Mathematische Zeitschrift

https://doi.org/10.1007/500209-022-03045-0 Mathematische Zeitschrift
()

Check for
updates

The fractional Schrodinger equation on compact manifolds:
global controllability results

Roberto de A. Capistrano-Filho' - Ademir B. Pampu’

Received: 5 October 2021 / Accepted: 12 April 2022
© The Author(s), under exclusive licence to Springer-Verlag GmbH Germany, part of Springer Nature 2022

Abstract

The goal of this work is to prove global controllability and stabilization properties for the
fractional Schrodinger equation on d-dimensional compact Riemannian manifolds without
boundary (M, g). To prove our main results we use techniques of pseudo-differential calculus
on manifolds. More precisely, by using microlocal analysis, we are able to prove propagation
of regularity which together with the so-called Geometric Control Condition and Unique
Continuation Property help us to prove global control results for the system under consider-
ation. As a main novelty this manuscript presents the relation between the geometric control
condition and the controllability for the fractional Schrodinger equation.

Keywords Global controllability - Global stabilization - Fractional Schrédinger equation -
Pseudo-differential calculus
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1 Introduction
1.1 Presentation of the model

The fractional Schrédinger equation is a fundamental equation of fractional quantum mechan-
ics. It was discovered by Laskin [21, 22] as a result of extending the Feynman path integral,
from the Brownian-like to Lévy-like quantum mechanical paths. A path integral over the
Lévy-like quantum-mechanical paths results in a generalization of quantum mechanics.
Additionally, the fractional Schrodinger equation plays an important role in the study of
controllability problems for three dimensional water wave systems, as it is shown in [39].
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Our work will treat the global controllability and stabilization properties of the gener-
alized fractional Schrodinger equation on a compact Riemannian manifold (M, g) without
boundary, namely
i8tu+Agu:O, on Mx]0, T, (1)

u(x,0) =uo(x), xeM,

where o € [2, 00), M is a compact Riemannian manifold with dimension d < [o] 4+ 1 and
Ag is defined by (, /—A g)a. Here, A, is the Laplace-Beltrami operator associated to the
metric g and [o] is the integer part of .

It is important to point out that equation (1.1) can be seen as a generalization of the
Schrodinger equation when o = 2 (see e.g. [10, 34]) or of the fourth-order Schrodinger
equation if o = 4 (see, for instance, [30, 31]).

1.2 Setting of the problem

As mentioned before, our goal is to study global properties of stabilization and, consequently,
controllability for the generalized nonlinear fractional Schrodinger equation on a compact
Riemannian manifold. More precisely, we deal with the following system

idu+ AJu+ P'(jul)u =0, onM x Ry, (1.2)
u(x, 0) = ug(x), xeM. '

Here, we consider P as a polynomial function with real coefficients and P’ its derivative.
In order to determine if the system (1.2) is controllable in large time for a control supported
in a small open subset of M, we will study equation (1.2) from a control point of view with
a forcing term & = h(x, t) added to the equation as a control input
idu+ Au+ P'(ju)u=h, onM xRy, (L.3)
u(x,0) =ug(x), xXEeM, ’

where % is assumed to be supported in a given open subset w C M. Therefore, the following
classical issues related with the control theory are considered in this work:

Exact control problem: Given an initial state u¢ and a terminal state vy, in a certain space,
can one find an appropriate control input /4 such that equation (1.3) admits a solution u
satisfying u(-, 0) = ug and u(-, T) = vo?

Stabilization problem: Can one find a feedback control law & = h(x, t) such that system
(1.3) is asymptotically stable as t — 00?

1.3 State of the art

When (1.3) is considered on a general compact Riemannian manifold M is not of our knowl-
edge any result about control theory. However, there are interesting results in different
domains when one considers 0 = 2 or 0 = 4 on Ag = (‘/ —Ag)a, namely, nonlin-
ear Schrodinger equation (NLS) and fourth-order nonlinear Schrodinger equation (4NLS),
respectively. We will give a brief state of the arts to the reader, precisely, we will present a
sample of the control results for both cases.
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1.3.1 Previous results for NLS

In what concerns the NLS equation on general compact Riemannian manifolds, that is,
system (1.3) with o = 2, the first difficulty arise in proving the uniform well-posedness
since the Strichartz estimates does not hold globally in time and it has a loss of derivatives
when compared with the euclidean case. However, this issue is now well understood since
the interesting article due to Burq et al. [5] (for an excellent review of this topic the authors
suggest that the reader see [5] and the references therein).

Taking advantage of the Strichartz estimates and propagation results of microlocal defect
measures it was proved by Dehman et al. [12] that the celebrated Geometric Control Con-
dition (GCC) was sufficient to get controllability results for the NLS on two dimensional
compact Riemannian manifolds. More precisely, in [12], the authors showed that the follow-
ing assumptions are sufficient to get exact controllability result for solutions of (1.3) when
o=2

(A) The control function 4 is effective on an open set w which geometrically controls M; i.e.
there exists Tp > 0, such that every geodesic of M traveling with speed 1 and issued at
t =0, entersthe set winatimet < Tj .

(B) Forevery T > 0, the only solution lying in the space C([0, T'], H'(M)) of the system

i0u + Agu+by(x, )u + ba(x, ) u =0, onM x (0,7T),
u=0, onw x (0, 7),

where by, by € L*° (0, T, LP(M)) for some p > 0, is the trivial one u = 0.

Remark 1 Assumption (A) is the so called geometric control condition (see e.g. [3]) and
(B) is a unique continuation condition. It is worth mentioning that as provided by Macia in
[27, 28], under certain geometric assumptions, (A) is equivalent to assumption (B) when the
potential does not depend on the time variable, that is, V (x, ) = V(x), and recently those
results where expanded to the fractional Schrédinger equation in [29].

Considering compact Riemannian manifolds of dimension d > 3, Strichartz estimates
does not yield uniform well posedness result at the energy level for the NLS equation,
property which seems to be very important to prove controllability results. In this way, Burq
et al. in two works [6, 7] managed to introduce the Bourgain spaces X*-? on certain manifolds
without boundary where the bilinear Strichartz estimates can be showed and, consequently,
they get the uniform well-posedness for the NLS equation. Taking advantage of these results,
Laurent [23] proved that (GCC) is sufficient to prove the exact controllability for the NLS
in X*? spaces on three-dimensional Riemannian compact manifolds. Similarly of this work,
we mention [24, 32] where controllability results were studied for the NLS in euclidean and
periodic domains, respectively, relying on the properties of the Bourgain spaces. Finally,
observe that in the following three works [8, 19, 20] the authors showed that although (GCC)
is sufficient to get controllability results to the NLS equation, it is not necessary.

1.3.2 Previous results for 4NLS

Considering o = 4, let us denote the fourth-order Schrodinger equation as follows

idu+ A%u = 0. (1.4)
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There are interesting results for Eq. (1.4) in the sense of control problems in a bounded
domain of R or R” and, more recently, on a periodic domain T which we will summarize
below.

The first result about the exact controllability of the linearized fourth order Schrédinger
equation (1.4) on a bounded domain @ of R" is due to Zheng and Zhongcheng in [37].
In this work, by means of an L?~Neumann boundary control, the authors proved that the
solution is exactly controllable in H*(2), s = —2, for an arbitrarily small time. They used
Hilbert uniqueness method (HUM) (see, for instance, [15, 26]) combined with the multiplier
techniques to get the main result of the article. More recently, in [38], Zheng proved another
interesting problem related with the control theory. To do this, he showed a global Carleman
estimate for the fourth order Schrodinger equation posed on a finite domain. The Carleman
estimate is used to prove the Lipschitz stability for an inverse problem consisting in retrieving
a stationary potential in the Schrodinger equation from boundary measurements.

Still on control theory Wen et al. in two works [35, 36], studied well-posedness and control
problems related with the equation (1.4) on a bounded domain of R”, for n > 2. In [35],
they considered the Neumann boundary controllability with collocated observation. With
this result in hand, the exponential stability of the closed-loop system under proportional
output feedback control holds. Recently, the same authors, in [36], gave positive answers
when considered the equation with hinged boundary by either moment or Dirichlet boundary
control and collocated observation, respectively.

