5 s

i) S35

Let us now consider the IVP (1.11). For given A > 0, let us define
1
Lgyn¢ = / e TSP (—7)GGF S (—T)¢dr,
0

for any ¢ € H*(T) and s > 0. Clearly, Ly is a bounded linear operator from H(T) to Hj(T). Moreover, Lg  x
is a self-adjoint positive operator on L3(T), and so is its inverse Lg%y - Therefore Lg , » is an isomorphism from
L3(T) onto itself, and the same is true on H(T), with s > 0 (see, for instance, [24], Lem. 2.4).

With this information in hand, choose the two feedback controls f = —G*L@}W \u and h = _G*LE}W, AV, in
(1.11), to transform this system in a resulting closed-loop system reads as follows

Opu + O2u + pdyu + ndyv + 0, P(u,v) = =Ky ypu, =z €T, teR,
O + ad2v + COpu + ndyu + 0,Q(u,v) = =Ko cav, z €T, teR, (3.22)
(u(zx,0),v(x,0)) = (uog(x),vo(x)), zeT,

with Kz, = GG*LE}%/\ for f=1and vy = p, and for S = o and v =n. If A =0, we have Ky = GG*.

We will prove that the IVP (3.22) is well-posed in the spaces H§(T) x HE(T), for s > 0. To prove it, we will
borrow the following lemma shown in Lemma 4.2 of [24] for the case § =1 and v = p > 0. The proof in the
general case, presented below, is similar to the one made there and will be omitted.

Lemma 3.9. For any€ >0 and ¢ € ZSB’;’T there exists a positive constant C(€) > 0 such that
2

The next local well-posedness result is a consequence of Lemmas 3.4, 3.8 and 3.9, and its proof is classical,
so we will omit it.

/O SB (¢t — 1) (Krg) (r)dr

< CET )l o
7% ©3

Nl 2

Theorem 3.10. Let A > 0 and s > 0 be given. Then, there exists € = e(a) with |u| + |¢| < € such that for T > 0,
small enough, and any (ug,vo) € HF(T) x H§(T) there exists a unique solution (u,v) of (3.22) in the class

(u,v) € Eq := ZLnC([0,T]; LA(T)) x 22N C([0,T); LE(T)). (3.23)
Furthermore, the following estimate holds

1w, v)]

z, < ars([|(wo, vo) [l (wo, vo)ll s (Tyx 215 (1) (3.24)

where asp : RT — RT is a nondecreasing continuous function depending only of T, s and constants a, pu, C.
In addition, for any Ty € (0,T) there exists a neighborhood Uy of (ug,vo) such that the mapping (ug,vo) —
(u,v) from Uy into Zg is Lipschitz.

3.4. Global well-posedness

We check that the system (3.22) is globally well-posed in the space H*(T), for any s > 0. Precisely, the result
can be read as follows.
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Theorem 3.11. Let (ug,vg) € H(T) x H§(T), for any s > 0. Then the solution (u,v) € Z5 given in
Theorem 3.10 can be extended for any T > 0 and still satisfies (3.24).

Proof. Assume first s = 0. Multiplying the first equation of (3.22) by w and the second one by v, integrating on
T x (0,t), for t > 0, we have

t
00061 < 2GR0 [Ee A+ 12251 [ o) R
since G and LE{Y ,, are continuous in L*(T) and

2
/ Oz P(u,v)u + 0,Q(u,v)v = 3 / dia: [(Au® + Dv®) + Bu*v + Cuv®] = 0. (3.25)
T T

Using Gronwall’s inequality holds that
1CuCs t)s 0 )12 < (o, vo) [P, (3.26)

with C5 = 2[|G||? [HL;}U\H + HL;IC/\H . In particular, for A = 0, from the energy identity, we get

1d
55”(“(-@7@('%))”2 = —[|(Gu, Gv)|* < 0 (3.27)

and

1Cu,8), (DI < Nl (o, vo) 1%,

which ensures that (3.22) is globally well-posed in L3(T) x L3(T).
Next, we show that (3.22) is globally well-posed in the space H3(T) x H3(T). For a smooth solution (u,v)
of (3.22), let (u,v) = (Qsu, dv). Then

Ol + O30+ pdti+ o + 8, P(W,0) = —K\u, z€T, teR,
040 + @d30 + €O,V +nu + 0,Q(u,0) = —K\v, x €T, teR,
(17(1‘,0),5(%,0)) = (170,50)7 zeT,

where

P(1,7) = 2Aut + Biw + But + Cob,
Q(u,v) = 2Dvb + Cou + Cvii + Bud,

~ M !/ ! /
ug = —Kug —uy — pugy — nuy — P'(ug, vo),

Vo = 7KXUO — ”Ug/ — C'U/O - nu6 - Q/(U‘OavO),
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with “’ " denoting here the derivative with respect to variable z. Observe that

2C
(P (uo,v0))", (Q(uo, vo))'| SF;H(UO,vo)IIH(U&vé)llemr)wa(nr)

