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ABSTRACT. Results of stabilization for the higher order of the Kadomtsev-Petviashvili equation
are presented in this manuscript. Precisely, we prove with two different approaches that under
the presence of a damping mechanism and an internal delay term (anti-damping) the solutions of
the Kawahara-Kadomtsev-Petviashvili equation are locally and globally exponentially stable. The
main novelty is that we present the optimal constant, as well as the minimal time, that ensures
that the energy associated with this system goes to zero exponentially.

1. INTRODUCTION

In the last years, properties of the asymptotic models for water waves have been extensively
studied to understand the full water wave system'. As well know, we can formulate the waves
as a free boundary problem of the incompressible, irrotational Euler equation in an appropriate
non-dimensional form. Some physical conditions give us the so-called long waves or shallow water
waves. For example, in one spatial dimensional case the so-called Kawahara equation which is an
equation derived by Hasimoto and Kawahara in [12, 20] that takes the form

1
(1.1) + 2uy + 3uuy — vug, + 4—5umzm =0.

If we look for two spatial dimensional, wave phenomena that exhibit weak transversality and
weak nonlinearity are modeled by the Kadomtsev-Petviashvili (KP) equation

(1.2) Ut + Uy + yagluyy + uug =0,

where u = u(x,y,t) and «, 3,7 are constants it was introduced by Kadomtsev and Petviashvili
(see [18]) in 1970. In 1993, Karpman included the higher-order dispersion in (1.2) leads to a
fifth-order generalization of the KP equation [19]

(1.3) Ut + QUgze + BUzzgrs + ’yﬁgluyy + uug, =0,

which will be called the Kawahara-Kadomtsev-Petviashvili equation (K-KP). Note that, by scaling
transformations on the variables z,¢, and u, the coefficients in equation (1.3) can be set to o >
0,8 < 0,42 = 1. For the sequel, we consider this scaled form of the equation:

(1.4) Up + Uty + Uy + Blggzpe + Y0, Uy, =0, v =+£1.

When v = —1 we will refer to the case as K-KP-I and for v = 1 as K-KP II, respectively. This
is motivated in analogy with the usual terminology for the KP equation, which distinguishes the
two cases for the sign of the ratio of the highest derivative terms in x and y, that is, focusing and
defocusing cases, respectively.

It is important to point out that there are several physical applications in modeling long water
waves in a shallow water regime with a strong dispersion represented by systems (1.1)—(1.4). We
can cite at least two of them, the first one is to describe both the wave speed and the wave amplitude
[11], and the second one is modeling plasma waves with strong dispersion [20].

2020 Mathematics Subject Classification. 35Q53, 93D15, 93D30, 93C20.
Key words and phrases. KP system, Delayed system, Damping mechanism, Stabilization.
*Corresponding author: roberto.capistranofilho@ufpe.br.
See for instance [4, 13] and references therein, for a rigorous justification of various asymptotic models for surface
and internal waves.
1



2 CAPISTRANO-FILHO, GONZALEZ MARTINEZ, AND MUNOZ

1.1. Problem setting. There is an important advance in control theory to understand how the
damping mechanism acts in the energy of systems governed by a partial differential equation. In
particular, exponential stability for dispersive equations related to water waves posed on bounded
domains has been intensively studied. For example, it is well known that the KdV equation [16],
Boussinesq system of KdV-KdV type [17], Kawahara equation [1] and others are exponentially
stable using the Compactness-Uniqueness developed by J.L. Lions [15]. Other results as obtained
in [5] and in [7] are obtained using Urquiza’s and Backstepping approach. All these results use
damping mechanisms in the equation or the boundary as a control.

Recently, in [2, 8], the authors obtained exponential decay for a fifth-order KdV type equation
via the Compactness-Uniqueness argument and Lyapunov approach. Additionally to that, in [10]
and [9], exponential decay for the KP-IT and K-KP-II were shown”. In both works, the authors can
prove regularity and well-posedness for these equations and show that the energy associated with
this equation decays exponentially in the presence of a damping term acting in the equation.

As we can see in these articles there is interest in the mathematical context in the study of the
asymptotic behavior of the solution of the equation (1.4). Additionally, as pointed out, the model
under consideration in this article has importance in the context of the dispersive equation as well
as, physical motivation. So, motived by [2, 8, 9, 10] we will analyze the qualitative properties of
the initial-boundary value problem for the K-KP-II equation posed on a bounded domain ) =
(0, L) x (0, L) C R? with localized damping and delay terms

Opu(w,y, t) + adiu(z, y, t) + Bu(z,y,1)
907 0u(, 1) + 503, y,1) (5,9 €9, £ >0,
+a(z, y)u(z,y,t) + b(z,y)u(z,y,t — h) =0,

(1.5) u(0,,t) = u(L,y,t) = 0, ye(0,L), te(0,T),
dpu(L,y, t) = 0u(0,y,t) = O2u(L,y,t) =0, ye (0,L), te€(0,T),
u(z, L,t) = u(x,0,t) =0, x e (0,L), te(0,7),
u(xayao) :uo(m,y), U(Iﬁayat) ZZO($7y7t)7 ($,y) €, te (_ha )

Here h > 0 is the time delay, a > 0, v > 0 and 8 < 0 are real constants. Additionally, define the
operator 0, := 97 \p(x,y,t) = ¥(z,y,t) such that ¢(L,y,t) = 0 and dp2b(x, y,t) = o(z,y,t)° and,
for our purpose, let us consider the following assumption.

Assumption 1.1. The real functions a(x,y) and b(x,y) are nonnegative belonging to L>(£2).
Moreover, a(x,y) > ag > 0 is almost everywhere in a nonempty open subset w C €.

Our propose here is to present, for the first time, the K-KP-II system not with only a damping
mechanism a(z, y)u, which plays the role of a feedback-damping mechanism (see e.g. [9]), but also
with an anti-damping, that is, some feedback such that our system does not have decreasing energy.
In this context, we would like to prove that the energy associated with the solutions of the system
(1.5)

1 L L
B0 =3 [ [ apndzay
L L 1
+h/ / /b(ﬂf,y)UZ(w,y,tph)dpdfdy-
2Jo Jo Jo

decays exponentially. Precisely, we want to give an answer to the following question:

(1.6)

Does E,(t) — 0 ast — oco? If it is the case, can we give the decay rate?