To get a general outline of the control theory already done for the system (1.4), two
interesting problems were studied recently by Aksas and Rebiai [1] and Gao [17]: Uniform
stabilization and stochastic control problem, in a smooth bounded domain €2 of R” and on
the interval I = (0, 1) of R, respectively. In the first work, by introducing suitable dis-
sipative boundary conditions, the authors proved that the solution decays exponentially in
L%(S2) when the damping term is effective on a neighborhood of a part of the boundary.
The results are established by using multiplier techniques and compactness/uniqueness argu-
ments. Regarding the second work, above mentioned, the author showed Carleman estimates
for forward and backward stochastic fourth order Schrodinger equations which provided the
proof of the observability inequality, unique continuation property and, consequently, the
exact controllability for the forward and backward stochastic system associated with (1.4).

Lastly, in [9], the first author showed the global stabilization and exact controllability
properties of the fourth order nonlinear Schrodinger system
idu+32u — tu = MulPu+ f, (x,1) eT xR, 15

u(x,0) = up(x), xeT, '
on a periodic domain T with internal control supported on an arbitrary sub-domain of T. More
precisely, by certain properties of propagation of compactness and regularity in Bourgain
spaces, for the solution of the associated linear system, the authors proved that system (1.5) is

globally exponentially stabilizable. This property together with the local exact controllability
ensures that 4NLS is globally exactly controllable on T.

1.3.3 Additional comments of Schrodinger-like equation

It is interesting to mention that if we consider the following control problem in L? (’]I‘z):

u+i|lDI°u=¢F, 1<0 <2, (1.6)
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where g € C* (T?),|D|” is the fractional laplacian defined in T and F € C([0, T], L*(T?))
is complex valued, we still have some interesting results in the literature. When o = 1, system
(1.6) is so-called (half) wave equation. We have that system (1.6) is exactly controllable in
the sense defined in Sect. 1.2, if and only if the control function ¢ F' is supported in a region
where the (GCC) is satisfied, and the proof can be adapted using the ideas of [3, 4, 13].
Still regarding the control problems to the system (1.6), to finish this small sample of state
of the art, in an interesting article, Zhu [39] studied the exact controllability for spatially
periodic water waves with surface tension, by localized exterior pressures applied to free
surfaces. He showed that in any dimension, the exact controllability for (1.6) holds within
an arbitrarily short time, for sufficiently small and regular data, provided that the region of
control satisfies the (GCC). Additionally, was obtained that in the middle of the two typical
cases 1 < o < 2, (GCC) is necessary to prove the exactly controllability of (1.6) on T?.

1.4 Main results

Let us introduce the issues addressed in this work. We want to study the stabilization and
exact controllability for the generalized nonlinear fractional Schrédinger equation on compact
Riemannian manifolds

10+ AJu + P'(Ju|®)u =0, on Mx]0, T,

(1.7)
u(x,0) = ug(x), xeM.

Remember that M is a compact Riemannian manifold without boundary of dimension d <
o] + 1, Ag is defined by (,/—Ag)g, with o € [2,00), and A, is the Laplace—Beltrami
operator associated to the metric g.

In (1.7), P is a polynomial function with real coefficients and P’ its derivative satisfying
the following two properties

PO =0 and P(r) - o0 asr — o0 (1.8)
and
P'(ry>C >0, forevery r >0. (1.9)

The condition (1.8) means that the nonlinear term in (1.7) is defocusing and once we have
it we can assume (1.9) without loss of generality. Indeed, changing the unknown function
u(-, 1) in (1.7) by e*Mu(-, 1), the corresponding problem has the nonlinear term P’ replaced
by P’ + C.

Note thatforug € H? (M) system (1.7) admits aunique solutionu € C([0, 4+-00), H? (M)).
This solution satisfies some integrability properties and Strichartz estimates which will be
detailed in the next section. Additionally, Eq. (1.7) displays two energy levels, namely: L?
energy (or mass) and the nonlinear energy or H 3 —energy, given by

E(z):/ |A§u(t)|2dx+/ P(lu())dx. (1.10)
M M

Our first result concerns global stabilization. To introduce the problem, let a = a(x) €
C°° (M) be a real valued nonnegative function and consider the system

(1.11)

10;u + Agu + P (Ju|®)u —a(x)(1 — Ag)f%a(x)atu =0, onM xRy,
u(x, 0) = uo(x), xXeM.
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Also, pick w an open subset of M and consider the two following assumptions, that were
already mentioned earlier:

(A) o geometrically controls M, i.e there exists Ty > 0, such that every geodesic of M,
travelling with speed 1 and issued at = O, enters the set w atatime t < Tp .

(B) Forevery T > 0, the only solution lying in the space C (]O, T, H3 (M)) of the system

i0u + Agu + bi(t, x)u + by(t,x)u =0, onMx]0, T,
u=20, onwx]|0, T,

where by, by € C*([0, T] x M), is the trivial one u = 0.
In what follows, w will be related to a cut-off nonnegative function a = a(x) € C*®°(M)
(whose existence is guaranteed by the Whitney theorem) taking real values and such that

w={xeM:alx) #0}. (1.12)

Therefore, our strategy is first to prove that system (1.11) is well-posed in C ([0, +00),
H % (M)). With this in hand, it is easy to check that its unique solution u = u(x, t) satisfies
the energy identity:
n -
E(n) - E(t) = -2 / 11— Ag) "~ 2a()oru(D) |25,y dT. Vi =1 = 0. (113)
1
Observe that for a(x) = 0 we have, by (1.13), the mass of the system is indeed conserved.
However, assuming the condition (1.12) on some nonempty open set w of M, identity (1.13)
states that we have a possibility of an exponential decay of the solutions related of (1.11). In
fact, by using the techniques of microlocal analysis, the result that we are able to prove, for
large data, can be read as follows:

Theorem 1.1 (Stabilization) Let us consider the assumptions (A), (B) and (1.12) as above.
For every Ry > 0, there exist two constants C := C(Rg) > 0 and y > 0 such that the
inequality

lu@)ll, ;5 < Ce" uoll, 5 . 1Ry (1.14)
holds for every solutionu = u(x, t) of the damped system (1.11) with initial data ug satisfying
luoll 3 = Ro.

Now, to give an answer to the global control problem, we need first to prove a local
exact controllability result and to combine it with a global stabilization (Theorem 1.1) of the
solutions to get the global controllability of the following system

(1.15)

idu + AJu+ P'(ju*)u = h(x,1), on Mx]0, T,
u(x,0) =upx), xeM.

Thus, in this spirit, we will prove the control property of (1.15) near to 0, that will be proved
using a perturbation argument introduced by Zuazua in [40]. To be precise, we will show the
following local controllability result:

Theorem 1.2 (Local controllability) Let « C M be an open set satisfying assumption (A).
There exists € > 0 such that for any ug € H2 (M) with

luoll ;5 py = € (1.16)
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one can find a control input h(x,t) :=h € C([0, T]; H? (M)), with supportin [0, T] X w,
7

such that the unique solution u € C([0,T]; H2(M)) of the system (1.15) satisfies
u(-,T)= 0.

Finally, with Theorems 1.1 and 1.2 in hand, the following global exact controllability
result for the generalized fractional Schrodinger equation is established.

Theorem 1.3 (Global controllability) Let @ C M be an open set satisfying assumptions (A)
and (B). Then, for every Ry > 0, there exists T (Ry) := T > 0 such that for every data u
and vg in H2 (M) satisfying

0ll 3 (yy < R0 and oll,5 ) < Ro, (1.17)
there exists a controlh € C([0, T]; H? (M)), with support in [0, T] X w, such that the unique
solutionu € C([0, T]; Hz(M)) of the system

i+ AJu+ P'(ju)u=h, on Mx]0,TI,

(1.18)
u(x,0) = up(x), xeM,

satisfies u(-, T) = vo.
Additionally, if ug and vo € H*(M), for s > %, are small enough, we have that h
C(0,T]; H*(M)) andu € C([0, T1; H*(M)).

Remark 2 Note that assumption (5) is not necessary to get the controllability result for small
data. However, our argument to prove Theorem 1.3 combine Theorem 1.1 with a fixed point
argument, which justifies the necessity of assumption (53) in Theorem 1.3.

1.5 Heuristic and structure of the paper

In this article, our goal is to give an answer for the two control problems mentioned at the
beginning of this introduction. We adopt the approach in Dehamn-Gerard-Lebeau’s paper [12]
to prove global control results for the fractional Schrodinger equation on compact manifolds
without boundary. Precisely, when we consider ¢ = 2, we recover the result proved by
Dehman et al. [12] for Schrodinger equation. On the other hand, when we consider o = 4
and d = 1, we can use the torus T instead of the manifold M to get the result proved
by Capistrano-Filho and Cavalcante in [9]. Thus, this work give us more general results
towards the dimension of the manifolds and more general answers for the control problem
for Schrodinger-like equations. Let us describe briefly the main arguments of the proof of
the theorems presented in the previous subsection.