2C 1 1
<G, (o, w0) Gl (uo, wo) | (9o, O3vo) |
2C C 3 1
<= (o, v0)lI o, wo)ll5
2

where C5 is due to the Gagliardo-Nirenberg inequality. So, we have

(| (%o, Do) || <[[(Kauo, Kxvo)ll + Coll(uo, vo)lls + 2(| | + 1| + [<]) (w0, vo) |1
+ [[(P(u0,v0))"s (Q(uo, v0))'||
< (o, vo)[l + 2(|2l + Inl + <D (o, vo) I + (L 4 Cé) || (w0, vo) I3 (3.28)

C3C5 )\ ,
+(2) Mool

where Cg = max{1, |o|}. Note that (u,v) is a smooth solution of (3.22). Moreover, ﬁ(ﬂ, v) and @(ﬂ, v) depends
of (u,v). So, applying (3.7) and (3.8) for uw, v, ud and vv, we get

10.(P(@,7), Q(@,)) ||z, <2C5T°|(u, )|

(u, V)]

Zs Zs»

with |u| + |¢] < €, for some € that depends only «, we obtain from (3.28) that
1(@,9) )1 2, < Coll(@o, To)ll + (CEOT' ™+ CLT)||(@, V)| z, + 2CoC5T° || (u, v) || 2, | (@, )| 2, -
Choosing T' as
1-¢ 0 0 1
C(E)T + C{T? +2C,C3T%d < 5
we have

[(w, 0)]| 2, < d = 2Co]|(uo, vo)|

and consequently
1@ D)z, < Coll (o, Bo)ll + (C()TH + CLT? + 4CFC5T? || (o, vo) )| (@, D)l 2,
Hence, for T} satisfying
C(e)T!“ + C1T? + 4C3C5TY || (uo, vo)|| < %
we obtain

(@, v)[| 2, < 2C0l|(to, Vo).
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Therefore, for Ty = min{T, T} }, we see that

[l (@, V)| Loo (0,70;L2(T) x L (0,T0;22(T) < C7[|(1, )| 2, < 2CoCr]|(to, Vo)]-

From the following equations

O3u = —1u — pdyu — ndyv — 8, P(u,v) — Kyu,
83” = 7717 - Caitv - na'pu - 61Q(U7 U) — KA'U,

we infer that
3, a3 ~ 203
(07w, Opv)|| <||(@,0)|| + || (w, v)|| + | C7v2m + G [[(w; )1 ) [[(Owtt, )| ow (1) x oo (T)
- 2C 1 1
<D + w0+ Co (OrvEm + 22 w0l ) o) 02 020

1
<@ D)+ 510w, ozv)ll +

C?2 20 2
1+ 76 (07v27r+ C/j’ll(uw)ll) ] [ (u,v)]],

for 0 < ¢t < Tp and C7 = 2(|u| + || + |¢]). Consequently, since (g, Up) satisfies (3.28) , we get that

[1(s 0| oo (0,751 (1)) x Lo (0,751 (1)) < @7,3([| (w0, v0) [ (0, v0) I3

Combining to (3.26), this shows that (u,v) € C(RT; H3(T)) x C(R*; H3(T)) and (3.24) holds true for s = 3. A
similar result can be obtained for any s € 3N*. Note that for other values of s, the global well-posedness follows
by nonlinear interpolation as done in [3]. This achieves the result. O

4. CONTROL RESULTS: NONLINEAR PROBLEMS

4.1. A local result: stabilization result

Our first result is local in the sense that the initial data need to be in a small ball in the energy space
to ensure that the solution of the system goes to zero exponentially, for ¢ sufficiently large. The result is the
following one.

Theorem 4.1. Let 0 < X < X and s > 0 be given. There exists 6 > 0 such that for any (ug,vo) € HF(T) x H3(T)
and ||(ug, vo)|ls < d, the corresponding solution (u,v) of (3.22) satisfies

(u(,t),v(, )]s < Ce™|(ug,v0) s, V¢ >0,

where C > 0 is a constant independent of (ug,vo).

Proof. Since K is a bounded operator, the solution of (3.22) can be rewritten in its integral form

u(t) = Sy (t)ug — /0 Sy (t — 7)dyv(T)dT — /O SYH(t — )0y P(u,v)(1)dT
(4.1)

ot) = 52 (£)vo — 1 /0 SOt — r)dpu(r)dr — /O St — 7)9,Qu, v)(7)dr,

where S27(t) = e~ (P9 +794+K2) s the group to the linear system associated to (3.22).
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Now, let us consider «, pu, ¢ satisfying the hypothesis of the Lemma 3.8 and 3.9. Next, using Lemma 3.4 twice,
Lemmas 3.8 and 3.9 and finally, the fact that Lg  » is a bounded linear operator from H(T) to Hj(T), for all
s > 0, we can guarantee the existence of a constant ¢ > 0 such that the following inequalities are verified

1S3 (1)@l 5.