2See also the reference therein for stabilization of KP-IT and K-KP-I.
31t can be shown that the definition of operator 9, ! is equivalent to 9 ‘u(x,y,t) = sz u(s,y,t)ds.
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1.2. Notation and main results. Before presenting answers to this question, let us introduce
the functional space that will be necessary for our analysis. Given Q C R? let us define X*(Q) to
be the Sobolev space

(1.7) Xk(Q) = { o€ H*Q): 07 p(x,y) = (x,y) € H*(Q) such that, }
U(L,y) = 0 and 9,9(z,y) = p(,y)
endowed with the norm H<p||§<k(ﬂ) = H<p||?{k(ﬂ) + H@;l(pHZk(Q). We also define the normed space
H (),
(1.8) Q) = {p: dlp e L*Q), for 0 < j <k}

Hhp

with the norm H<p||12ﬁ(9) = Z?:o ‘ ‘LQ(Q) and the space

HE(Q): 07 o(z,y) = ¢(x,y) € HE(Q) such that }

1.9 xk@ 0e A \ @

49 = i) 0w ot S e

with Hap[&g@(m = HSOH?{;g(Q) + H@;lgoHZk(Q). Finally, H%,(Q) will denote the closure of C§°(f) in

HE(Q).
The next result will be used repeatedly throughout the article:

Theorem 1.2 ([3, Theorem 15.7)). Let 8 and o9, for j = 1,..., N, denote n- dimensional multi-
indices with non-negative-integer-valued components. Suppose that 1 <pl) < 00,1 < q< o0,
0 < p; <1 with

3 LNt Loy @_ 1
Sw=t g= 3l ed g =Y (a0 - ).
]:
Then, for f(x) € C3°(R™),
|74, <CHHD”‘“)

Where, for non-negative multi-index 3 = (fB1,...,Bn) we denote D° by DP = Df{ i ..Dgﬁ and
) 8;

p(])

The first result of the manuscript ensures that without a restrictive assumption on the length L
of the domain and with the weight of the delayed feedback small enough the energy (1.6) associated
with the solution of the system (1.5) are locally stable.

Theorem 1.3 (Optimal local stabilization). Assume that the functions a(z,y),b(z,y) satisfy the
conditions given in Assumption 1.1. Let L >0, £ >1,0< u <1 and Ty given by

1 26K
1.10 T In 1,
(1.10) °T 20 < Iz >+
with 0 = (H‘;’%)LQ, k =1+ max {27]L, %} and n € <0, %) satisfying
2am o

(2+2nL)L?  2h(¢+ o)
where o0 = & — 1 —2Ln(1 + 2£). Let Twin > 0 given by

Ly (20l g |
Toin = —=1 (7) 1) To, with v = =1 .
v 2 +< v + 0, Wit v To " (+e¢)

Then, there exists § > 0, r > 0, C > 0 and vy, depending on Twin, &, L, h, such that if ||b||cc < 9,
then for every (ug,2z0) € H = L?(2) x L%(Q x (0,1)) satisfying ||(vo, z0)||2 < 7, the energy of the
system (1.5) satisfies

E,(t) < Ce " E,(0), for all t > Tyin.
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Now on, following the ideas in [8], we obtain some stability properties about the next system,
called p;—system. Note that if we choose a(z,y) = pia(z,y) and b(z,y) = pea(z,y) in (1.5), where
w1 and pa are real constants we obtain the system

Bu(e,y, t) + adzu(z, y, 1) + Bou(w, y, )
90, Ou(,y,1) + S0,y 1) (.9.1) € 2 x B*

+ a(x7 y) (:ulu(xa Y, t) =+ /LQU(ZIZ, y,t — h)) =0,

u(0,y,t) =u(L,y,t) =0, ye (0,L), te (0, T
Opu(L,y,t) = 0,u(0,y,t) = 0?u(L,y,t) =0, y € (0,L), t<(0,T)
uw(z, L,t) = u(x,0,t) =0, r e (0,L), te(0,T)
u(z,y,0) =uo(z,y), ulx,y,t)=z20(x,y,t), (x,y)€Q, te(—h0).

Here, p1 > po are positive real number and a(z,y) satisfies Assumption 1.1. We define the total
energy associated to (1.11)

1 (L L
Eu(t) -5 u2(l‘7 Y, t) dx dy
(1.12) QAA

¢ (Lot
+/ / /a(m,y)if(:v,y,t—ph)dpdxdy,
2Jo Jo Jo

where £ > 0 satisfies

(1.13) hus < &€ < h(2,u1 - ug).
Note that the derivative of the energy (1.12) satisfies

L
iE()< C’</ d%u( Oy,)dy—l—/ (8;18yu(0,y,t))2dy

/ / a(z,y)u”(z,y,t — h) dxdy)

for C' := C (p1, p2,&,h) > 0. This indicates that the function a(z,y) plays the role of a feedback-
damping mechanism, at least for the linearized system. Therefore, for the system (1.11) we split
the behavior of the solutions into two parts. Employing Lyapunov’s method, it can be deduced
that the energy E,(t) goes exponentially to zero as ¢ — oo, however, the initial data needs to be
sufficiently small in this case. Precisely, the second local result, can be read as follows:

(1.11) )

I )
)
)

Y

\

(1.14)

Theorem 1.4 (Local stabilization). Let L > 0. Assume that a(x,y) € L*°(Q) is a non-negative
function, that relation (1.13) holds and B < —%. Then, there exists

V21603
CL3
such that for every (ug, z0(-,-, —h(-))) € H satisfying ||(uo, zo(:, -, —h(-)))|lyy < r, the energy defined

n (1.12) decays exponentially. More precisely, there exists two positives constants 6 and k such
that B, (t) < kE,(0)e™2% for all t > 0. Here,

. n 1
0 I _ =
< mln{(l SOTAVE {3(1 20

O<r<

ol

410 3% B
T3L3:|,2h(£—|—o'€)}7 K—1+maX{27]L7O'}

and n and o are positive constants such that

: LS 1 p2 &
S 77 [ S P .
"= mm{ﬂuz [h M} " 2Ly + Lpo [Ml 2 o +J)H
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The last result of the manuscript, still related to the system (1.11), removes the hypothesis of
the initial data being small. To do that, we use the compactness-uniqueness argument due to J.-L.
Lions [14], which reduces our problem to prove an observability inequality for the nonlinear system
(1.11) and removes the hypotheses that the initial data are small enough.

Theorem 1.5 (Global stabilization). Let a € L*(Q) satisfies Assumption 1.1. Suppose that
w1 > po satisfies (1.13). Let R > 0, then there exists C = C(R) > 0 and v = v(R) > 0 such that
E., defined in (1.12) decays exponentially as t tends to infinity, when ||(uo, 20)|ly; < R.

1.3. Novelty and outline of the article. We finish the introduction by highlighting some facts
about our problem in comparison with the works previously mentioned, as well as, the organization
of the manuscript.

a. Observe that the absence of drift term u,, in comparison with Kawahara equation in [2, 8],

(1.15)

leads to get stabilization results without restriction in the length of the spatial domain.
This term is not important in our analysis, the term only plays an important role in the
problems where the control (damping or delay) is acting in the boundary condition®.

As stated earlier, we introduce an anti-damping together with the damping mechanism to
show that the energy of the system (1.5) decays exponentially. Compared with the known
result [9], the novelty of this paper is twofold:

(1) Our work gives the precise decay rate, see Theorems 1.3 and 1.4.

