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Abstract

We study the linear Zakharov—Kuznetsov equation with periodic boundary conditions.
Employing some tools from the nonharmonic Fourier series we obtain several internal
observability theorems. Then we prove various exact controllability and rapid uniform
stabilization results by applying a duality principle and a general feedback construc-
tion. The method presented here introduces a new insight into the control of dispersive
equations in two-dimensional cases and may be adapted to more general equations.
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1 Introduction
The Zakharov—Kuznetsov equation
Up + Uy + Uyyy + Uyxyy + ity =0

was originally derived by Zakharov and Kuznetsov [32] in three dimensions to describe
weakly magnetized ion-acoustic waves in a strongly magnetized plasma. The two-
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dimensional equation still has some physical meaning, modeling the behavior of
weakly nonlinear ion-acoustic waves in a plasma comprising cold ions and hot isother-
mal electrons in the presence of a uniform magnetic field (see [25, 26] for the details
and [19] for rigorous mathematical treatment.)

In this paper, we consider the linearized Zakharov—Kuznetsov (ZK) equation

Up + ty + yxx + Uxyy =0 (1.1)

on the two-dimensional torus T x T, where u(x, y, t) denotes a real-valued function of
three real variables x, y and ¢, and T denotes the unit circle. As a higher-dimensional
analog of the Korteweg—de Vries equation it has also been extensively studied and the
body of literature is huge (see below). In the following, we deliver an overview of the
well-posedness and the controllability theory in two dimensions.

1.1 Historical Background

The Zakharov—Kuznetsov equation and its linearized version are special cases of a
broad class of dispersive equations for which the well-posedness theory associated
with the pure initial-value problem posed on the whole plane has been intensively
investigated. In this respect, we can mention the works [7, 13, 20, 24] and the references
therein. As for the periodic case, the authors of the pioneering work [21] proved
that the initial value problem for the Zakharov—Kuznetsov equation is locally well-
posed in the Sobolev spaces H*(T x T) for s > 5/3. Their main tool was a variant
of Strichartz’s estimate. By using a nonlinear Loomis—Whitney type inequality, the
assumption s > 5/3 was weakened to s > 1 in [14]. More recently, it was shown
by Osawa [27] that the two-dimensional Zakharov—Kuznetsov equation is also locally
well-posed in H*(R x T), for9/10 < 5 < 1.

By contrast, the mathematical theory pertaining to the study of controllability prop-
erties is considerably less advanced, especially in what concerns the two-dimensional
linear dispersive-type equations on a periodic setting. To our knowledge, the first result
on the subject was obtained by Rivas and Sun in [29], where the authors studied the
internal controllability of the Kadomtsev—Petviashvili II equation. More precisely, by
applying the Hilbert Uniqueness Method due to Lions [22] and the techniques of semi-
classical and microlocal analysis, they proved the controllability in L>(T x T) from a
vertical strip. Additionally, a negative result for the controllability in L>(T x T) from
a horizontal strip is also shown.

Recently, Pastor and Vielma Leal [28] applied the moment method [30] to establish
the controllability of several two-dimensional linear dispersive equations posed on the
two-dimensional torus in the framework of Sobolev spaces H*(T x T) with s > 0. To
obtain the results, the author assumes that the control has a specific form and acts on
the union of a narrow vertical and a narrow horizontal strip. As an application of the
controllability results, they built an appropriate linear bounded operator to show that
the resulting closed-loop system is exponentially stable with an arbitrary exponential
decay rate. We emphasize that this is a direct consequence of the Hilbert Uniqueness
Method mentioned above and the classical principle: Exact controllability implies
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exponential stabilizability for conservative control systems [23, 31]. Their analysis also
covers the linearized equation (1.1). In this context, it is worth mentioning the work
[4] where Capistrano-Filho et al investigated the nonlinear Kawahara—Kadomtsev—
Petviashvili II equation with a damping mechanism a(x, y)u, acting as a feedback-
damping mechanism, and an anti-damping mechanism, preventing energy decrease.
In addition, Rosier and Mo Chen addressed in [5] the exact controllability of the linear
equation (1.1) on arectangle with a left Dirichlet boundary control by using the flatness
approach.