v
1
'2

r < cllglls, (4.2)

for any ¢ € H§(T),

t
’ / S}\’“(t — 7)0v(7)dT < C”UHZg, (4.3)
0 Zsl
t
’ / SVt = T)dpu(r)(T)dr|| < cllufz (4.4)
0 Zo
for any (u,v) € Z,
t
H/ S)l\’“(t — 7)0x P(u,v)(T)dr < c||(u,v)||%ﬁ, (4.5)
0 Zé
and
t
/ Sa(t — 1)0,Q(u v)(r)dr|| < ell(uv)]%.. (4.6)
0 Zo

for any (u,v) € Z; with [u] = [v] = 0.
Now, thanks to the ideas introduced by Theorem 2.1 of [38] and Proposition 2.5 of [24], for given s > 0, there
exists some positive constant M such that

(SN (£, S5 (B)vo)lls < Moe™|(uo, vo)lls, ¥ ¢ >0,

where Sf " with 8 =1 and v = p, and for § = a and v = n are the groups associated to the linear system
(3.22). Pick T > 0 such that 2M,e= T < e=»'7. We seek a solution (u,v) to the integral equations (4.1), as a
fixed point of the following map

Fk(wv Z) = (Fi(wv Z)» Fi(w’ Z))»

defined by

M (w,2) = S}\’“(t)uo — /0 S}\’”(t — 7)0pv(T)dT —/0 Si’“(t — 7)(0: P(w, 2))(7)dr

and

t

T3 (w, 2) = ST (t)vg — / SYC(t — 1)dpu(r)dr — / S (t — 7)(0:Q(w, 2)) (1)dT,

0 0
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in some closed ball
Bg(0) C Z; N L*(0,T5 L§(T)) x Z5 1 L*(0, T3 L§(T))
for the ||(w, z)||z,-norm. This will be done provided that ||(ug,vo)|ls < J, where 0 is a small number to be
determined. Furthermore, to ensure the exponential stability with the claimed decay rate, the numbers é and
R will be chosen in such a way that
(T, o(T)ls < e (uo, vo) s

Since T"y is a contraction in Bg(0), by a fixed point argument, its unique fixed point (u,v) € Br(0) fulfills

1(u(T), (D)) = [ITa(u,0)ls < e 76
%
Finally, assume that ||(ug,vo)||s < 0. Changing § into ¢’ := ||(ug,v0)||s and R into R’ = (%) R, we infer that

1(@(T), o (D)5 < el uo, vo)ls
and by induction yields
[ (u(nT), o)) s < ™" |0, vo) s

for any n > 0. As Z,N L2(0,T; LE(T)) € C([0, T); H§(T)), we infer by the semigroup property that there exists
some constant C’ > 0 such that

I(ut), v(t)lls < C"e™**[|(uo, vo)ls,
provided that ||(ug, vo)||s < 0 and the proof of Theorem 4.1 is completed. O

4.2. A global result: stabilization result

As mentioned the stability result presented in Theorem 4.1 is purely local. Now we are in a position to extend
it to global stability. It is well-known [8, 24, 41] in Control Theory that Theorem 1.4 is a direct consequence of
the following observability inequality.

Let T > 0 and Ry > 0 be given. There exists a constant p > 0 such that for any (ug,vo) € L (T) x L3 (T)
satisfying ||(uo, vo)|| < Ry, the corresponding solution (u,v) of (3.22) satisfies

T
o, w0) 12 < / |(Gu, Go) |2 (1)t (4.7)

So, our next steps is to show the observability inequality.

Proof of (4.7). Suppose that (4.7) does not occur. Thus, for any n € N, there exists (uy0,0n,0) =
(un(0),v,(0)) € LE(T) x L3(T) such that the solution (u,,v,) € X of IVP (3.22), given by Theorem 3.11,
satisfies

[ (tn0, vn.0)|l < Ro (4.8)
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and

T
1
/O 1(Gun, Gun)|I*(t)dt < ﬁH(un,own,o)IIQ- (4.9)

Since ay, 1= ||(tn,0,Vn0)| is a bounded sequence in R, we can choose a subsequence of {a,}, still denoted by
{an}, such that lim,_, a,, = a. So, there are two possibilities for the limit, which will be divided in the following
cases: ¢ > 0 and a = 0.

i. Case a > 0.
Note that the sequence (uy,v,) is bounded in L°(0,T; L?(T)) x L°°(0,T; L*(T)) and, also, in Xp. Thus,
applying Lemma 3.7 in each term of P and @) we have that 9, P(u,,v,) and 9,Q(uy,,v,) are bounded in Zé 1
y T2
and Z§' ., respectively, with (| + |u| < €, for some € < 1 and a < 0. In particular, is bounded in )(017l
y T35 y T2
and X', , respectively. Additionally, Bourgain spaces are reflexive and have the following compact embedding