(2) Lyapunov’s method shows an optimal decay rate in terms of 6 in Theorem 1.3. Observe

that the value of # can be optimized as a function of n, that is, we can choose

E—1
€el0, =——/—=

" ( "OL(1 + 2€)
such that the value of 0 is the largest possible, which implies that the decay rate 6 thus
obtained is the best one. This can be seen defining the functions f, g : [0, %} —
R by
3an &—1-—2Ln(1+2¢)

L?(1+2nL) 2h(2§ — 1 —2nL(1 +2¢))

and considering v(n) = min{ f(n), g(n)}. So, the function f is increasing in the interval

while the function g is decreasing in this same interval. In fact, note that

3o 1
100 =575 (1= 1557z

-1
{Ov 2L(142€)

and
1

¢ 1
g(n) = 57 — ( ) ( o ) .
2h 4hL(1 + 2&) 2L(1£+2§) + 2L(§1':2§) -

If —i <1, then

3a 2L
/ —_
I = omasamye "

In particular, f/(n) > 0 when

E-1
0, —— | .
me [ "2L(1 + 2€)
Analogously,

g'(m =~ <4hL(f+ 2§)> ( c 1 e 1 )2 <0,

sL(r2e) T ar(izze)

4For details about this situation the authors suggest reference [6].
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since £ > 1 and 1 < m, showing our claim. Now, we claim that there exists only
one point satisfying (1.15) such that f(n) = g(n). To show the existence of this point,

it is sufficient to note that f(0) =0, g (%) =0 and

E€—1 \ 3o (3¢-1 1 £
f<Mﬂ+w>_ﬂﬁ<3€>>Q “m_%<“da4)>0

The uniqueness follows from the fact that f is increasing while g is decreasing in this
interval.
c. Taking into account the above information about f and g, the maximum value of the
function must be reached at the point 7 satisfying (1.15), where f(n) = g(n). The figure
1 below shows, in a simple case, what was said earlier to the functions f and g when we
consider some values, for example, L =1, (¢ =2.3, «a = 0.5 and h = 1.5:

3an

) = DA+ 2D

£—1-2Ly(1+2¢)

90D = hae — 1= 2qL{1 + 2))

-1
(-zm +2€) 'O> n

F1GUuRE 1. Maximum of v(n) = min{f(n), g(n)}.

d. Still concerning the Theorem 1.3, observe that we do not need to localize the solution of the
transport equation in a small subset of (0, L) as in [22, Section 4]. Moreover, we emphasize
that we can take @ = 0 in Theorem 1.3. Finally, it is important to mention that we do not
know if the time Ty, is optimal.

e. Aiming to present optimal decay results, note that for the nonlinear system we obtain one
stabilization result with no restriction in the length of the spatial domain but carries a
restriction in one parameter of the system, see Theorem 1.4. Once again, it is possible to
waive one of the conditions (either the restriction on L or a restriction in one parameter of
the system). Observe that, using Theorem 1.2 like as (2.11) below, we have

L L 3 3
‘AAU%wﬁWWSde@QMMQ

3 4

(1.16)
< —1 (011)4 |l HQQ + —r3 HuHQz

This estimate allows obtaining, with an analogous argument another result for exponential
stability without restriction in the parameter 8 but with restriction in the length L of the
domain. Thus, in Theorem 1.4, we can remove the hypothesis over 3, however, a hypothesis
over L is necessary. The result is the following one:

Theorem 1.6 (Local stabilization-bis). Let 0 < L < {/ %0'8. Assume that a(z,y) € L>(N)

is a non-negative function and that the relation (1.13) holds. Then, there exists 0 < r <

4 >

7221;)&@3 such that for every (uo,zo(-,-,—h(-))) € H satisfying ||(uo, z0(:,-, —h(:))|lyy < 7,
2
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the energy defined in (1.12) decays exponentially. More precisely, there exists two positives
constants @ and r such that E,(t) < kE,(0)e™2% for all t > 0, where 0, k, n and o are
positive constants defined as in Theorem 1.J.

f. The results obtained here can be easily adapted for the KP-II system (1.2) with or without
the drift term ug, extending the results of [9] and [10].

The work is organized as follows:

— Section 2 is devoted to proving the first, and optimal, local stability result, that is, Theorem
1.3.

— In Section 3 we are able to prove the exponential stability, Theorem 1.4, for the energy
associated with the p;—system (1.11).

— Additionally, to extend the local property to the global one, in Section 3 we give the proof
of Theorem 1.5.

— For the sake of completeness, we present in the Appendix, at the end of the work, the
well-posedness of the time-delayed K-KP-II system.

2. THE DAMPING-DELAYED SYSTEM: OPTIMAL LOCAL RESULT

This section deals with the behavior of the solutions associated with (1.5). The first result
ensures local stability considering the perturbed system. After that, we are in a position to prove
the first main result of the article, Theorem 1.3.

2.1. Preliminaries. We are interested in analyzing the well-posedness of (1.5) with total energy
associated defined by (1.6) that satisfies

/ / (z, y)u d:cdy+/8/ u2,(0,y,t) dy
—2/ (8 uy(O y,t) dy / / a(z,y)u(z,y,t) dz dy.
0

Which implies that the energy is not decreasing, in general, since the term b(x,y) > 0. So, we
consider the following perturbation system

(2.1)

(Opulz,y,t) + adju(z, y,t) + BOulz, y,t)
+’y8;13§u(x,y, t) + a(z,y)u (az y,t) (z,y) € Q, t > 0.
+ b(z,y)(€u(z,y,t) +u(z,y,t —h)) = f,
(2.2) u(0,y,t) = u(L,y,t) =0, y e (0,L), t e (0,7),
Opu(L,y,t) = 0,u(0,y,t) = 0?u(L,y,t) =0, y € (0,L), te (0,7T),
u(z, L,t) = u(z,0,t) =0 z e (0,L), te(0,T),
u(z,y,0) = ug(z,y), ulz,y,t)=z2(x,y,t), (z,y)€Q, te(—h,0),
with f = —%8x(u2(:v,y,t), which is “close” to (1.5), where £ a positive constant, and now the

following energy associated with the perturbed system

1 L L
—2/0 /0 w?(z,y,t) dz dy
gh L L 1
+2/ / /b(ﬁ,y)uz(%w—ph)dpdxdy,
0 0 0

(2.3)
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is decreasing. In fact, note that
B b 2
Eu( / (0,9, dy—;/ (05 1y (0,9,)) " dy

// a(z,y)u?(z,y,t) dedy + = // (z,y) — €b(z,y))u?(xz,y,t) dz dy
5[] 0w - - maay <o

for £ > 1. Note that the system (2.2) can be written as a first-order system

- Sty = AUG),

U(O) = (Uo(l‘, y)7 ZO(‘T7 Y, _ph)) :
Here A = Ap + B with domain D(A) = D(Ap), Ao is defined by
Ao, 2) = ((—ad? — BO5 — 40,102 — alw,y))u — b(w, y)(€u + 2( 1)), ~h~19,2)

and the bounded operator B is defined by B(u, z) = (£b(x, y)u,0), for all (u, z) € H. Observe that
system (2.4) has a classical solution (see Proposition A.2).

Consider (e49%);> the Co-semigroup associated with Ag. First, let us prove the exponential
stability of the system (2.2), with f = 0, by using Lyapunov’s approach. To do that, let us consider
the following Lyapunov’s functional

V(t) = Eu(t) + nVa(t) + oVa(?),

where 1 and o are suitable constants to be fixed later, F,(t) is the energy defined by (2.3), Vi(¢)
is giving by

L L
(2.5) Vl(t):/o /0 zu’(x,y,t) dz dy

and V5(t) is defined by

L L 1
(2.6) ) =5 [ [ [ 0= ot = o) dpdo .