In the first result of the manuscript, we will show that assuming assumptions (A) and (53)
the system (1.11) is asymptotically stable, thatis, Theorem 1.1 holds. To do this, we generalize
the ideas introduced in [12] for the fractional Schrodinger operator, in other words, we apply
microlocal analysis in a general context to achieve the result.

Remark that the local control result (Theorem 1.2) is a consequence of the assumption (A),
it implies that the linear system associated to (1.18) is controllable. In fact, the main novelty
of the manuscript is that assumption (.A), the so-called Geometric Control Condition, ensures
such controllability conditions for the generalized nonlinear fractional Schrédinger equation
in a compact Riemannian manifold. Additionally, note that relationship between assumption
(A) and the controllability and stabilization problems is not an immediate consequence of
[12] for the fractional Schrodinger model (for details see Sect. 6). So, roughly speaking, with
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the linear control result in hand, using fixed point argument for initial and final data small
enough, we can prove that assumption (A) implies the local controllability for the nonlinear
system (1.15). Here, it is important to point out that we do not use any result of unique
continuation property (assumption (13)) to prove the local controllability results.

It is important to point out that in [12] the results are based on properties of the Laplace—
Beltrami operator. Such an operator is well known in the literature and can be explicitly
characterized as well as its principal symbol. However, in our case, we deal with the frac-
tional Laplace—Beltrami operator. Note that, in order to study the behavior of this operator,
two points are necessary, namely, the behavior of its eigenvalues (see Sect. 2) and most
importantly, its principal symbol what is detailed in Remark 3 below, which is one of the key
point to prove the propagation of singularities results (Propositions 3.1 and 3.2).

To finish, about the control result for large data (Theorem 1.3), the proof is a combination
of a global stabilization result (Theorem 1.1) and the local control result (Theorem 1.2), as
is usual in control theory, see e.g. [11, 12, 23, 24].

To end the introduction, we present the outline of our manuscript:

— Section 2 is to establish preliminary results which were used throughout the paper,
precisely, first, we collect the result of pseudo-differential calculus on manifolds. Addition-
ally, we give the estimates needed in our analysis, namely, Strichartz estimates. Finally, we
prove the existence of a solution for the nonlinear fractional Schrodinger equation (1.11)
with source and damping terms.

— Next, Sect. 3, propagation of singularities and unique continuation property are proved
and, with this in hand, Sects. 4 and 5 are aimed to present the proof of the stabilization and
controllability theorems, respectively.

— Finally, we present in the Sect. 6 concluding remarks and open problems.

2 Preliminaries

In this section let us remember some results about pseudo-differential calculus on manifolds,
more precisely, we are particularly interested in giving more information about the following
operators

Al = (/=27 and (1- 4,3,
for o € [2, 00) and s € R. In addition, we will give the well-posedness result for the system
in consideration in this work.
It is important to note that, given a compact Riemannian manifold M without boundary
with metric g, we shall denote by 7 M its tangent bundle, and by 7* M its cotangent bundle.
Then the co-sphere bundle is defined as:

S*M = {(x,m) € T*M, |n|; = 1}

where 1]y = V/gx (1, 1).

2.1 Pseudo-differential operator

Let P : C®°(M) — C°°(M) be a classical pseudo-differential operator of order n € N with
principal symbol p := p(x, &) € C®(T*M\{0}).

Definition 2.1 We say that P is an elliptic pseudo-differential operator if p does not vanish
in T*M\{0}.
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Assume that n > 0 and P is an elliptic and self-adjoint pseudo-differential operator of
order n. Also, let us assume that the principal symbol of P is identically positive on 7" M\ {0}.
As a consequence of the spectral Theorem, there is an orthonormal basis {e;} to L3(M) of
eigenvectors of P associated to the eigenvalues (2 ;), such that

oo
P =Y 1E;
j=1

where Ej f = (f.ej)2¢ej. for f € L* (M) andi € N.

Definition 2.2 We say that m € C*°(R) is a symbol of order i € R if we have
dO(

‘—m(k)

()| = Call + 2 @1

forall @ € N.
Consider the operator m(P) : C®°(M) — C*°(M) defined by

m(Pyu =Y "m@j)Eju. 2.2)
j=1

The following result holds true for P and m(P).

Theorem 2.1 Let P : C®°(M) — C°°(M) an elliptic and self-adjoint pseudo-differential
operator of order n € N, as above. Therefore, we have:

(i) The pseudo-differential operator P%, defined by the spectral theorem, is a classi-
cal pseudo-differential operator with order 1 and its principal symbol is given by
1
(p(x,8))n.
(1) If P has order 1, then operator m(P) : C*(M) — C*°(M), defined in (2.2), is a
pseudo-differential operator of order p with principal symbol m(p(x, &)).

Proof The proof can be found in [33, Theorems 3.3.1 and 4.3.1] and, therefore, we will omit
it. O

Let us now apply Theorem 2.1 for the negative Laplace—Beltrami operator, namely
P := —A, with principal symbol p(x,&) = |$|§. Thus, as a consequence of item (i)
in Theorem 2.1, P; = ,/—Ay is a pseudo-differential operator of order 1 with principal sym-
bol p1(x, &) = ||y and Py = A] = (,/—Ag)a, for o € [2, 00), is a pseudo-differential
operator of order o with principal symbol p, (x, &) = |£]7. Note that in the same way we
can define the operators (1 — A g)% as a pseudo-differential operator of order s € R.

Remark 3 Let (M, g) be acompact Riemannian manifold and Py = ,/—A, defined as above.
Given wg € T*M\{0}, w1 € 'y, and 'y, geodesics starting at wy with speed 1, consider U
and V conic neighborhoods of wg and w1, respectively. Thus, if ¢ = c(x, §) is a symbol of
order s — 1, with s € R, supported in U, there exist b, r symbols of order s — 1 such that

1
lf{lé‘lx,b}chrr, (2.3)

with » supported in the conic neighborhood V of w;. From this, we can conclude that for any
symbol b1, since

{EI7, b1} = o |&17 €Lk, 1), 24
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for a given symbol ¢ = c(x, &) of order s € R supported in U, there exists b, a symbol of
order s; — o + 1, and r, a symbol of order 51 and supported in V, such that

1
lf{|§|jf,b1}=c+r. (2.5)

2.2 Cauchy problem for the fractional Schrédinger equation

In this section, the Strichartz estimates for the linear equation are revisited, these estimates
play a crucial role in the whole work. Consider o € [2, c0) and (M, g) a smooth compact
Riemannian manifold without boundary. Here, as mentioned in the introduction, A, is the
Laplace—Beltrami operator associated to the metric g and A‘g = ( /—A g)g. The following
result is borrowed from [5, 14].

Proposition 2.1 (Strichartz estimates) In the conditions above, let I C R be a bounded
interval and (p, q) such that

2 d d
p S [2, OO]: q S [27 OO) (p’ q7d) ;é (2, oo, 2)7 ; + g = E (26)

then, there exists C > 0 such that
PUE . < Cllu . 2.7
l ollra;Lamyy = Clluoll %( ) 2.7

Moreover, if u = u(x, t) is a weak solution of

i8,u+A‘£u:F, on M x I,
u(x,0) =uo(x), xeM,

then,
lullprcr;raomy < C | lluoll 1 +IIF] 1 . (2.8)
HP (M) L'<1;HP(M)>

Remark 4 The previous proposition is borrowed from [14], where it is stated with the norm
o—1
in the right hand side of (2.7) is calculated in H7*~ 7 (M%), with

In our case, since we have chosen % + ;l = %, this leads us to

o—1 d d a+0 1
Ypq — ==t ———
M p 2 ¢ p p p
d d 1
2 q p
2011
p pr p

Therefore, Proposition 2.1 can be seen as a particular case of [14, Theorem 1.2].
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With these Strichartz estimates in hand, we are able to infer that the Cauchy problem

:iﬁ,u+Agu+P’(|u|2)u —h, onM xRy, 29

u(x,0) = ug(x), xXeEM,

is globally well posed on compact Riemannian manifolds without boundary. More precisely,
the result can be read as follows.