»T 2

Xo < Xp,—1. Therefore, we can extract a subsequence of {(uy,vy,)}, still denoted by {(un, v,)}, such that
(Un,vn) = (u,v) in Xy, (Un,vn) — (u,v) in Xy 4
and
(02 P (un, vn), 0:Q(un, vn)) = (f,9) in Xy 1,

where (u,v) € & and (f,g) € &y _1. Moreover, since &p is continuously embedded in L*((0,T) x T), we have

lunvnllz2(0,1)xT) < ”un”%‘l((O,T)xT)an”%‘l((O,T)xT) S ”(umvn)H%(oa

which implies that (P(un,vn), Q(tn,vy,)) is bounded in L?((0,T) x T) x L?((0,T) x T). Hence, it follows that
Oz (P(tn, vp), Q(un,vy,)) is bounded in L?(0,7; H=(T)) x L?(0,T; H=*(T)) = X_1 0. Interpolating the spaces
Xo,_1 and X1, we obtain that 0,(P(un,vn), Q(un,vys)) is bounded in X_y _1(;_g) for any ¢ € [0,1]. As

1
0<f< 1, it follows that X_97_% (1—g) 1s compactly embedded in X_1,_%- Thus, we can extract a subsequence

of {(un,vn)}, still denoted by {(un,vy)}, such that
Oz (P(tn,vn), Q(Un,vp)) — (f, g) in X—l,—%' (4.10)

Thanks to (4.9) and the continuity of G, we ensures that

T T
/||(Gu,L,Gvn)||2dt—>/ (G, Go)|[2dt = 0. (4.11)
0 0

This convergence means that (Gu, Gv) = (0,0). Besides, since g is positive on w C T, we have from definition
(1.8) that

u(x,t) = /Tg(y)u(y,t)dy =c(t) and v(x,t) = /Tg(y)v(y,t)dy =co(t) onw x (0,7).
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Thus, letting n — 0o, we obtain from (3.22) that

O+ O2u + pdyu+ndyv = f,  on T x (0,7),
O+ ad2v + (v +ndpu=g, onTx (0,T),
u=cy(t), v=cat), on w x (0,7).

Consider w, = u, —u, 2, = vy, — v, Py = =0, P(un,v,) + f — Koup, and @, = —0,Q(up,v,) + g — Kovp,.

Thus,
(Wny2n) = (0,0) in A
and satisfies

Orzn + aagzn + Cazzn + ﬁaan = Qn

Now, note that using the linearity of G we can rewrite

T

T T T
/ ||(Gwn,Gzn)||2dt:/ H(Gun,Gvn)|\2dt+/ ||(Gu,Gv)||2dt—2/ (G, Gu) dt
0 0 0 0

T
—2/ (G, Gu) dt
0

From (4.11), we obtain

T
/ ||(Gwn7GZn)||2dt — 0.
0

On the other hand,

T
/ |(Gwn, Gz,)||?dt = T + 1T + I11,
0

where,

= ! 2(E ’U}2£C z2x X
I—/o /Tg< ) [w2 (2, ) + 22 (2, 1)) dudt,

H/OT (/TgQ(fv)dl’> ([Fg(y)wn(y,t)dy>2dt+/: </Tg2(w)dw> (Ag(y)zn(y,t)dy)th

o [ ([t ([t )
—2/0T</ng(xznxt )(/Tg Y)zn (y, t >dt

and

(4.12)

(4.13)
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Let us prove that each previous term tends to zero as n — oo. First, a direct application of Lemma A.1 implies
that IT — 0. Now, we can estimate 1] as follows

11| < [[bullL2(0,7) + llenllz2(0,1)

L2(0,T)

‘/ G wy (x, t)dz
T

‘/ %z (z,t)dz
T

L2(0,T)
< ||9||%4(T)||(bn>Cn)||L2(O,T)><L2(O,T)||(wn7Zn)”?fo

< C||(bn, en)llL2(0,1yx L2(0,1) 5

where C is a positive constant. So, it follows that [I] — 0, when n — oo, again thanks to the Lemma A.1.
Lastly, combining the last two convergences with (4.12), we infer by (4.13) that I — 0.
We claim that

H(wn, Zn)”L?(O,T;LQ(&))><L2(O,T;L2(&)) — 0, asn — oo. (4.14)

In fact, it is sufficient to observe that

T
(s 20l 220722 (3 % L2 (0.7 L2(3)) = / / 19(2)[ 2 [lg(@)Pw? (z, £) + [g(x) 222 (z, 1)) dadt
0 @

4 T
< o '/0 /TgQ(x) [w} (z,t) + 27 (2, 1)] dedt,
oo (T)

where @ := { g(x) > M} and using this previous inequality (4.14) follows. Additionally, note that

1
1,-1

”(Pan)”X_L_% SHGG*(umvn)”?{_L_% + 102 P(un, vn) = f,0:Q(un, vn) — )|l x_
SC”(G’LLH, Gvn)”?fb,o + ”(azP(unvvn) - fa azQ(unvvn) - g)HX71,7%'

From (4.10), (4.11) and the previous inequality we obtain

||(PnaQn)||X7117% — 0, asn — oo.