Note that E,(t) and V (¢) are equivalent in the following sense

(2.7) E(t) <V(t) < (1 + max {2nL, Z}) E(t)

Then, we have the next results for exponential stability to the system (2.2) with f = 0.

Proposition 2.1. Let L > 0. Assume that a(x,y) and b(x,y) belonging to L*° () are nonnegative
functions, b(x,y) > by > 0 in w and & > 1. Then for every (ug, zo(-,-,—h(-))) € H the energy
defined in (2.3) decays exponentially. More precisely, there exists two positives constants 0 and k
such that E,(t) < kE,(0)e™2% for all t > 0. Here,

) 3am o o
0 =1 InL, —
<mm{(1+2nL>L2’2h<§+o>}’ " +max{” ’5}

and n and o are positive constants such that o = & —1 —2Ln(1 4+ 2£) and n < %
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Proof. Consider (ug, zo(-,, —h(-))) € D(Ap). Let u solution of the linear system associated with
(2.2). Differentiating (2.5) and using (2.2);, we obtain

%Vl :—3a/ / “(z,y,t da:dy+5ﬂ/ / (@ y,t) dedy
—’y/ / (8;1uy)2 dx dy — 2/ / za(z,y)u?(z,y,t) dz dy
0 0 0 0
L /L
2 [ [ atbo ot dody
0 0

L oL
- 2/ / :L‘b(x,y)u(x,y,t)u(x,y,t— h) dl’dy
0 Jo

Therefore, for 6 > 0, n and o chosen as in the statement of proposition we have %V(t) +20V(t) <0
which is equivalent to

E.(t) < (1 + max {277L, Z}) e 2 E(0), YVt >0,
thanks to (2.7). O

The next result shows that the energy (1.6) associated with the system (2.2) with appropriate
source term f decays exponentially.

Proposition 2.2. Consider a(z,y) and b(z,y) € L*(2) nonnegative functions, b(x,y) > by >
0 inw and & > 1. So, there exists § > 0 such that if ||B|| < & then, for every initial data
(uo, 20(+, -, —h(:)) € H the energy of the system E,(t), defined in (1.5) is exponentially stable.

Proof. Consider a function v satisfying the system (2.2) with f = 0, initial condition v(z,y,0) =
up(x,y), and 21 (1) = u(z,y,t — h) where 2! satisfies

hat (@, y, p, t) + 25 (2,9, p,t) = 0, (z,y) €Q, pe(0,1), t >0
(2.8) 2Mz,y,0,t) = v(x,y,t), (x,y) € Qt>0
2w, y,p,0) = v(x,y, —ph) = zo(x,y, —ph), (z,y) €Q, p e (0,1).

and w satisfying the source system associated with (2.2) with f = £b(z, y)v(z, y, t), initial condition
w(z,y,0) = 0 and 2%(1) = u(z,y,t — h) where 22 satisfies

hz2(z,y, p,t) + zg(x,y,p,t) =0, (r,y)€eQ, pe(0,1), t>1
(2.9) 2(2,y,0,t) = w(=,y,1), (z,y) €Q, t>0
2’2(l‘,y,p, 0) =0, (z,y) €, pe(0,1)
Define u = v + w and z = 2! + 22, then u satisfies the linear system associated with (1.5) where

2(1) = u(z,y,t — h)with z satisfying the equation (A.1).
Now, fix 0 < < 1 and choose

1 28k —20m, _ M
T In 1 0
0= 29 ( m )+ = Ke < = 2%

where 7, 0,0 and k are given in the Proposition 2.1. As E,(0) < £E,(0), follows that

E(Tp) < ke 2?0, (0) < L B,(0) < %EU(O).

28
Observe that
Ey(To) < 2E,(To) + [[(w(-, -, To), w(-, - To — h(-))) % -
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Since A generates a Cy semi-group we have that

7o 43¢ —s) L 2 %
H(w(a '7T0)7w('7 'aTO - h‘()))”?—[ < /0 e 2 0 /0 \gb(ﬂfay)ﬂ dx ds
1 7o 143¢ (To—s) ,—0s
< V2kEb]| o Ev(0)2 e 2 V0T8T g
0

< 262|1b]| %,V TRE, (0),

thanks to the fact that

To I-ESETO =0Ty 1 3
/ 614—235 (To— S) —_@s ds — e - & and + f
0 5 + 0

+6 > 2.

For € > 0 such that 0 < p+¢ < 1 and [|b]|, < min{ T (g, (Y r) 1} , we obtain that,
3re 2 \20 "\

o

Ey(Tp) < pEu(0) + 26%|1b]| 2" 59K EL(0) < (1 + ) Eu(0).

Finally, considering a boot-strap and induction arguments, for Ty defined by (1.10), we can
construct another solution that satisfies the linear system associated with (2.2) such that the
following inequality holds E, (mTy) < (u + €)™ FE,(0), for all m € N. Picking ¢ > Ty, we note that
there exists m € N such that ¢ = mTy + s with 0 < s < Tp, then

Eu(t) < e(2||b||oo+1/)TO€futEu(0)7

where
1 1
(2.10) v=—1In ,
To u+e
showing the result. O

2.2. Proof of Theorem 1.3. With the previous result in hand, in this section, we are going to
prove a local stabilization result with an optimal decay rate. Using the same arguments in Section
A.3 we have that (1.5) is well-posed. Besides that we have by using Gronwall’s inequality

(s 8)u(es -t = RO)IF, < 00| (ug, 20 (-, - =R ()13,
This implies directly that

lulleqor.rz@y < eP1T (o, z0(-, -, —h(-))) |l
and
lull 2oz < T2 e80T (ug, 20(-, -, =h ()1
Now, multiplying the system (1.5) by xu(z,y,t), integrating by parts in Q x (0,7T") we get

/// “(z,y,t da:dydt—/// (2, y,t)dedydt

( + L (llalloc + [[blloo )Tezg”b”‘”T> (w0, z0(-, -, =h()) 13

+///IU(x,y,t)\3da?dydt
o Jo Jo
From

L L 4 3
€ 3 (CL\3 10
(2.11) [ e tdsds < 5 e+ (5) .
and taking F,(0) < 1, yields

lulig, < K (14+TeA=T 4 TSI 1 2101=T) B, (0),
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where

N 1 L 1 [eL\?
R = in{1.30/2,—53/2} ( + Llllalloo + [1blloc) + 7 (5) )

Observe that, by definition, 9, tu(-,-,t) = ¢(-, -, t) € HZ, such that d,p(:,-,t) = u(-,-,t). Since
u € HZ,, using Poincaré’s inequality, we have that

105 s D)l gy = NG Dl 2y < L2100 )l 2y = L lluls - Ol 20
Therefore,
Jullz, < (1+L*)K (1 L re2lblleeT 4 Rl 62||b||ooT> ,(0).