Theorem 2.2 Let 0 € [2,00) and (M, g) be a compact smooth manifold of dimension d.
Then given P a polynomial function with degree d°P > 1, satisfying conditions (1.8) and
(1.9), such that

d 1
§>—-—————— s €eR,
2 max{2d°P — 1,2}

for everyuy € HS(M) and h € L}OC(R; H*(M)) there exists T > 0 and a unique solution
u = u(x,t) of (2.9) with the following regularity
u € C([0, T]; H*(M)).
Moreover, ifd < [c]+ 1 and s > % the solution is global in time and
ue LP0,T; L¥(M)),
forevery p < ooandforall T < oo.

Proof Let T > 0 and pick p > max{B — 1, 2}, where 8 = 2d° P, such that s > % — % and
consider

Yr = C((0, T1; H*(M)) N LP([0, T1; W*4(M)), (2.10)

1

where ¢ is given by % + 3 = % ando =5 — 7> g. Consider in Y7 the following norm

lully, = (max (@)l sy + 11— Ag) 2ullLr o, 71,19 (M))-

Observe that Y7 C LP([0, T]; L°°(M)) by Sobolev embeddings. Due to the Duhamel
formula, we have to prove that the operator

Ao o o
Ow)(1) = & Msug — i / TR — P (uPul(v)dr,
0
has a fixed point. In fact, by using Strichartz estimates given in (2.8), we get that

T

Ie@ly, =C (IIuolle(M) +/0 () — P/(|u|2)u(f)||HS(M)df)

T
—1
<C <||140||H*‘(M) + ||h||Ll([0,T];HJ(M)) +/(; (I+ ||M||/zoc(M))||M(T)||HX(M)dT>

-1
< € (ol oy + 11l 1 go. 7 s vy + T7 L+ Nl Dl e o, 7 5y )
2.11)

where y =1 — %. Similarly, for every u, v € Yr,

-1 —1
@) — @Wly, <CT"(1+ ||u||€T + IIUIIIﬁ/T Mu —vlly;. (2.12)
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To conclude, consider ® defined in a closed ball
Bgr ={u € Yr; |lully, < R},

with R, T > 0 small enough. Thanks to (2.11) and (2.12), ® is a contraction and, thus,
has a unique fixed point, i.e., (2.9) has a local solution defined in a maximal interval [0, T'].
Arguing as in (2.12),if r > ,up € H (M) and h € LIIUL,(O, T; H"(M)), we get that

D) — @O Lo, 7: 5wy < CTY (1+ llullyy) lullzoc©,7: Hr (v
which ensures that (2.9) has a local solution u € L*°(0, T; H"(M)).

Next, let us prove thatif s > %, u = u(x, ) solution of (2.9) is global in time. To see this,
we consider the energy functional E(¢) defined by (1.10). Thus, for every 7 > 0, observe
that

T - o T
E(T) < E(0) +/ / |Ag7u||Ag7h|dxdt —|—/ / |P’(|u|2)u||h|dxdt.
0 JMm 0 JMm

Let us to bound the last integral. Denoting o where B/ = 2d° P and =1,

we estimate the last integral as follows

T T o%
[ [ euimiasa < [ [ 1o ino o
§C/ [ [ i ax i, i

T
2
sc [ e [ ] mon,g o

E(T) = E(0)+C/ A+ E@)[r@

—ﬂ/ 1°

Thus, we get the following

HZ(M)

An application of Gronwall inequality give us that E(¢) is uniformly bounded, hence u =
u(x,t), solution of (2.9), is global in time. Moreover, since u € Y7, for every T > 0, we
have that u € ﬂ,Koo lac(R L>®(M)).

To finish our proof, it remains to show that the solution is unique in C([0, T']; H®(M)),

for s > % Consider 1 and v solutions of (2.9). Therefore, we have that u — v satisfies

{ia,(u — V) AT =) = PPy = P(uPyu, (e € MXIO.TL oo

(u—v)(0) =0, xeM.
By the hypothesis over d, that is, d < [o] + 1, we have that H? (M) — L1(M) for every
q €[2,00),ifd = o and H%(M) — L®°(M), if d < [o]. From (2.13) follows that
T
e = vl oo, 7 L2000 = C/ f |P'(ulPyu — P'((oP)v] lu — vldt
0 JMm
< Clu, VTu = vl po,7:02(M))>

where C(u,v) > 0 denotes a constant depending on u and v. Hence, for T’ > 0 small
enough, we conclude that u = v on ]0, T/[ x M, iterating this result we get that u = v on
10, T[xM. O
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Remarks 1 The following remarks are now in order.

i. Observe that, by using estimate (2.11) with 7 < 1 small, if the constant C is big enough
yields that

ey, < € (huoll s can + Wl s, rasqary + lully, ) -

Therefore, if [luollmsary + Al L1, 7: 1s(m)) 1 small enough, we can conclude, by a
boot-strap argument, that

lully; < Cluwollasy + 1RlL1 0. 7: 15 (M)

ii. From the proof of Theorem 2.2 we can conclude that the solutionu € C(Ry; H 3 (M)) of
(2.9)is such thatu € L?(0, T; L (M)), forall T > 0. Hence, we have that P’ (|u|*)u €
L? O, T; H 3 (M)),forall T > 0 and arguing asin (2.11) we have, it h = 0, the following
estimate

2
1P ue)u] < o) (I, + 3.

L20,T:HZ (M))
forall T > 0.

2.3 Well-posedness for the full system

Finally, to finish this section, let us prove a result that ensure the existence of solutions for
the nonlinear fractional Schrodinger equation with damping term, that is, changing % by
a(x)(1 — Ag)”2a(x)o,u in the system (2.9), the result is the following one.

Theorem 2.3 Let o € [2, 00) and (M, g) be a compact Riemannian manifold of dimension
d < [0]+ 1. Then given P’ a polynomial function satisfying conditions (1.8), (1.9), ug €
HZ (M) and a = a(x) € C®(M) a non-negative real valued function, then there exists an
unique u € C(Ry; H? (M)) solution of the system

iou + Agu + P'(luPhu —a(x)(1 — Ag)f%a(x)atu =0, on M xR,

(2.14)
u(x,0) = up(x), xeM.

Proof We claim that:

The operator Jv = (1 —ia(x)(1 — Ag)_%a(x))v is a pseudo-differential operator of
order O which defines an isomorphism on H* (M), for s € R, and also on L? (M).

Indeed, note that we can write J as J = I + Jj, where J is an anti-self-adjoint operator
in LZ(M) (we refer the reader to the Sect. 2 for an introduction of such kind of operators),
thus J is an isomorphism in L2(M) and, due to the ellipticity, in H(M), for s > 0. Note
that J is an isomorphism for every s € R, by duality.

With this information in hand, system (2.14) can be written as follows

v —iAZv — Rov — i P'(lu|>)u =0, on Mx]0, T,

v=Ju, on Mx]0,T[,
v(0)=v0=JuoeH%(M), on M,
where Ry = —i Ag +1i Ag J 1 is a pseudo-differential operator of order 0. Observe that, by
the Duhamel formula, as in the previous proof, the functional
N r. o
D (v)(1) = e vy +/ S TON Ry + i P/ (Ju|P)u)(t)dT (2.15)
0
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has a fixed point, considering & defined in a suitable ball of the space Yr defined in (2.10),
with s = 5, which provides the local existence. Considering the functional E(t) defined in
(1.10) we have that

E(t) < E0),Vt €[0,T],

which guarantees that this solution is global in time. The uniqueness can be proved as in
Theorem 2.2, and the proof is complete. O

3 Propagation of singularities and unique continuation property
3.1 Propagation of regularity

We begin this section by proving a result of propagation of regularity for solutions to the
linear fractional Schrodinger equation, which were used throughout the paper. The main
ingredient is basic pseudo-differential analysis.

Proposition 3.1 Let u € C([0, T1; HZ (M)) be a solution of
iu+ Agu = f,

with f € L? (10, T[; H3 (M)) and consider w C M an open set satisfying assumption (A).

loc

Ifu e L*(10, T[; H%ﬂ)(a)))for some p < % then
ue L2(0, T[; HT™ (M)).
In particular, ifu € C*°(10, T[Xw), then u € C*°(]0, T[xM).

Proof Observe that for every wy = (x9, &) € T*M\{0}, with xo € w, we can consider
¢ (x, Dy) a zero order pseudo-differential operator elliptic at g and, such that,

¢(x, Doyu e L7, (0, T; H3 P (M)).

The result will be proved by using elliptic regularity and assumption (A), showing that for
every w1 € I'yy, 'y, a geodesics of M starting at wp and traveling with speed 1, one has
that there exists ¥ (x, Dy) a pseudo-differential operator of order 0, elliptic at w, such that
¥ (x, Du € L2 (0, T; HZTP(M)).