Applying Proposition A.2 with b’ = 0 and b = 1 yields that

(Wn, 2n) — 0in L} (0, T; L*(T)) x L}, .(0,T; L*(T)). (4.15)

loc

Consequently,
(P(tn,vn), Q(un,vn)) — (P(u,v), Q(u,v)) in Ljy(0,T; L'(T)) x Liye(0, T3 L'(T)) (4.16)
and

(02 P(tn, vp), 0:Q(tn, vy)) — (9P (u,v),0:Q(u,v)),
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in the distributional sense. Therefore, (f,g) = (0, P(u,v),0,Q(u,v)) and (u,v) € Xy satisfies

Ou + O3u + pdpu + ndyv + 0, Pu,v) = 0, on T x (0,7),
0w + ad3v + COpv + n0pu + 0,Q(u,v) =0, on T x (0,7T),
(u,v) = (e1(t), ca(t)), on w x (0,7).

From Corollary A.4, we infer that (u,v) =
(0,0) in LE, . ((0,T); L*(T)) x Lf,.((0,T); L

loc loc

(0,0) in L*(T) x L?(T). Since

(0,0) on T x (0, T'), which combined with (4.15) yields that (u,, v,) —
2(T)). We can pick some time tq € [0, T such that (u,(to), v, (to)) —

1(un (0), v (O)I* = [I(un(to), v (t0)) I +/O " (Gun, Gon) P,

it is inferred that a,, = ||(un(0),v,(0))|| — 0 which is a contradiction to the assumption a > 0.
i1. Case a = 0.

Note first that a, > 0 for all n. Let (wy, z,) = (M h) for all n > 1. Then

an’ an

Oywy + Pwy + 10pwn + a2 + Kown + an0zP(wy, 2,) = 0,
Orzn + aagzn + Caxzn + Uaan + Kozp + anaxQ(wna Zn) =0,

T
/0 [(Gwn, Gzp)||2dt < % (4.17)

and

[CH O] —_— Al
[[(wo,n, vo.n) I [l (u0,ns 0,0l

[[(wn (0), 20 (0))[| =

=1. (4.18)

So, we obtain that the sequence {(wy,, 2,)} which are bounded in both spaces L>(0,T; L?(T)) x L*(0,T; L*(T))
and Xp. Indeed, ||(wy(t), 2, (t))|| is a nonincreasing function of ¢ and since a,, is bounded, we have

(CEOT' + )

Qn

CoCs3T?
2

[(wn, 2n) [, < Co + (s on) [ 2, + [t 0n) [ 25 -

n

We can extract a subsequence of {(wn, zn)}, still denoted by {(wy, z,)}, such that
(Wn,2n) = (w,2) in Xo,  (Wn, 2) = (w,2) In Xy 1 and  (wn, 2,) = (w, 2) in Xy,
as n — oo. Moreover, the sequence {(0; P(wn, 21), 9:Q(wn, zn))} is bounded in the space X _1, and therefore

an(a:cp(wm zn)a 63:Q(wm zn)) — 0 in X07_%,
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when n — oo. Thus, (w, 2) is solution of

Oyw + 2w + pdyw +ndyz =0, on T x (0,T),
Oz +adz + (0pz +n0yw =0, onTx(0,7T),
w=c(t), z=cat), on w x (0,7T).

Using Holmgren’s uniqueness theorem, we can deduce that w(z,t) = ¢1(t) = ¢; and z(z,t) = c2(t) = co.
However, as [w] = [z] = 0, we infer that ¢; = ¢y = 0.
According to (4.17)

T
/ H(Gwm GZn)H2dt — O7 as n — oo,
0

and consequently (Kqw,, Koz,) converges strongly to (0,0) in X_ -1 Now, arguing as in the case a > 0, that
is, applying again Proposition A.2, it follows that

(wn, 2n) — (0,0) in L, (0, 75 L*(T)) x L, (0,75 L*(T)),
and consequently ||(w,(0), z,(0))|| — 0 which contradicts (4.18) and (4.7) is shown. O

4.3. Controllability result: nonlinear problem

We now consider the controllability properties of the nonlinear open loop control system (1.11). The following
result is local and classical.

Theorem 4.2. Let T > 0 and s > 0 be given. Then there exists a § > 0 such that for any (ug,vo), (u1,v1) €
H(T) x H§(T) and ||(uo,vo)|ls <6, ||(u1,v1)|ls <6, one can find two control inputs (f, h) € L*([0,T]; H§(T)) x
L2([0,T); HS(T)) such that equation (1.11) has a solution

(u,v) € C([0,TT]; H5(T)) x C([0, T1; H5(T))

satisfying (u(z,0),v(x,0)) = (uo(x),vo(x)) and (u(z,T),v(z,T)) = (ur(x),vi(x)).