Let (ug, 20(+,-,—h(-))) be a initial data satisfying |[(uo,20(-,, —h(:)))|[x < 7, where r to be
chosen later. The solution u of (1.5) can be written as u = u! +u? where u! is solution of the linear
system associated with (1.5) considering the initial data u!(x,y,0) = uo(z,y) and u'(x,y,t) =
20(,y,t) and u? fulfills the nonlinear system (1.5) with initial data u?(z,y,0) = 0 and v?(z,y,t) =
0.

Fix p € (0, 1), follows the same ideas introduced by [8, Appendix A], there exists, 773 > 0 such
that

2
with v is defined by (2.10) satisfiying E,1(T1) < §E,1(0). This implies together with (2.11) that

o @bllot)To—vT1 _ g —7>_1n (E) N <2Hb|!oo N 1> T
12 1%

Ey(Ty) <pE.0) + ||(u?(, -, Th), v, -, Th —
<pE.(0) +e 1+3£ T ||UUxHL1 (0,71,L2(Q))
<pE,(0) + M BOTIC2C3T 3 ||ul|
<(u+ R)Eu(0),

O

where
R = 39T C’fCQQTl% (14 L?)%K? (1 + TyelbleTr oy 5 Il Ty e2||b||°°T1>2 r

Therefore, given € > 0 such that u + ¢ < 1, we take r > 0 such that

3

r< ; - 2
e(+3O)TLC2C2T (1 4 L2)2K2 (1 + Tye2lbllsTi 4 T3 Pl Tt 62\\b||<,oT1>

to obtain E,(T1) < (u+¢)E,(0), with p+¢ < 1. Using a prolongation argument, first for the time
2T} and after for mT}, the result is obtained. O

3. Mi-SYSTEM: STABILITY RESULTS

The main objective of this section is to prove the local and global exponential stability for the
solutions of (1.11) using two different approaches.

3.1. Local stabilization: Proof of Theorem 1.4. Consider the Lyapunov’s functional V (t) =
E.(t) + nVi(t) + oVa(t), where E,(t) is defined by (1.12), Vi (t) defined by (2.5) and

(3.1) 5///1— a(z, y)u*(z, y,t — ph) dp da dy.
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Using the same argument as in the proof of Proposition 2.1 we see that

%V(t) +20V(t) < </;2 - = +77L,u,2>/ / a(z,y)u”(x,y,t — h) dzdy
<9§—U+90§>/ / / a(z,y)u(z,y,t — ph)dpdx dy
3.9 2 §
(3.2) + 7—u1+2h+2nLu1+nLu2+ a(x, y)u(z,y,t) dz dy

0+2977L// (z,y,t)dedy — 3a17// “(z,y,t)drdy
+ 17// (z,y,t dxdy+5ﬁ77// Lz, y,t) d dy,

for all & > 0. Note that, thanks to Theorem 1.2 we have

4 4
/ / a,y,1) dr dy < § uaelBagey + 2 (CL)3r8 ulagg,

Putting this previous inequality in (3.2), and using Poincaré’s inequality and (1.16), we get

Svtyra0v (i) < (5577 + n) / / (2, t) du dy
+ <9(1 +2nL)L* + 57’]6'%7‘%111370 — 3om> / / (z,y,t)dzdy.
Consequently, taking the previous constant as in the statement of the theorem we have that
(3.3) V(t) + 29V (t) < 0.
Finally, from the following relation E(t) < V(t) < (1 + max{2nL,c}) E(t) and (3.3), we obtain
E(t) < V() <e 2'V(0) < (14 max{2nL,0})e 2 E(0), Vt >0,

and Theorem 1.4 is proved. O

3.2. Global stabilization: Proof of Theorem 1.5. As is classical in control theory, Theorem
1.5 is a consequence of the following observability inequality

</ / 2u(0,y,t) dy—l—/ / 18u0y, t)? dy dt
—1—/0 /0 /0 a(z,y)(u?(z,y,t — h) +u?(z,y, 1) dmdydt)

Observe that using the same ideas of (A.10), we get

(3.4)

T L
T o 22y < lellZe0z.z2(c) — BT /0 /0 02u(0, y, 1) dy dt

—l-'yT/ / - 10,u(0, y, ))2 dy dt

L
T(2p1 + ug)/ / / a(x, y)u®(z,y,t) do dy dt
0 0 0
T rL L
+T/ / / a(m,y),uQUQ(x,y,t - h) dz dy dt
0 0 0

(3.5)
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Moreover, multiplying (A 2) by a(:n y)&z(z,y, p, s), integrating in  x (0,1) x (0,7) and taking in
account that z(z,y, p,t) = u(x,y,t — ph) we obtain

/// oz, y)22(z, p,0) dpdz dy
(3.6) _hT/// a(@, )2 (2, . 1) da dy dt
+<Th+h>/0 /0 /0 a(z, y)u?(z,y,t — h)dx dy dt

Gathering (3.7) and (3.5), we see that to show (3.4) is sufficient to prove that for any 7" and R > 0,
there exists K := K(R,T) > 0 such that

||U||L2(0TL2(0L S K </ / 2u(0,y,t)* dy
(3.7) / / 9, L9,u(0,y, t dydt+/ / / a(x,y)u® de dy dt
+/ / / a(z,y)u?(z,y,t — h) dx dy dt)
o Jo Jo

holds for all solutions of (1.11) with initial data [|(uo,20(-,-, —h(-)))[lsy < R.
To prove it, let us argue by contradiction. Suppose that (3.7) does not holds, then there exists
a sequence (u"), C Bx of solutions of (1.11) with initial data ||(ug, 25 (-, -, —h(: )))”H < R such that

. ||UnH2Lz 0.T.L2(Q
lim,,— o0 W = 400 where

T L T L
=/ﬁ/|%wmwwﬁw+/'/\@f@w@%wW@ﬁ
0 0 0 0
T L L
+ / / / a(e.y) (" (2,9, O + [,y t — B)[2) da dydr.
0 0 0

Let \p = [[u"[| 2001, 02(0)) and v"(z,y,1) = 1/Azu"(z,y,t), then v satisfies (1.11); with the
following boundary conditions

v™(0,y,t) =v"(L,y,t) =0, (0,L),t >0,
Oxv™ (L, y,t) = 0,0™(0,y,t) = 02v™(L,y,t) =0, y € (0,L),t>0,
(38) V(e L) = o, 0,8) = 0, (0.L).t >0

v (2,y,0) = 32 (z,y), v"(z,yt) =32(@,y.0), (v,y) €Q, te(-h0)
HU"\|%2 or2@) =1

and B(v") — 0 as n — oco. Therefore, we have from (3.5) that

(3.9) 10"y D172 () < T anH%Q(O,T,LQ(Q)) + cB(v")

which together with (3.8)5 and B(v™) — 0 gives that (v"(-,,0)),, is bounded in L?(Q2). Additionally
to that, the following inequality (see (3.6))