1.2 Problem Setting

In this paper, we are mainly concerned with the internal observability, controllability,
and rapid stabilization of the linear ZK equation with 27 -periodic boundary condition.
More precisely, given a subset 2 C T x T and a Hilbert space H of initial data, we
study the following questions:

Problem A: Given T > 0, is it possible to recover, at least theoretically, the initial
data up € ‘H from the observation of the solution of the homogeneous system

. (1.2)
u(@ =wug in TxT

{ U+ Uy +uyex +iyyy =0 in T xT xR,

on Q2 x (0, T)?

Here and in the sequel we often consider « as a function of # with values in a space
of functions of (x, y), and we write u(¢) instead of u(-, -, t) for brevity.

Problem B: Given T > 0 and zo, z1 € H, can we find an appropriate control input
v supported on 2 x (0, T') such that the corresponding solution z of the system
Zt+2x+zxxx+nyy=v 1n TXTXR, (] 3)

z2(0)=z0 in TxT '

satisfies the final condition z(7) = z;?

Problem C: Given w > 0 (arbitrarily large), can we construct a feedback law
v = F,z such that the solutions of the resulting closed-loop system (1.3) decays
exponentially to zero at least as fast as the function e=®"?

We emphasize that we are interested in finding “small” observation and control
domains 2. Problem .4 will be answered by employing diverse tools from nonharmonic
analysis and Diophantine approximations, and specific geometric constructions. Based
on the observability results, Problem B will be solved by applying the observation-
control duality theory of Dolecki and Russell [6] in the set-up of Lions [22]. Finally,
Problem C will be solved by applying a variant of the Hilbert Uniqueness Method,
developed in [15].
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1.3 Notation and Main Results

To state our results we introduce some notations. Given any two real numbers r and s,
we define the Hilbert space H"* (T x T) as the completion of the vector space spanned
by the functions

(x, y) — ei(mx-i—ny)

with respect to the Euclidean norm

1/2

Z cm’nei(merny) = Z ((1 + m2)r + (1 +n2)s> |Cm,n|2

m,nezs ros m,nes
Note that L2(T x T) = H*(T x T).

We will also need a special subspace of H™*(T x T), namely the orthogonal
complement of the functions u(x, y) depending only on the variable y. It will be
denoted by H;*(T x T), and we write L2(T x T) instead of H>*(T x T). Finally,
as usual, we will identify the L? spaces occurring in this paper with their duals.

We start by investigating the observability of the homogeneous system (1.2). Our
first result states that the initial data may be uniquely determined by the observation
of the solutions on any fixed vertical segment during an arbitrarily small time interval
(see the figure below). More precisely, we have the following result:

Theorem 1.1 For any fixed xy € T and bounded interval 1 of length |I| > 0, there
exist two constants C1, Cy > 0 such that all solutions of (1.2) with ug € L>(T x T)
satisfy the following estimates:

C 02z, 5/1/1;|u<xo,y,r>|2 dydi = Colluolagy - (1)

We point out that Theorem 1.1 is not valid for horizontal segments instead of vertical
ones, but we have positive results by observing the solutions on at least two horizontal
segments (see the figure below), and by considering special initial data belonging to
L2(T x T).

If we choose initial data that are orthogonal to the set of functions depending only
on x

The result, in this context, is the following one:

Theorem 1.2 We consider the solutions of the equation (1.2). Let N > 2 be an integer,
Yi,..., N € T, and I, ..., In bounded intervals of positive lengths.