Proof. The proof is analogous as done in [8, 24, 41], precisely the result is consequence of Corollary 2.6 and
Remark 3.1 taking into account the following maps

u(t) = SUH(t)ug + /015’1"‘(15 —7)(Gf)(7) — n/o St (t — 7)0pv(T)dT
7/ SHH(t — 1)y (P(u,v))(r)dr

0
and

v(t) = Sa’C(t)vo + /0 SUS(t — T)(Gh)(T) — 77/ SUS(t — T)Opu(T)dT

0

—/0 S (t — 7)0,(Q(u,v))(T)dT.
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5. FURTHER COMMENTS AND OPEN PROBLEMS

This article deals for the first time with the global aspect of control problems for the long waves in dispersive
media, precisely systems like (1.1) with the coupled nonlinearity (1.7). From the perspective of considering the
functions with null mean, the presence of the terms involving the constants B and C in the nonlinearities make
the system studied coupled in the linear part (as well as in the nonlinear part) as can be seen in (1.5), that is,
precisely the system with the terms nd,v and nd,u, in the first and second equations of the system of (1.6).
Unless that 7 can be considered 0, when [u] = [v] = 8 and B = —C, the matrix of the operator L defined by
(2.1) is not a diagonal matrix. For this reason, the arguments used in general for a singular dispersive equation
(e.g. as the KAV case [24, 37]) in the study of the existence of solutions, controllability, and stabilization can
not be directly applied here.

Note that the previous works are concentrated in a single KdV equation (or, as in the case of [10, 28], linear
results or local results for coupled KdV systems). It is important to point out that in [28] the authors left some
open problems concerning global controllability. In this spirit, our work is dedicated to covering this lack of
results, that is, when presenting global results the article intends to give the first step to understanding global
control problems in periodic domains for systems like (1.6) with quadratic nonlinearities.

Remark 5.1. In what concerns our main results the following remarks are worth mentioning;:

e The system (1.1), differently from what happens for the KdV or for a pair of KdV which is decoupled
only by the linear part, admits two families of eigenvalues associated with two different families of eigen-
functions. In this way, we proceed carefully to guarantee some spectral properties essential for obtaining
a gap condition that satisfies an Ingham type theorem (see [20], Thm. 4.6).

e Another new and important fact, and itself interesting, is that the orthonormal basis for the space
L3(T) x L*(T) formed by the eigenfunctions is not a pair compound for two identical copies of the basis
{\/%e““}kez, as usual in this kind of problem, which makes the controls obtained for each equation
different but comparable to each other.

e The global results presented in Theorems 1.4 and 1.5 are truly nonlinear and, which is more important,
are global properties, which means that the initial and final data are controlled in a ball with no size
restrictions.

e The novelty is that for the first time Fourier restriction spaces introduced by Bourgain [4] are used in
two different dispersions to ensure the global control results. In fact, T. Oh [30] noticed, for the first time,
the possibility of the occurrence of some resonance when dealing with systems of KdV-type equations in
the periodic setting. This fact might obstruct the gain of extra regularity. Also, more recently, Yang and
Zhang [40] proved new estimates related to this kind of system (see Sect. 3).

e It is important to mention that the propagation results have been successfully applied in control the-
ory in several systems represented by single equations, such as wave equation [14], after that for the
Schrodinger equation [22], for the Benjamin-Ono equation [26], KAV equation [24], the Kawahara equa-
tion [41], biharmonic Schrédinger equation [8], for the Benney-Luke equation [33] and, finally, for the
Benjamin equation [31].

So, this work opens a series of situations that can be studied to understand the well-posedness theory and
global controllability problems for long waves in dispersive media. We will now detail below the novelties of this
work and open issues that seem interesting from a mathematical point of view.

5.1. Control problems

The problems in this work were solved by requiring some conditions over the constants of the system, namely
«, i, and . Under the conditions a < 0 and ¢ — u > 0, we find eigenfunctions associated with the operator L
that define an orthonormal basis in L?(T) x L?(T), so through a spectral analysis we were able to show, using
the moment method [35], that linear system (1.10) is exactly controllable.
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In addition, the global control problems are also verified thanks to the smoothing properties of the Bourgain
spaces. This is the main novelty in this work since it is not to our knowledge that systems like (1.6) have
global control properties (see [10, 28] for local results). In fact, the main tool used here is Bourgain spaces
in different dispersions. With the smoothing properties of the Bourgain spaces in hand, the propagation of
singularities showed in [24], for the single KAV equation, can be extended to the coupled KdV system defined
by the operator L and together with the bilinear estimates and a unique continuation property we can achieve
the global control results.

It is important to point out that even Bourgain spaces are important to establish the results for data in
L3(T) x LZ(T), the propagation of compactness property is fundamental to obtain our global results. Indeed, in
[37] Bourgain spaces were used however the results were local and the arguments there were “basically” small
perturbations of linear results.

Finally, there is a drawback in our method, we are able to solve these global control problems only with two
controls input. The use of control in one of the equations is still an open issue.

5.2. Well-posedness theory

As mentioned before, the Bourgain spaces are the key point in showing global results in this article. These
spaces have been applied with success in the literature for global control results in less regular spaces (see, for
instance, [8, 22-24, 31]).