1 1
//a(ﬂc,y)vlzn(w,p, 0)|” dpdl‘dy</ / a(z,y) o™ (2, y,t)|* du dy dt
QJo n
+ 1+1 /T/( ) [0" (2, y,t — B)|* da dydt
o - a\xr v \r — X
i tu) ), e Y y

ensures that ( a(z,y)v"™(-, -, —h())>n is bounded in L2(Q x (0,1)) and from (A.8), (An)n C R is

bounded. On the other hand, as a consequence of Proposition A.5 we have that (v"), is bounded
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in L2(0,T, H2(2)). Now, using Theorem 1.2, we get

3
anv;LHLQ(O,T,Ll(Q)) < C? ”vnHzW(O,T,LQ(Q)) ””n”LQ(O,T,H%(Q))
and (v"v),, is bounded in L?(0, T, L' (£2)). Defining 9,v™ = 9,¢™, and using once again Theorem 1.2

we have [|0; ol || @) < C?|[v || 12(q) < o00. Consequently, using Cauchy-Schwarz inequality

(002 €) sy iy | < 190 2y W€y < O 102 oy € o

Observe that (v"), bounded in L?(0,T; H2(Q2)) implies, in particular, that (v?), is bounded in
L?(0,T, L*(2)), so

T
—1. n 112 n n c n
Har 1vyyHL2(07T;H—3(Q)) < C/O HvszL2(Q) ||1) ||L2(Q) dt < E ||1) HL?(O,T,H%(Q)) ’

where we used that H2(Q) C L?(Q).
Thus, the previous analysis ensures that

n

U?(xa Y, t) == avarclxx(‘r7 Y, t) + 57}237909630(3:7 Y, t) + Vacc_lvyy(‘r7 Y t)
+ A’nvn<x7 Y, t)vg(xa Y, t) + a(l.: y) (Mlvn(‘x? Y, t) + M?vn(x7 Y, t— h’)) )
is bounded in L2(0,T, H=3(Q2)), which together with a classical compactness results®, give us

the existence of a sequence (v"), relatively compact in L?(0,T, L?(f2)), that is, there exists a
subsequence, still denoted (v™);,,

(3.10) v, — v in L2(0,T, L*())

with [|v][ 207, 12(0)) = 1-
Finally, from weak lower semicontinuity of convex functional, we obtain

(3.11) v(z,y,t) =0 € w x (0,T) and 9>v(0,y,t) = 0in (0, L) x (0,T).

Since (An)n is bounded, we can extract a subsequence denoted (\y,), which converges to A > 0.
We claim that 8;1(951)” — 8;1851) in L2(0, T, H~2()). In fact, from definition of By we have
9; '™ = " where 9,¢" = v, V" (-,-,t) € Hyy(Q) and ¢"(-,-,t) € Hy(€). Since 9, 1020™ = 95"
we obtain
-1 -1

Haa: Ugy(', '7t) - aa: UZJ?J('? K t)HHfz(Q) = H@Zy('a '7t) - pry('a Vt)HH*?(Q)

<c ”Qpn(v ) t) - 50('7 ) t)HL?(Q) < cL? ||907:CL(7 ) t) - @I('v ) t)||L2(Q)

=cL? an('7 "t) - U('? ‘7t)HL2(Q) :
Therefore, the desired convergence follows from the previous inequality and convergence (3.10).

Therefore, from the above convergences v(z,y,t) satisfies (3.11) and (1.11) with the following
conditions

v(0,y,t) = v(L,y,t) =0, y€e(0,L), t>0
(3.12) 0v(L,y,t) = 0,v(0,y,t) = (9%1)(L,y,t) =0, ye(0,L), t>0
' v(z, L, t) = v(x,0,t) =0, xe(0,L), t>0

1oll 20,7, L2 = 1-

Thus, for A = 0 we obtain v = 0, thanks to Holmgren’s uniqueness theorem, which is a contradiction
with the fact that [|v| ;2o 1, 12()) = 1. Otherwise, if A > 0, we can show that v € L0, T, H3(Q) N

X2(Q)) and applying [9, Theorem 1.2], follows that u = 0 in Q x (0, T), achieving Theorem 1.5. [J

5See [21].



DELAYED K-KP-II SYSTEM 15

ACKNOWLEDGMENT

Capistrano—Filho was supported by CAPES grant 88881.311964/2018-01 and

88881.520205/2020-01, CNPq grant 307808/2021-1 and 401003/2022-1, MATHAMSUD grant 21-
MATH-03 and Propesqi (UFPE). Galeano acknowledges support from FACEPE grant IBPG-0909-
1.01/20. This work is part of the Ph.D. thesis of Munoz at the Department of Mathematics of the
Universidade Federal de Pernambuco.

1]
2]
3]
[4]

[5]

[6]

REFERENCES

F.D. Araruna, R.A. Capistrano—Filho, and G.G. Doronin, Energy decay for the modified Kawahara equation
posed in a bounded domain, Journal of Mathematical Analysis and Applications 385:2, 743-756 (2012).

B. Chentouf, Well-posedness and exponential stability of the Kawahara equation with a time-delayed localized
damping, Mathematical Methods in the Applied Sciences, 45 (2022), 10312-10330.

O. V. Besov, V. P. I'in and S. M. Nikol’skii, Integral Representations of Functions and Imbedding Theorems,
Vol. 1., New York-Toronto, Ont.-London, 1978.

J. L. Bona, D. Lannes and J.-C. Saut, Asymptotic models for internal waves, J. Math. Pures Appl. (9):89, no.
6, 538-566 (2008).

R. A. Capistrano-Filho, E. Cerpa, and F. A. Gallego, Rapid exponential stabilization of
a Boussinesq system of KdV-KdV  Type, Communications in Contemporary Mathematics,
https://doi.org/10.1142/S021919972150111X.

R. A. Capistrano—Filho, B. Chentouf, L. de Sousa and V. H. Gonzalez Martinez, Two stability results for the
Kawahara equation with a time-delayed boundary control, Zeitschrift fiir Angewandte Mathematik und Physik,
74:16, 1-26 (2023).

R. A. Capistrano—Filho and F. A. Gallego, Asymptotic behavior of Boussinesq system of KdV-KdV type, Journal
of Differential Equations 265:6, 2341-2374 (2018).

R. A. Capistrano-Filho and V. H. Gonzalez Martinez, Stabilization results for delayed fifth order KdV-type
equation in a bounded domain, arXiv:2112.14854 [math.AP] (2022).

R. P. de Moura and A. C. Nascimento and G. N. Santos, On the stabilization for the high-order Kadomtsev-
Petviashvili and the Zakharov-Kuznetsov equations with localized damping, Evolution Equations and Control
Theory, 11, 711-727 (2022).

D. A. Gomes and M. Panthee, Ezponential Energy Decay for the Kadomtsev-Petviashvili (KP-II) equation, Sao
Paulo Journal of Mathematical Sciences 5:2, 135-148 (2011).

M. Haragus, Model equations for water waves in the presence of surface tension, Eur. J. Mech. Fluids 15:(4),
471-492 (1996).

H. Hasimoto, Water waves, Kagaku, 40, 401-408 [Japanese] (1970).

D. Lannes, The water waves problem. Mathematical analysis and asymptotics. Mathematical Surveys and
Monographs, 188. American Mathematical Society, Providence, RI, 2013. xx+321 pp.