First, consider B(x, D,) atangential pseudo-differential operator on M of order 2s — (o —
1), where s = % + pand ¢ € C°(J0, T]. Then, A(t, x, Dy) = ¢B(x, Dy) is a tangential
pseudo-differential operator of order 2s — (¢ — 1). Now, regularize u by introducing the

sequence
=\1 ! A N
up=\1-— - u
n n g

and denote L = i0; + Ag , thus we have

(Lup, AMn)LZ(o,T;LZ(M)) — (Auy, Lun)LZ(o,T;LZ(M)) = ([A, Ag]una Mn)L2(0,T;L2(M))
—i(go’Bun, un)Lz(O,T;L2(M))’
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which leads to
([A, Ag]un, un)LZ(O,T;LZ(M)) = (Lbln, Au”)Lz(O,T;Lz(M)) — (Au,,, Lun)L2(07T;L2(M))

+i (9 Bitn, un) 120.7:12(01)-
3.1

We need to bound the terms that appears in (3.1), which will give us that

T
([A, Ag]un, Mn)LZ(o,T;LZ(M)) = / ) ([B, Ag]Mm u,,)Lz(M)dt (3.2)
0

is uniformly bounded with respect to n € N. Indeed, to estimate (3.1) we observe that

[(Lun, Aup)| < || Luyl| ek | Aun | 1
L! <0,T;H 2(M)> L°°<0,T;H 2(M)>

< CllunliLoc©,7; 5y I Lunll 10,7 57 (M)
wherer =s — o — % and we have used that
A L®0,T; H O3 (M) — L¥(0, T; H- 3 (M),

is a continuous linear operator and p < o + % The other terms in (3.1) can be analogously
estimated, then we will omit the details.

Now, take w1 € I'y,;, U and V two small conic neighborhoods of @1 and wy, respectively.
As observed in Remark 3, for every symbol ¢ = c(x, &) of order s and supported in U there
exists a symbol b(x, &) of order 2s — o + 1 and a symbol r(x, &) of order 2s supported in V
such that

1
—{Ig17, b} = le(x, &) + r(x, £).

If we choose c elliptic in w; then we conclude that
! 2
| et Do) e < .

Lastly, defining ¥ (x, Dy) = (1 — Ag)_%c(x, D,) we get the desired result.

If u € C*®(0,T) x w) we can repeat the same reasoning to prove that u €
L2(0, T; HZ 2 (M)) and then to prove that u € L?(0, T; H 3137 (M)) and, iterating this
process, conclude that u € C*°((0, T) x M). O

3.2 Unique continuation property

We come now to prove that the solutions of the fractional Schrodinger equation when start
smooth in a sub-domain w of M keep smooth in M, the result is read as follows.

Corollary 3.1 Assume that o C M is an open set satisfying assumption (A). Consider u €
C(0, T[; Hz(M)) solution of

i+ AJu+ P'(ju)u =0, on Mx]0, T,

(3.3)
u(x,0) =ug(x), xEeEM,

such that u € L*(0, T; H%er(a))), for some p > 0. Then, u € C(]0, T[; H%ﬂ’(M)). In
particular, ifu € C*°(0, T[xw), thenu € C*(10, T[xM).
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Proof The result holds if we show that
well (0,T; H3P(M)).

Indeed, choosing 79 €]0, T[ such that u(-, tp) € H F+p (M) and solving (3.3) with this initial
data, by uniqueness of solution, we have thatu € C([0, T]; H T+p (M)). As observed on the
item ii. of the Remark 1, P’'(|u|®)u € L0, T; H? (M)). Now, we are in the conditions of
the Proposition 3.1, then we conclude that u € lea .0, T H 5+p (M)) as desired, and thus,
the proof of the corollary is complete. O

We finish this section with a unique continuation property for the fractional Schrédinger
equation.

Corollary 3.2 Let w C M be an open set satisfying assumptions (A) and (B). Consider
ueC(0,T]; H (M)
solution of
i+ AJu + P'(jul*)u =0 (3.4)
such that o,u = 0on |0, T[Xw, thenu = 00on |0, T[x M.
Proof Observe that u satisfies the equation
AJu+ P'(jul)u =0, on]0, T[xow.

Since Ag is an elliptic pseudo-differential operator we have u € C*°(]0, T[xw). Hence, by
using Proposition 3.1, follows that u € C®°(]0, T[x M). Thus, taking the time derivative of
(3.4) and defining v := 9,u, we see that v satisfies the following system

100+ Agv +bi(t,x)v+by(t,x)v=0, (x,t) e Mx]0,TI,
v=0, (x,t) € wx]0, T[,

with by, by € C*(]0, T[x M). Therefore, by assumption (B), we get v = du = 0 on
10, T[x M. We conclude the proof multiplying equation (3.4) by u and integrating over M,
then

/ |Ag ul*dx +/ P'(|lu?)|u?dx = 0,
M M

which yields u = 0, thanks to (1.9). This finishes the proof of Corollary 3.2. O

3.3 Propagation of compactness

The final part of this section is related to show how the result of propagation of compactness
can be obtained from the construction of suitable microlocal defect measures. It is important
to point out that the construction of the tangential microlocal defect measure is classical, in
this way we infer from the reader the article [16] for an interesting overview of this topic.

In what follows, let T > 0 and consider {u,} := {u,},en be a sequence in C([0, T];
HZ (M)) such that

sup llun®OIl 5., <C, (3.5)
ey HZ M)

sup Nun(Dllz2¢pr) = 0 (3.6)
t€[0,T]
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and

T
2
/0 ||Lun(t)||H%(M)dt — 0. 3.7

Here, the operator L is defined by L = i9; + Ag, with Ag defined as before. Thus, we are
able to present our first result of propagation of compactness.

Proposition 3.2 Let {u,,} be a sequence satisfying (3.5)—(3.7), and assume that
uy — 0in L*([0, T]; H? (w)),

with w C M an open set satisfying assumption (A). Then, there exists a subsequence of {u,},
still denoted by the same index, such that

un — 0 strongly in L0, T; H3 (M)).

Proof First, denote {v, },en = {v,} = {(1 — Ag)%un}neN. Thus, conditions (3.5)—(3.7) can
be rewritten as

sup vl 2y = Cs (3.8)
t€(0,T]
Sp 100015y, = O (3.9)
and
r 2
/0 L (D135, dt = 0. (3.10)
Since

u, — 0in LZ(O, T; H%(a))),
we have that
vy — 0in L%(0, T; L*(w)).

Therefore, the result will be proved if we show that we can extract a subsequence of {vy},
still denoted by the same index, such that

v, — 0in L®(0, T; L*(M)).

To prove it, we split the proof into 3 steps. First, let us construct the microlocal defect
measures.
Step 1. Construction of the microlocal defect measure

Under the assumptions (3.8) and (3.9), by using the ideas contained in [16], there exists
a tangential radon measure © = u (¢, x, &) such that

(A, %, Da)Vns v 1200, x0) = a(t, x, O)du(t, x, &), (.11
[0,TTxS*M

for all zero-order tangential pseudo-differential operator A = A(t, x, Dy).
In the second step, we will prove that the microlocal defect measure describes precisely
the information carried along the geodesics of M.
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Step 2. Propagation along the geodesics
Consider ¢ € C§°(10, T[) and B(x, D) a pseudo-differential operator of order 1 — o
with principal symbol b1_, . Define,

A(t,x, Dy) = ¢B(x, Dy)
and for € > 0,
Ac := @B = Ae P,
Moreover, denote
oy = (Lvy, AZv,)12 — (Aevp, Lvy) 2.
Note that,

}(LvnaA:Un)‘ < ||Lv,,||L2L2||A:v,,||L2Lz

< CllLvallz22lvnllz2gi-e — 0.
Analogously, we have that

[(Aevy, Lvy)| — 0,

and so
supa,, — 0.
>0
On the other hand,
oy = ([Ae, AGlvp, V)2 — i((3Ae) v, Vn) 2
Note that,

(3 A)vns vn) 2] < 113 Ae)vnll
= Cllunll

12H% ”U"”LZH’%
s — 0.