The Bourgain spaces related to the linear system associated to (1.10), with f = g = 0, can be defined via the
norm

W (=t)ullgeme = llullx.,

where W (t) := el is the strongly continuous group generated by the operator L. However, in the aspect of
the nonlinear problem, it is necessary to make bilinear estimates and there are no studies on such estimates
with Bourgain spaces of this nature. To get around this situation, we use two Bourgain spaces associated with
each dispersion present in (1.10). This strategy was used in [30, 40] for the study of the well-posedness of
KdV-KdV type systems. Thus, the terms —nd,v and —nd,u are treated as part of nonlinearity in both studies:
the well-posedness theory and in the control problem that concerns the asymptotic behavior of solutions to the
problem (3.22).

Since such spaces do not have equivalent norms, a natural question that arises is whether we can estimate the
components of the first equation with Bourgain’s norm regarding the dispersion of the second and the converse.
In this sense, lemmas 3.5 and 3.7 provide answers to this problem and are essential for this work.

Lemma 3.5 is an extension of Lemma 3.10 presented in [40]. In this work we verify that the result is still
valid in the range % <b< % Since (31, f2,71 and 79 are fixed constants, the lemma is still true if we change the
hypothesis |y1| + |y2| < € for v := |82 — B1| — |71 — 12| > 5 > 0, but the condition B3 # B is still required.

In turn, the key point of Lemma 3.7 is that the function H defined by (3.12) is J-significant, and for it
the condition |n| + || < € is required. Furthermore, due to the nature of the nonlinearity given in (1.7) it is
also essential that « is strictly negative. To extend the results presented here to a larger class of constants
a, i, ¢, n € R* it is necessary to find conditions for which the function H is d-significant. So, the well-posedness
theory, global controllability and global stabilization properties for the system (1.5) where ¢ and p are not small
enough is still an open problem, as well as the case when « > 0.

APPENDIX A. AUXILIARY RESULTS

In this appendix, we will give some results which were used throughout the paper. The first result gives us
the properties of the two integral quantities.
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Lemma A.1. Let (wy, 2,) € Xs be bounded sequences. Define

by, ;:/Tg(y)wn(y,t)dy and ¢y, ::/Tg(y)zn(%t)dy

If (wp, 2n) — (0,0) in Xs then
bpycn — 0 in L*(0,T).

Proof. By Cauchy-Schwarz inequality we have

T
s en g ng < | ol o) 2o Doy
< Cllgl 2 (nyll(wny 20) 1,0
for some constant C' > 0. By hypothesis
(wna Zn) - (Oa 0) in XOv

since Xy is compactly embedded in Xj ¢ the result is proved.

O

The next result of this appendix shows that we can propagate, due to the smoothing effect of the Bourgain

spaces, the compactness of a w C T for the entire space T.

Proposition A.2 (Propagation of compactness). Let T > 0 and 0 <V < b < 1 be given. Suppose that (u,,v,) €

Xop and (fn,gn) € X_oyop—p Satisfies

gy, + Oy + (s, + NOpvy = fu, on T x (0,7T),
Opvn + ad3v, + (Opvn + N0ptyy, = gn, on T x (0,T),
for n € N. Assume that there exists a constant C > 0 such that
H(unavn)”?fo,b <C, VnZ=>1,

and that

H(unvvn)HXfwrzb,fb — 0, asn — o0, ||(fn7g’n)||X—2+2b,—b — 0,
H(un7vn)||?(—1+2b,—b — 0, asn — oo.

In addition, assume that for some nonempty open set w C T it holds
(U, vy) — (0,0) in L?(0,T; L*(w)) x L*(0,T; L*(w)).

Then,

(Un, vy) — (0,0) in L7, (0,T; L*(T)) x L7, (0,T; L*(T)).

loc

Proof. Pick ¢ € C°°(T) and ¢ € C5°((0,T)) real valued and set

® = p(x)D™? and ¥ =)(t)B,

as n — o0,
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where D is defined by

Fa= K 122 "
Since
T T
/0 /T\Ilu(x,t)v(x,t)dmdt :/0 /Tu(x,t)gZ)(t)D*z(gb(w)v(x,t))dmdt.
we have U* = ¢)(t)D~2¢(z). For any € > 0, let ¥, = Dl = Y (t)®e be regularization of U. We define
ai(un,vn) = <[\I/6aEl]unvun>L2(’JI‘><(0,T))v af(vmvn) = <[\I/67£2]U7lvv">L2(’H‘x(0,T)) )
af(un,vn) = <[\I’6’£3]un7vn>L2('ﬂ‘><(O,T)) )
where
L1=0 402+ pdy, Lo=0;+ad+(0, and L3z=nd,.
Note that
[T, OJwn (2, t) = —3' (H)p(2) D 2wy (z, 1).
Denoting o, ¢ := ol (Un, Un) + @2 (Vn, un) + a2 (v, vy) + @2 (U, vy), we have
e = ([We, 02 + p0:]tn, un ) — (' () ey, un) + ([Ve, ad2 + COplvn, vn)
— (' (O)Pevn, va) + ([P, 105 |un, vn) + ([Pe, 1] vn, tn) -
On the other hand,
al (U un) + 2 (v, ) = (U (L1un), un)) + (Ve (L3vn), un) — (L1(Vettn), un) — (L3(Tevy), un)
= (fns Wlun) + (Vetn, Ltn) + (Vevn, Lyun) ,
since Liup, + Lavy, = fn, L = —L1 and L5 = —L3. Similarly
@2 (Vn, v0) 4 Q2 (U, ) = {gn, Vivn) + (U v, Lovy) + (Y t,, L30,) .
Thus,
n,e = (fns Wun) + (gn, Cvn) + (Vetin, fn) + (Yevn, gn) -
Now, following the ideas almost as done in Proposition 3.5 of [24] the result is achieved. O