J.-L. Lions, Exact controllability, stabilization and perturbations for distributed systems. STAM Rev;30:1, 1-68
(1988).

J.-L. Lions, Controlabilité Ezacte, Perturbations et Stabilisation de Systemes Distribués. Vol. 22. Elsevier-
Masson, 1990.

G. Menzala, C. Vasconcellos and E. Zuazua, Stabilization of the Korteweg-De Vries equation with localized
damping., Quarterly of Applied Mathematics LX, 111-129.

A. F. Pazoto and L. Rosier, Stabilization of a Boussinesq system of KdV-KdV type, Systems & Control Letters
57:8, 595-601 (2008).

B. B. Kadomtsev and V. I. Petviashvili, On the stability of solitary waves in weakly dispersive media, Sov. Phys.
Dokl., 15, 539-549 (1970).

V.1. Karpman, Transverse stability of Kawahara solitons, Phys. Rev. E 47:1, 674-676 (1993).

T. Kawahara, Oscillatory solitary waves in dispersive media, J. Phys. Soc. Japan, 33 , 260264 (1972).

S. Simon, Compact sets in the space L?(0,T; B), Annali di Matematica Pura ed Appicata CXLXVLIV, 65-96
(1987).

J. Valein, On the asymptotic stability of the Korteweg-de Vries equation with time-delayed internal feedback,
Mathematical Control & Related Fields, 12:3, 667-694 (2022).

APPENDIX A. p;-SYSTEM: WELL-POSEDNESS

In this appendix, we deal with the study of the u;-system (1.11) that is essential to obtain

results for (1.5). Since the results are classical, we just give the main results and the idea of the
proofs.
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A.l. Linear system. Here, we use semigroup theory to obtain well-posedness results for the linear
system associated with (1.11). To do that, consider z(x,y,p,t) = u(x,y,t — ph), for (z,y) € Q,
p€(0,1) and t > 0. Then z(zx,y, p, t) satisfies the transport equation

howz(z,y, p,t) + Opz(z,y,p,t) =0, (z,y) €Q, p€(0,1), >0,
(A'l) Z("'E7 y? 07 t) - u(x? y? t)? ("B7 y) 6 Q7 t > 07
z(x,y, p,0) = z0(x,y, p, —ph), (z,y) €2, pe(0,1).

Let H = L?(Q) x L? (2 x (0,1)) a Hilbert space equipped with the inner product

L L
(1, 2) (0, 0)), = / / u(er,y)o(e,y) d dy
L L 1
+€all /0 /0 /0 (2,9, pyw(z, y, p) dp da dy,

with ¢ satisfies (1.13). To study the well-posedness in the Hadamard sense, we need to rewrite the
linear system associated with (1.11) as an abstract problem. Let U(t) = (u(:,-,t),2(+,+,-,t)) and
denote z(1) := z(x,y,1,t). From the linear system associated with (1.11) and (A.1) we get the
next system

Opu(w,y,t) + adiu(z, y,t) + BOJu(z, y, 1)
1
+78;16§u($7y7t) + iax(UQ(x¢yat)) (l"y’t) € QxRY
+a(z,y) (mu(@,y,t) + p2z(1)) =0
u(0,y,t) = u(L,y,t) =0, y€(0,L), t€(0,T),
Oyu(L,y,t) = 0zu(L,y,t) =0, ye (0,L), te(0,7),
(A.2) 0zu(0,y,t) = O?u(L,y,t) =0, ye (0,L), te(0,7),
uw(z, L,t) = u(z,0,t) =0, xz € (0,L), te(0,T),
U(ZE,y,O) :Uo(l',y), l',y) €
hoz(z,y, p,t) + 0pz(x,y, p,t) =0, (x,y) € Q, pe(0,1), t >0,
2(2,y,0,1) = u(w,y,1), (z,y) €Q, t>0,
\z(xayapvo) :ZO(%%M _Ph)7 (‘ray) GQv pE (0 1)
which is equivalent to
Ly = av)
(A3) dt ’
U<0) = (UO(xa y)7 ZO(J:7 Y, _ph))
where A: D(A) C H — H is defined by
(A4) A(u, z) = (—a@i’u — BB — 78;18311 —a(x,y)(pru + pez(1)); —h_lapz)

with the dense domain given by
(u,z) € H: u(0,y) = u(L,y) = u(z,0) = u(z, L) = 0,
D(A) == u € H(Q) N X*(Q), 0,u(L,y) = d,u(0,y) = d2u(L,y) =0,
Opz € L2(Q x (0,1)), |2(x,y,0) = u(z,y)

The next result is classical and can be omitted.

Lemma A.1. The operator A is closed and the adjoint A*: D(A*) C H — H is given by

A*(u, z) = <a83u—|—,885u+'y(9 18 u—a(z,y)pu+ ——=2 Ellalloe H z(- ,-,0);h_13pz>
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with dense domain
u(0,y) = u(L,y) = u(x,0) = u(z, L) =0,

(u,2) € H:

D(A*) :={ue HX(Q)NX*Q),

0,0 € L@ x (0.1) [savp 1) = =L (o)

Proposition A.2. Assume that a € L*>(Q) is a nonnegative function and (1.13) is satisfied. Then
A is the infinitesimal generator of a Cy-semigroup in H.

Proof. Let U = (u, z) € D(A), then
(A.5) (AU,U),, < §HGH / / (x,y) dz dy.

Hence, for A = §|| ”°° we have ((A — A)U,U),, <0 (resp. ((A* = A)U,U)y <0, for U = (u,2) €
D(A*)). Since A )\I is a densely defined closed linear operator, and both A — Al and (A — AI)*
are dissipative, A generate an infinitesimal Cy-semigroup on H. O

The next theorem establishes the existence of solutions for the abstract Cauchy problem (A.3).
This result is a consequence of the previous proposition.

Theorem A.3. Assume that a € L () and (1.13) is satisfied. Then, for each initial data Uy € H
there exists a unique mild solution U € C ([0,00),H) for the system (A.3). Moreover, if the initial
data Uy € D(A) the solutions are classical such that U € C (]0,00), D(A)) N C* ([0,00),H).

Next results are devoted to showing a priori and regularity estimates for the solutions of
(A.3).