Lsz%Jrl ”Un ||L2H )
Therefore, this yields that

sup |((81Ae)vm Un)LZ} — 0.

e>0

So, first taking € — 0 and, after, n — oo, we get that
(@[B, Aglvn, va)2 — 0

which means that,
/ e@{b1-o,£17}d = 0. (3.12)
[0,T]1xS*M

Claim. If G denotes the geodesic flow on S*M = {(x, n) eT*M, |77|)zc = 1}, condition
(3.12) implies that  is invariant under the geodesic flow of S*M, or equivalently,

Gs(n) = . (3.13)

Indeed, first note that,

1. 1617 = (3 ) 1o E12).
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on S*M. Hence, by using (3.12), we conclude that,
/ ¢O{b1-o. [§11)dn = 0. (3.14)
[0,T]xS*M

Denote H\EI% as the Hamiltonian flow associated with p(x, &) = |£ |)2( and
D, : (x0,&0) > (x5,&), s eR,
the integral curves of H| £P2- Thus, we have that

d

= 00 (01— 0 @i = P lb1_s, €Ny = 0.
§ JI0,T1xS*M

[0, T]xS*M

This identity precisely expresses property (3.13) which guarantees that the claim holds.
Finally, on the third step, we prove the convergence of {v,, }, which implies the convergence
of {u,} in all manifolds M, showing thus Proposition 3.2.
Step 3. Convergence in L>°(0, T'; L>(M))
From (3.11), for all f € C°°(M), we have that

(fn, va) L2071 M) = fxdpu.
0,71 $*M

Then,
v, — 0 strongly in LIZOC(O, T; LZ(M))
if and only if
w=0, onS*M x[0,T].
In particular, by hypothesis of Proposition 3.2, we get

v, >0 on[0,T] xw,

with @ C M an open set satisfying the assumption (A). Therefore, holds that © = 0 on
[0, T] x S*M, hence

vy — 0in L7,.(0, T; L*(M)),
which leads to

uy — 0in L7 (0, T; H? (M)).

We finish the proof by taking 7o € [0, T'] such that u, (-, 7o) — 0 in H%(M) and {u,}
solving the equation

i0iuy + Agun = fu,

with initial data u, (-, ft9) € H %(M ). By uniqueness of solution and the conservation of
energy, we get that

Uy — 0in L0, T5 HZ (M),
which concludes the proof of Proposition 3.2. O

The next result links the microlocal defect measures constructed in Proposition 3.2 with
its analogue for the nonlinear problem.
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Proposition 3.3 Let {u,} be a sequence in C([0, T]; H? (M)) of solutions to
i1ty + AGun + P'(Jun| Py =0, (3.15)
such that u,, (0) is weakly convergent to zero in H 7 (M). Then

O(lun| ity = P'(|un|*)tty — P'(O)uty,

strongly converges to zero in L0, T; H3 (M)).

Proof Observe that as P’ is a polynomial function we can estimate the norm of Q(|u;, 1%)u
in L2(0,T; H2 (M)) by the terms of the form

Ii= /0 un AN )P, dr, ke N, (3.16)

Since the norm of u,, is uniformly bounded in H 3 (M), by conservation of energy, we get
that

T
L= [l oiar (3.17)
0

To bound the right hand side of (3.17), note that if (p, ¢) satisfies (2.6) and co > p > 2k
we can geto’ € ]%, 00 [ Thus, by using Sobolev embeddings and interpolation, yields that

@z < Cllun@lyaryg < Cllun @17 len Ol

witha = s — % > % (see also (2.10)) and some 6 € [0, 1]. Since 2k6 < p, by using Holder’s
inequality, we get that

T 8 &
/ i ()12 dt<</ ||un(t)||ith>
0 0

T ?
(/O IIun(t)lli’Va.qdz) . (3.18)
with 8,8 > 0.

Observe that the second term of (3.18) is uniformly bounded in n € Nin view of Remark 1
item ii. On the other hand, the first term goes to zero, as n — 00, since we can estimate
the norm of u,(¢) in L9(M) in terms of its norm in L?(M) and H%(M). Observe that,
additionally, the norm of u,(¢) is uniformly bounded by the energy estimate. Moreover, by
the conservation of the mass, ||u,, M) lz2 = lluy(0)|| 72, where u, (0) — 0 strongly in L2(M),
since u, (0) — 0 weakly in H 3 (M), which is compactly embedded in L3(M) by the Rellich
Theorem. Summarizing, we have that

O(lun)un — 0, ask — oo,

strongly in L2(O, T; HY (M)).
This completes the proof, so Proposition 3.3 is achieved. O

Remark 5 We remark that, in terms of microlocal defect measures, Proposition 3.3 asserts

that the measure associated with the nonlinear problem and the one associated with the linear
problem are equals.
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4 Stabilization for the fractional Schrodinger equation

The main goal of this section is to prove Theorem 1.1. First, observe that solution u €
CR4; H 2 (M)) of (1.11) obtained in Theorem 2.3 satisfies the semigroup property. Thus,
in view of the energy identity (1.13), Theorem 1.1 is a consequence of the following observ-
ability inequality.

Proposition 4.1 Under assumptions of Theorem 1.1, for every T > O there exists a constant
C > 0 such that the inequality

T
E) = C/o - Ag)ija(x)atu(t)”iz(M)dt 4.1

holds for every solution u = u(x,t) of the damped system (2.14) with the initial data ug
satisfying

<
0]l 5 4y, = Ro.

for some Ry > 0.

Proof We argue by contradiction. Suppose that (4.1) is not true, then there exists a sequence
{un} := {un}nen of solutions to (2.14) such that

lua Ol 5., < Ro (4.2)
and
T (o4 2 1
/0 (1 = Ag)™ 2a(x)dun ()l dt < ;En(0)~ 4.3)

Denote «;, = (E,(0)) 3 , . Thanks to (4.2), we have that («,,) is bounded, thus, we can extract
a subsequence, which we shall not relabel, such that

oy, —> a.

We split the analysis into two cases: « > 0 and o = 0.
First case: o, —> a > 0.

By using the fact that the energy decreases, we have that (u,) is bounded in
L0, T; HZ(M)). Additionally,

Dty = I (iAgun n iP’(|un|2un)> ,

where J is defined in Theorem 2.3, hence {u,,} is bounded in C' ([0, T']; D'(M)). Therefore,
we find a subsequence of {u, }, still denoted by the same index, such that, forevery ¢ € [0, T],
un (1)—u(t),

for some u € Cy, ([0, T]; H3 (M)). Taking into account (4.3) and passing to the limit in the
system (2.14) we get that u satisfies

{ia,u+Agu+ P (Jul> )u =0, onMx]0, T, @.4)

oru =0, onwx]0, T[.
Moreover, by using Remark 1 item ii., if u € L0, T; H%(M)) is a solution of (4.4)

then u € LP(0,T; L°°(M)), for every p < oo, and the nonlinear term P/(|u|2)u lies in
L2(0,T: H2 (M)).
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By Duhamel formula and the uniqueness of the Cauchy problem for the fractional
Schrodinger equation we conclude that u € C([0,T]; H %(M )). Note that, taking into
account assumption () and Theorem 3.2, the unique solution of (4.4) is the trivial one
u = 0. Hence, {u,} weakly converges to 0. A consequence of this convergence is that

Qun*ytw = P'(lutn |t — P' Oty —> 0,
strongly in L2(0, T; H 2 (M)). On the other hand, by the contradiction hypothesis,
a()(1 — Ag)~Za(x)du, —> 0,
strongly in L2(0, T; H 7(M)). Summarizing, we get

sup Nun(Dllz2y — 0,

1€[0,7]
sup llu, Dl 2., <C
1€[0,T] H 2 (M)

and
i0iuy, + Agu,, + P'(0)u, — 0,

with the last convergence in L? 0, T, H 5 (M)). Therefore, we are in the conditions of Propo-
sition 3.2 and, then we can conclude that

u, — 0,

in L°°(0, T; H% (M)), which is a contradiction with the hypothesis @ > 0.
Second case: a, —> o = 0.

Set {vp}nen = {vp} = {Z—Z] The new function satisfies
i0;v, + Agvn + P’(lanvn|2)vn —a(x)(1— Ag)%a(x)atvn =0, onMx]0,T[ (4.5)

and the estimate

1

T
|10 = a0 Fatmun e < (46)

while ||v, (0)||H%(M) ~ 1. Note that {v,} is bounded in L*°(0, T}; H%(M)) and, by (4.5),

we have {v,} bounded in C!([0, T']; D'(M)). Hence, it admits a subsequence, still denoted
by {v,}, such that, for every ¢ € [0, T],

v (1) —v(1),

for some v € C,, ([0, T1; H2 (M)).
Next, applying an estimate like presented in Remark 1 item ii. to (4.5), we get

loally, < €L+ flvally,).

where ;1 = 2d° P’ and B = 2d° P — 1. Observe that ||v, ||y, depends continuously on 7" and
is bounded for 7' = 0. To conclude the proof we need to apply a boot-strap argument. Note
that F(t) := |lv.|ly, (fixing n € N) satisfies

F(t) < C(1+ " F@)P).
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Now, we are in the condition of [2, Lemma 2.2], since Ca;;, — 0 and F(0) = ”UO"”H%(M)

is uniformly bounded with respect to n € N, or equivalently,

F(0) = [lvoall <C,VneN.