The following result concerns the propagation of regularity. Precisely, the result guarantees that if we have a
gain of derivatives in the spatial space in a subset w of T, then this is also valid in the whole space T.
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Proposition A.3 (Propagation of regularity). LetT >0,0<b< 1,7 € R and (p,q) € X, _p. Let (u,v) € X,y
be a solution of

Ou + O3u + pdyu + ndyv = p, on T x (0,7,
O + ad3v + COpv +n0pu=¢q, onT x (0,T).

If there exists a nonempty open set w of T such that

(u,v) € L (0, T; H™ P (w)) x L, (0, T5 H™ P (w)),

loc

for some p satisfying
. 1
0 < p < min 1_b’§ ,

then (u,v) € L2, (0,T; H™*(T)) x L2

loc

(0, T; H™*(T)).

loc

Proof. Set s =r + p and for n € N consider

142 =
Up = enden = 2,0, ¢n = Znq = Lovy + Lty

{Un = B"BTU = unu Pn = unp Liu, + L?ﬂ}m
There exists a constant C' > 0 such that

H(umvn)”%xb <C and H(pthn)”-x‘r,—b <C, Vnel

Pick ¢ € C°°(T) and v € C§°((0,T)) as in the proof of Proposition A.2, and set ® = D?*"2¢(x) and ¥ = v (t) B
where D is defined by (A.4). We have

<£1un +£3'Una \I/*una > + <\I/Un, Liuy + £3Un>
=([v, 03 + pod, Jun, un) + (¥, n0z]vn, un) — (W' () Pup, un)

and, similarly

(Lovy +Laun, W vn, ) + (Pup, Lovy + Laun)
= <[\I/, 048:; + Cax]vna Un> + <[\I/7 nax]una Un> - <7//(t)(bvn7 Un> s

where L;, for i = 1,2, 3, were defined on Proposition A.2. With this in hand, the result follows in a similar way
as proved in Proposition 3.6 of [24]. O

We are in a position to prove the unique continuation property for our dispersive operator.

Corollary A.4. Let w be a nonempty set in T and

(u,v) € Xy NC([0,T); L§(T)) x X5 N C([0, T]; L§(T))
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be solution of (3.22). Suppose that (u,v) satisfies

Ou + 2u + pdpu + ndyv + 0, P(u,v) =0, on T x (0,7),
Opv + 930 + COpv + ndpu + 0,Q(u,v) =0,  on T x (0,7),
(u(x,t),v(x,t)) = (Cl(t)aCQ(t))v fO’f’ a.e. ($7t) cwX (OvT)a

where ¢y, ca € L?(0,T) x L*(0,T). Then (u(z,t),v(z,t)) = (0,0) for a.e. (z,t) € T x (0,T).
Proof. Since (u(z,t),v(z,t)) = (c1(t), ca(t)) for a.e. (x,t) € w x (0,T), we have that

Ou=7ci(t)=0 and 0w = ch(t) =0. (A.5)

Pick a time ¢t € (0,T) as above and define (p,q) := (93u(-,t),d3v(-,t)). Thus, it holds that (p,q) € H=3(T) x
H=3(T) with (p,q) = (0,0). Decompose p and ¢ as

pla) =Y pree™ and q(z) = > Gre'™.

keZ keZ

the convergence of the Fourier series being in H~3(T). Since p and ¢ are real-valued functions, we also have
that p_p = p, for all k£ and the same is true for ¢. Then,

0=px)= Zp}eikx and 0=gq(x)= Z qret*e,
k>0 k>0

for each © € w. Applying Lemma 2.9 of [26] to p and q we obtain (p,q) = (0,0) on T. It follows, d2u = d2v =
Ozu=0,v=0o0nT fora.et e (0,T). Hence,

(u(z,t),v(x,t)) = (c1(t), c2(t)) for a.e. (z,t) € T x (0,7).

As in (A.5) we deduce that for a.e. (z,t) € T x (0,T) we have (c{(t),c(t)) = (0,0) for ¢1, co € R, which,
combined with the fact that [ug] = [vg] = 0, gives that ¢; = ¢ = 0. The proof of Corollary A.4 is complete. [
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