Proposition A.4. Let a € L>(2) be a nonnegative function and consider that (1.13) holds. Then,
for any mild solution of (A.3) the energy E,, defined by (1.12), is non-increasing and there ezists
a constant C' > 0 such that

L
Eut) < 0(/ 2000 dy + [ (0710,0(0.5,0) dy

L
+/ / a(x,y)u? dx dy—l—/ / a(z,y)u?(z,y,t — h)dzx dy)
o Jo o Jo

where C' = C(B8,7,§, h, p1, u2) is given by

C_mm{_ﬁﬂjm_ﬂ?_f _Mz+€}‘

(A.6) i

2°2

Proof. First, multiply (A.2); by u(x,y,t) and integrate by parts in L?(2). After that, multiply
(A.2)5 by z(z,y, p,t) and integrate by parts in L?(2 x (0,1)). Finally, adding the results, and the
proposition follows. O

To use the contraction principle and to obtain the Kato smoothing effect, for T" > 0, we
introduce the following sets:

Bx =C ([0, T],L*()) N
By =C ([0, T],L*()) N
endowed with its natural norms

T 2
sy = s e Oy + ([ om0 )

t€[0,T]

(0,7, X30())

L
L?(0,T,HZ())

|

1

T 2
I, = s LDl + ([ B0l o )

t€[0,T]
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Here, X2,(£2) denotes the space

ooy . | v € HE(Q): 8, 0(x,y) = d(x,y) € Hip(Q) with
(A7) X(0) = { 4 e gy 2§ }

Proposition A.5. Let a € L*°(Q2) be a nonnegative function. Then, the map
(w0, 20(+,, —h(-))) € H = (u,z) € Bx x C ([0,T],L* (2 x (0,1)))

is continuous and for (ug, zo(+, -, —h(-))) € H, the following estimates are satisfied

1 L L g L L 1

s || ez S [ [ttt - o dpds dy
0 0 0 0 0
1 L L f L L 1

<5 | [waway§ ] / a(,4)22(, y, —ph) dp d dy,
2Jo Jo 2Jo Jo

3a T L pL
s L[ fomnracn D[ [ bicniroca

< C(a, p1, p2, L)Y(1 4 T) |[(uo, 20(-, -5 —h(-))) |l

1 /T (L (L T L
||u0H%QQ §/ / / u2($,y,t)d$dydt—6/ / 8§u(0,y,t)2dydt
0 o Jo
9 T L L
(A.10) +7// 1 0,u(0,y, 1)) dydt+/ / / a(x, y)pou®(z, y, t — h) da dy dt
o Jo Jo
L
+(2u1+u2)/ / / a(x, y)u?(z,y,t) dz dy dt.
o Jo Jo

Proof. The proof is classical and uses the Morawetz multipliers. Precisely, first, (A.8) follows from
(A.6). To get the other two inequalities for (ug, zo(-,-, —h(:))) € H, multiplying (A.2)5 by z(x, p,t)
and (A.2); by zu(z,y,t) and integrating by parts in Q x (0,7), (A.9) holds. Finally, multiplying
(A.2); by (T — t)u(x,y,t) and integrating by parts in 2 x (0,7") we obtain (A.10). O

A.2. Linear system with source term. We will study the system (A.2), with a source term
f(x,y,t) on the right-hand side. The next result ensures the well-posedness of this system.

Proposition A.6. Assume that a(z,y) € L*(Q) is a nonnegative function and that (1.13) is
satisfied. For any (ug, 20(-,+, —h(-))) € H and f € L* (O,T, L2(Q)), there exists a unique mild
solution for (A.2) with the source term f(x,y,t) on the right-hand side in the class

(u,u(-, -t — h())) € Bx x C ([0, T}, (€ x (0,1))).

Moreover, we have

(A.11) H(uvz)”C([O,T],H) < egug’qu <||(U0,ZO(', s —=h())ll + HfHLl(o,T,L‘Z(Q)))
and

(A.12) 8 |lull720.1 20y < C (H(Um 20, —h())I3 + Hf”%l(O,T,L?(Q)))
where

3L Ellall o
C=C(aym,pe, LT, h) = 5+ Lall (i + p2) +6 (14T + ¢ 77)

and 6 = min{1,3a/2,—53/2}.

Proof. Note that A is an infinitesimal generator of a Cy-semigroup (etA)tZO satisfying HetAH L) <

llalloo . .
e 2h ' and the system can be rewritten as a first order system with source term (f(-,-,t),0),
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showing the well-posed in C([0, T], H). Finally, observe that the right-hand side is not homogeneous,
since

T L L
/0 /Qﬂff(%y,t)u(%y,t) drdydt| < 3 ||u”?)([0,T];L2(O,L)) t3 Hf”il(O,T,L?(Q)) )

showing the result. O

A.3. Nonlinear system: Global results. In this last part, we consider the nonlinear term uu,
as a source term.

Proposition A.7. If u € By then uu, € LY(0,T;L*Q)) and the map u € Bx + udyu €
LY0,T; L2(2)) is continuous. In particular, exists K > 0, such that, for all u,v € Bx we have

(A.13) o = 0020l 1 o2y < K (Il + Mol ) llu = vl

Proof. The Hélder inequality and the Sobolev embedding HZ2,(2) < L°°(Q) gives us
1

(A18)  udu— 000l oy < 1O T3 (lullg, + lollg, ) = vlls,

for u,v € Bx. Note that, u € By implies that u(-,-,t) € HZ,(£2) and consequently u(-,-,t) € H.,(Q)
and ug (-, -, t) € H (). Here, using the definition of the operator d; ! and the Poincaré’s inequality
we obtain,

(A15) ||6;1(uaxu) HLl(O,T,L2(Q)) < L2 ||ua$u||L1(0,T,L2(Q))

So, from (A.14), with v = 0, and (A.15) we get ud,u € L'(0,T,L?(£2)) and the proof is complete.
O

We prove the global well-posedness of the K-KP-II with delay term.

Proposition A.8. Let L > 0, a(x,y) € L>®(2) be a nonnegative function and that (1.13) holds.
Then, for all initial data (uo, z0(-, -, —h(-)) € H, there exists a unique u € Bx solution of (1.11).
Moreover, there ezist constants C > 0 and ¢ € (0, 1] such that

(A.16) 3 oz < € (uns o, RN, + ool RO )

Proof. To obtain the global existence of solutions we show the local existence and use the a priori
estimate below, which is proved using the multipliers method and Gronwall’s inequality:

(A17) s B)s st = ) < €530 utg, 200, ~R ()

With the previous inequality in hands, the local existence and uniqueness of solutions of (1.11)
holds. Precisely, pick (ug, zo(-,, —h(:))) € H and u € By, consider the map ®: Bx — Bx defined
by ®(u) = @, where 4 is solution of (1.11) with the source term f = —ud,u. Then, u € By is the
solution for (1.11) if and only if u is a fixed point of ®. To show this, we need to prove that ® is a
contraction.

If T'< 1 from (A.11), (A.12) and Proposition A.7 we get

[@ull sy <V37IC (14 VT +¢ 7T ) | (o, 200+ —h()))

Ellall oo
+V&u&cyc(ﬂ%+Thz%’ﬁnm@X

and

€llalloo 1
|ou—@vlls, <8 (1+ VT +e 3 T) T (Jull, + 0ls, ) llu—vlls, -

where S = Vo0~1C - C; - C. Now, consider the application ® restricted to the closed ball

{ueBmm%XSR}
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with R > 0 such that R = 4v§~1C ||(uo, 20(-, -, —h(-))|l; and T > 0 satisfying
Ellallo 1 Elalleo 1

1
T<1 e 2T <2 92Ti4Tie 2n L <
2V 5_1C . Cl . CQR

holds that @ is a contraction. From Banach’s fixed point theorem, application ® has a unique fixed
point. ]
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