HE ) =

Thus, taking n > ng, for some ng large enough, we get that

F(0) < 1” )
ﬂanﬂ_l

which yields
lonlly, = C,
that is, ||v, ||y, is uniformly bounded in n € N and, therefore by Proposition 3.3,
O (lety vnl*yvn —> 0in LX(10, T1; H (M).
Then, v satisfies

i0v+ AJv + P’(0)v =0, onMx]0,TJ,
ov =0, onwx]0, TI.

Thanks to the uniqueness of the Cauchy problem for the linear fractional Schrodinger equa-
tion, we have thatv € C([0, T]; H 7 (M)), and so, v = 0 by unique continuation property.
Finally, at this point, we can argue as in the first case: Applying Proposition 3.2 we have
that v, — Ostronglyin C([0, T]; H 3 (M)), which is a contradiction since ||vg, || "% an ~ 1,
thus achieving the proof. O

5 Exact controllability for the fractional Schrédinger equation

In this section we prove the exact controllability atlevel H* (M), withs > %, for the nonlinear
fractional Schrodinger equation, namely
{ia,u+A§u+P’(|u|2)u:h, on Mx]0, TI, 5.0)

u(x,0) = up(x), xeM.

To achieve that issue, we use the classical duality approach [15, 26], which reduces the

controllability problem associated to system (5.1) to prove an observability inequality by

using the so-called “Compactness-Uniqueness Argument” due to Lions [26] for solutions of

the following linear system

{ia,u+Agu =h, on Mx]0,Tl, 52)
u(x,0) =uog(x), xeM.

Finally, with the linear control problem in hand, the idea is to consider the control operator

associated to the nonlinear problem as a perturbation of the control operator associated to
the linear one.
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5.1 Controllability for the linear fractional Schrédinger equation

The goal here is to prove the controllability for the following linear system,

(5.3)

idu+ AJu=h, onMx]0,TI,
u(x,0) =up(x), xeM.

Note that to show the results of this subsection we only need the set @ C M, where the
control is effective, satisfying the assumption (.A). Itis important to note that the compactness-
uniqueness argument reduces the problem to prove a unique continuation property (UCP)
for solutions of (5.3), however, (UCP) required in this case is derived from the properties of
second order elliptic operators due to Hormander [18].

We are now in a position to prove the observability inequality associated to (5.3). The
result can be read as follows.

Proposition 5.1 Let w C M be an open set satisfying the assumption (A) and a € C*®°(M)
a real valued function such that a = 1 on w. Then, for every T > 0, there exists a constant
C = C(T) > 0 such that, for every solution of system (5.3), with s > %, h = 0 and initial
data u(0) = ug € H*(M), we have the following inequality

T
ol upy < € /0 G — (5.4)

Proof We split the proof into three steps, first we will prove an auxiliary inequality.
Step 1. We start by proving the following estimate

T
ol uy < C ( /O law ()13 ppydt + 111 = Ag)‘f‘wmﬁ,_w)) SNGR)

for s > 5 and u solution of (5.3).

We argue by contradiction, suppose that (5.5) does not occur. Then, there exists a sequence
{u"} := {u"},en of solution of (5.3) satisfying

gl s ary = 1, (5.6)
for all n € N. Additionally, we have, when n — oo, that
au™ — 0 in L2(0, T; H 5 (M)) 5.7
and
(1= A ™2 %l -y = 0. (5.8)

Note that u” is bounded in L*(0,T; H™*(M)). By using the first equation of
(5.3), with h = 0, we have 0" = —Agu" and, consequently, d;u" is bounded in
L0, T; H7°(M)). So, we may extract a subsequence (still denoted {u"}) such that,
forevery t € [0, T],

u" (t)—u(t) weakly in H™* (M),

for some u € L*°(0, T; H~*(M)). Thanks to (5.8) the sequence of initial data converges to
0, so we can conclude, by passing the limit on (5.3), that u = 0.
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Now, let us introduce w,, := (1 — Ag)’%’%u”, n € N, so {w,} satisfies the equation (5.3)
and w,, (¢) converges weakly to 0 in H b2 (M), hence strongly to zero in L%*(M), for every
t € [0, T]. Note that by definition of {w,}, we have the following

aw, = a(l — Ag)_%_%u"
= (1—Ap) 2 T (@) +[a, (1 — Ap) 27 5](1 — Ag) 2 T w,
=L+ D.
By using (5.7) and that (1 — A g)-%-% is a continuous linear operator, it follows that
I — 0 in L0, T; H3(M)).

On the other hand, since [a, (1 — A g)_%_%](l —Ay) 3t7 isa pseudo-differential operator
of order —1, we have that

L — 0 in L*0,T; HZ(M)).
These convergences yields that
w, — 0 in L0, T; H? (w)).

Therefore, thanks to Proposition 3.2, we get w, — 0in L*°(0, T; H 3 (M)), which means
that 4" — 0in L*°(0, T; H™*(M)), a contradiction with [lu" (0)|| g-s(ary = 1. Thus, (5.5)
holds.

Step 2. Consider

N(T)={upe H*(M) :au =0o0n 0, T[x M}.

We claim that V'(T') = {0}.

Indeed, first we note that assumption (A) and Proposition 3.1 ensures that A (T) C
C°°(M) and u vanishes on w. Since the Laplace operator commutes with the linear equation
(5.3), with h= 0, we have

10 (Agu) + Ag(Agu) =0
and
Agu(0) = Aguyg,

from which we can conclude that A, (NV(T)) C A (T). On the other hand, by (5.5) we have
that

2 _s_o o
”uOHH*S(M) =Cld - Ag) 2 4M0||H—.V(M),

which means that N'(T) is finite dimensional subspace. Then if A/ (T) # {0} there would
exist zg € C and ug € N(T) such that

Agug +zoup =0 on .

Therefore, by unique continuation theorem for second order elliptic operators (see [18, The-
orem 17.2.6]), we conclude ug = 0 on M, a contradiction. Thus, N/ (T) = {0}.
Step 3. The last step is to remove the second term on the right hand side of (5.5), that is to
show (5.4).

In fact, let us again argue by contradiction. Suppose that (5.4) does not hold, thus there
exists a sequence {ug} = {ug}nen such that

lug z-sar) = 1 (5.9)
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and
! 2
/0 latn ()< aydt = 0. (5.10)
Since (1 — A g)_%_% is a compact operator on H —* (M) we may extract a subsequence, still
denoted by the same index, such that
(1= A) 275Ul > (1 = Ap) "2 Fug in H(M), (5.11)

for some ug € H*(M). Consider u solution of (5.3) with initial data ug. By using (5.10)
we get that

T
| a1 e =0,

that is, au = 0 on 10, T[x M. Therefore, it follows that ug € N (T) = {0}.
Finally, by Step 1, we have

s_ o

T
g 175 ary < /0 lawn (O 4yt + CINA = AD T3 Tuflly sy (5:12)

This inequality combined with (5.11) give us that
2
L= ug s p = O.

which is a contradiction. Therefore, Proposition 5.1 is proved. O

Let us now give a first answer for the controllability problem for the linear problem
proposed in this article.

Theorem 5.1 Under the assumptions of Proposition 5.1, for every initial data ug € H* (M),
with s > % and every T > 0, there exists a control h € C(Ry; H*(M)), with support in
R4 X w such that the unique solution of (5.3) with

ﬁ =

{h’ fo<t<T (5.13)

0, otherwise
satisfies u(-,t) =0 fort > T.

Proof By a compactness argument, there exists an open set o’ satisfying assumption (A)
such that @ C w. Let us consider ¢ € C°° (M) a real valued function supported in w such
that ¢ = 1 on «’. Consider the systems

; _ 1 .
i0u+ Agu=he L (0,T; H'(M)), (5.14)
u()=20
and
i8,v+Agv=0,‘ (5.15)
v(0) =vg € HS(M).
Multiplying (5.14) by v and integrating by parts, we get that
T
(—iuo, U()> = /0 (l’l, U)LZ(M)dt, (516)

@ Springer



Control for fractional Schrodinger equation

where g = u(0) and (-, -) is the duality between H*(M) and H*(M).
Now consider the following continuous map

r:H*WM)— H*(M),
defined by I'(vg) = —iug, with the choice
h=Av=ax)(—- A ‘alx)v(x,1).