(1) If N =2 and (y1 — y2)/m is irrational, then the linear map
uo > (UTx(y)x1y» UTx(y2)x12)
is one-to-one on L)% (T x T).
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@) Ify1,..., yN+1 and w are linearly independent over the field of rational numbers
and they belong to a real algebraic field of degree N +2, then there exists a constant
C1 > 0 such that the solution of (1.1) with every initial value uo € L)zc (T x T)
satisfy the following estimate:

N+1

Ci ”uO”%_IO,—l/N(TXT) =< Z/I A”u(x’y./’t)”z dxdt.
j=1°7%

Remark 1 In case N = 1, Theorem 1.2 (ii) states that if (y; — y2)/7 is a quadratic
irrational number, then

2
Cilluol 301 pmy = Z/I /THu(x,yj,t)Hz dx di
=171

with some constant C; > 0. Our proof will show that a slightly weaker estimate holds
under the much weaker assumption that (y; — y») /7 is an arbitrary irrational algebraic
number: for each real number s > 1 there exists a constant C; > 0 such that

2
¢ ||uo||§,o_,x(mmsz/1 /T”u(x,yj,t)szxdt.
=171

The next observability theorem states that the initial data may also be uniquely
determined by the observation of the solutions on an arbitrarily small disc in T x T
during an arbitrarily small time interval.

Theorem 1.3 For every fixed nonempty open set U C T x T x R, there exist two
constants C1, Cy > 0 such that the solutions of (1.2) withug € L% (T x T) satisfy the
following estimates:

C 012 ) = /U U, v, D2 dx dy di < Co luolZa g -

For a better understanding of the observation regions considered in the previous
theorems, we present three figures below:

Remark 2 Theorems 1.1, 1.2, and 1.3, improve the results obtained in [28] for the sys-
tem (1.1). The improvements are given to the observation regions. Indeed, as remarked
above, the results in [28] were proved by assuming that the controls act on the union
of a narrow vertical and a narrow horizontal strip.

Next, we consider the nonhomogeneous problem (1.3). We will prove the following
exact controllability and rapid stabilization theorems:
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Fig.1 Theorems 1.1, 1.2 and 1.3

Theorem 1.4 Fix xo € T and T > 0 arbitrarily. Given any zg, zr € L%(T x T),
there exists a function v € Lz({xo} x T x (0, T')) such that the solution of the control
problem (1.3) satisfies the final condition

72(T)=zr in TxT.
Theorem 1.5 Fix xo € T and a number w > 0 arbitrarily. There exists a linear map
F,: L*(T x T) — L*({xo} x T)
and a constant C > 0 such that the closed-loop problem

2t + Zx + Txxx +nyy = F(,_)Z ln T X T X (0, +OO),

1.5
2(0)=z9 in TxT, (1)

is well-posed in L*(T x T), and its solutions satisfy the estimate
lz i 2rxmy < C llzoll2(rxT) e,

forall zo € L>(T x T) and t > 0.

Theorem 1.6 Fix a nonempty open set Q@ C T x T and T > 0 arbitrarily. Given
any 20, ZT € (L% (T x T))/, there exists a function v € L2(Q x (0, T)) such that the
solution of the control problem (1.3) satisfies the final condition

z2(T)=zr in TxT.

Theorem 1.7 Fix a nonempty open set @ C T x T and a number w > 0 arbitrarily.
There exists a linear map

F,: (Lﬁ(T « T)>/ S LAQ)
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and a constant C > 0 such that the closed-loop problem (1.5) is well-posed in
/
(L)% (T x ']T)) , and its solutions satisfy the estimate

2Ol 2rxry < C lzoll L2y €'

forall zo € (L2(T x T)) and t > 0.

We finish this subsection by remarking that we could also obtain exact controllabil-
ity and rapid stabilization theorems corresponding to Theorem 1.2, but the appropriate
Hilbert spaces are not Sobolev spaces. The treatment is similar to that of the wave
equation with the Neumann boundary condition as in [22] and [15], respectively.