By the duality relation (5.16) and definition of I', we get that
T
(o)) = [ v )12

T
=Aummﬁmw,

where we denoted Bv(t) = (1 — Ag)_%a(x)v(t, x). In this way,

T
W@Mwﬁzﬁ llav @3- gy dt-
Therefore, operator I' is self-adjoint and satisfies

1T o) llasay = Cllvoll s (ary»

by virtue of the observability inequality (5.4). It, therefore, defines an isomorphism from
H™(M) to H*(M), which completes the proof of Theorem 5.1. O

5.2 Controllability for the nonlinear fractional Schrédinger equation

We finish this section showing Theorem 1.2.

Proof of Theorem 1.2 We consider the following two systems

j 0 A9 P'(0)p =0
B4+ 36+ P09 =0, 517
#0)=¢o € H
and
idu + AJu + P'(jul)u = Ag, (5.18)
u(T) =0,
where A¢p ;= a(x)(1 — A)fa(x)¢p, for s > % Define, now, the following operator
L:H (M) — H*(M)
$o0 = Lo = uo,
with ug = u(0).
Claim 1. L is onto a small neighborhood of the origin of H®(M).
Indeed, first split u into 4 = v 4 ¥ where v satisfies
ia,v—l—Agv—l—P/(O)v— Q(lul®)u =0, (5.19)

v(T)=0
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and ¢ satisfies

iy + AV + POy = Ag,
Y (T) = 0.

Note that u, v and ¥ belongs to C ([0, T']; H*(M)) and u(0) = v(0) + ¥(0), that is,

Loy = Kpo + Spo = uo,

(5.20)

where
Ko := v(0).

Dueto S : H (M) — H*(M) be the linear control isomorphism between H ~*(M) and
H* (M) (see Theorem 5.1), we have that Ly = ug is equivalent to ¢pg = —s-! Koo +S Luy.
Let us consider the following operator

B:HS(M)— H*(M)
defined by
Boo = —S""'Keo + S ug.

We get that Lpg = ug if ¢ is a fixed point of B. Therefore, Claim 1 is equivalent to find a
fixed point for the operator B near the origin of H*(M). Let us prove it. To do this,
we may assume 7' < 1. Since S is a continuous linear operator, we have

IBollzr—s oy < C (K ol s ary + ol s (ary)
< C (vl sy + lluoll a5 ay) -

By Strichartz estimates at level H® (M) applied to the system (5.19), it follows that

IBeoll sy = C (/01 1Qul®u() s andt + ||uo||Hs<M)) -
From estimate (2.11) we deduce the following
1805wy = € (Il + luollz=con)) -
On the other hand, taking

ol = a1y < R,
with R < 1 small enough, Remark 1 applied to the system (5.18), ensures that
lully, < C sup [|AQllas)
0<t<1

< Cllgoll g-s -

Therefore,
0<r<1

B
| Bpollg-smy < C ( sup ||A¢||HS(M)) + lluoll &s any

< C (1901 + ol sy ) -
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Choosing ug such that

R
5 < —
llwoll ms )y < Yk

we have

| Boollg-smy < R,

which means that operator B reproduces the ball Bg in H*(M).

It remains to prove that B is a contraction, so, the proof of Claim 1 is achieved proving
the following:
Claim 2. B is a contraction on a small ball Bg of H™*(M).

Indeed, let us consider the systems,

i9;(v1 — v2) + A (v1 — v2) + P'(0)(v1 — v2) = Q(lu1[P)uy — Quz|*ua,
(1 —1)(T) =0
and
P9 (w1 — uz) + Ay — u2) = P'(|luaPyuz — P'(ju1P)ur + A(p") — A(@?),
(1 —u2)(T) = 0.
Hence,
1B(@g) — B@) -5y < Cllwi — v2)O)| 115 )

- _ (5.21)
< C (I, + B2l ) ey =l

On the other hand, a similar estimate applied to u — u yields that

-1 -1
Jar = wally, < € (5" 4l lly™ ) e = wally, + € sup 14@" = 6Dl

<r<1

< C2RPuy —ually, +C sup A" — &) s ar)-
0

<t<l1
Taking R small enough, we get
lur —ually, < C sup JA@" = ¢*)(O)lzsqan- (5.22)

<r<l

Finally, combining (5.21) and (5.22), we conclude that
IB(#g) — B@D sy < CRF™' sup |A@" — ¢ llmsny < CRPTIdG — ¢l -5 an)-

0<r<1

Thus, B is a contraction on a small ball Bg of H™*(M). Therefore, Claim 2 is proved and,
consequently, Claim 1 holds. Thus, the proof of Theorem 1.2 is completed. O

6 Concluding remarks and open problems

This manuscript deals with the nonlinear fractional Schrodinger equation (or generalized
nonlinear Schrodinger equation) with a forcing term & = h(x, t) added to the equation as a
control input, namely

iatu—l—AZu—i-P/(lulz)u =h, onMx]0,TJ,

6.1)
u(x,0) = up(x), xeM,
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where o € [2, 00), M is a compact Riemannian manifold with dimension d < [o] + 1. To
conclude our article, let us discuss some general aspects of this work on the control theory
for the NLS-like equation and its variations on manifolds.

As mentioned at the beginning of the introduction, the well-posedness and controllability
of the NLS on manifolds has been extensively studied in recent years. Given the relevance of
the physical models associated with the generalized Schrodinger equation it would be natural
to consider the same kind of problems for the generalized models.

The pioneer work related with well-posedness for the fractional Schrodinger and fractional
wave equations on compact manifolds without boundary is due to Dinh in [14]. He gave the
first step by establishing Strichartz estimates for this model. Precisely, he showed Strichartz
estimates for the fractional Schrodinger equations on compact Riemannian manifolds without
boundary M endowed with a smooth bounded metric g. In fact, the result extends the well-
known Strichartz estimate for the Schrodinger equation given in [5].

With this nice result in hand, in our work, we establish controllability results for the
solutions of (6.1). The result studied here extends the result presented in [12] in the following
sense. Considering o = 2 we recovered the well known result for NLS proved by Dehman
et al. in [12]. Additionally, our results ensure a more general framework related with the
controllability problem for the NLS-like equations (see, for instance, [9] for a simple case,
o = 4).Insummary, in this manuscript, we are able to prove control results for the generalized
Schrodinger equation on any compact Riemannian manifold of dimension d < [0] 4+ 1 in
which the Strichartz estimates guarantees the uniform well-posedness and the control operator
acts on a region satisfying the Geometric Control Condition.

Even in this general context, there are still open problems to be investigated and this work
opens up numerous possibilities for study, such as:

Problem A: Is it possible to prove similar well-posedness and control results for the fractional
Schrodinger equation (6.1) on manifolds of dimension d > [o] 4 1?

In this case, it is necessary to mention that bilinear Strichartz estimates, similar to the
ones proved in [7], should be proved in order to establish the uniform well-posedness result
and, consequently, to use a variation of the techniques employed in this work to achieve the
answer for this question.

To finish our discussion, we would like to mention facts related with the Geometric Control
Condition (GCC), introduced at the beginning of the work. The exact controllability is known
to be true when geometric control condition is realized for NLS, see for instance, Lebeau
[25], but also for any open set w of T", n € N, see Jaffard [19] and Komornik and Loreti [20].
Additionally, the exact controllability holds also for general manifolds considering (GCC),
see for instance, Laurent [23]. Moreover, in some geometrical settings, as it was shown in
[27], (GCC) is equivalent of the observability property. In what concerns the fractional model,
recently in [39], it was proved that in the bi-dimensional torus T2, with the flat topology,
(GCCQ) is not only sufficient but also necessary to achieve the desirable controllability results
for the fractional Schrodinger equation with o € (1, 2). Thus, taking advantage of the
results presented in this paper together with the result showed in [39], we raise the following
questions concerning the fractional Schrodinger equation:

Problem /3: Are there relation between geometric control condition and the controllability
results for the generalized Schrodinger system? Are there some geometrical settings that
geometric control condition is equivalent to the observability property for the generalized
Schrodinger system?

Precisely, both questions can be summarized in the following issue:
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Problem C: Could one prove control results for the nonlinear fractional Schrédinger equation
only with assumption A?
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