1.4 Structure of the Article

Our work is composed of nine sections, including the Introduction. In Sect. 2 we briefly
discuss the well-posedness of the homogeneous system (1.3), and the eigenfunction
expansion of its solutions. The special form of its spectrum will play a crucial role in
all subsequent results. In Sect.3 we give a short review of some classical theorems
of Ingham, Beurling, and Kahane. We introduce the notion of a sparse set; this will
simplify our applications to observability. The most important mathematical proofs of
the present paper are given in Sects.4 and 5, where we prove Theorems 1.1, 1.2, and
1.3. Section 6 is devoted to recalling two theorems of the kind

observability <= controllability and observability = rapid stabilizability

in an abstract framework. In particular, we emphasize that the well-posedness of a
linear control system may easily be derived from the observability of the dual system.
Applying the abstract results of Sect. 6, we deduce Theorems 1.4—1.7 from the results
of Sects.4 and 5, in the Sect.7. In our final Sect. 8, we indicate further possible
applications of the methods developed in this manuscript, and we formulate some
related open problems.

2 Well-Posedness and Eigenfunction Expansions

We establish the well-posedness of the homogeneous system (1.2). We have the fol-
lowing result:

Proposition 2.1 Let s € R. Given any initial datum ug € H*(T x T), the problem
(1.2) has a unique solution

ueCR; H (T x T)) N C'R; H* (T x T)).
Furthermore, it is represented by the series

u(x,y, 1) = Z Cpe MOl gy = m® - mn® —m 2.1

m,ne”’
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with suitable complex coefficients ¢y, n, depending on uy.
Moreover; the map us +— uq is an isometric automorphism of L>(T x T) for every
S e R, and

()2 = 47 Y Jemal”

m,ne’.

Proof The proof follows a standard application of linear semigroup theory. The present
problem is even simpler because there is an orthonormal base formed of eigenfunctions
of the underlying operator

A= —(x + try + tayy), u € HP(T x T).

The first part of the theorem readily follows for example by applying [16, Theorem
3.1] for this operator in the Hilbert space H = H*(T x T).
The isometry property is a consequence of Parseval’s formula:

2

”u(S)”iz(TxT) ZfoT Z e e oS | g gy

m,nez
2
i 2
=472 Y |emne S| = ax® 3 femal
m,nez m,nez

forevery S € R.
Finally, each map ug +— ug is onto because if (€m.n) (m.myez2 TUNS OVer EZ(ZZ),
then (cm’ne"w'"»"s)(m,n)ezz also runs over £%(Z?). O

3 A Short Review of Ingham Type Theorems

First, we recall a theorem of Ingham [9] and its strengthened form given by Beurling
[2] and Kahane [12].

Theorem 3.1 Let (Ay)rek be a uniformly separated family of real numbers, i.e., sat-
isfying the following gap condition:

y = inf |Ax — Au| > 0.
m,nekK

k+#n

Then for each bounded interval I of length |I| > 2% there exist two constants Cy, Cy >
0 such that every square summable family (cy)rex of complex numbers satisfies the
following inequalities:

1Y lal* < /

2
dr5022|xk|2. (3.1
keK 1

keK

2 ckelkkt

keK
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Moreover, the conclusion holds (with different constants) under the weaker condi-
tion

| 7] with y(K\ L) := inf L|)Lk—kn|,

v
[ —
y(K\ L) m,nek\
k#n

where L is any finite subset of K.

Example 1 The family (A := k3)rez satisfies the assumptions of the theorem with
y = 1. Furthermore, if L,, = {k € Z |k| < m} for some integer m > 1, then

y(K\ Lp) =3m(m —1)+1
by a simple verification. Since y(K \ L,,) — +o00 as m — 00, the inequalities
(3.1) (with K = Z) hold for bounded intervals of arbitrary positive length.

Theorem 3.1 was extended to higher dimensions by Kahane [12]. We only state
here a special case of his results that will be sufficient for our applications. To do that,
let us introduce some notations.

Definition Consider a set A = {A; k € K} in a normed space.
A is uniformly separated if
y(A) := inf |[Ax — A,ll > 0.
m,nek
k#n

A is sparse if for every ¢ > 0 there exists a finite cover A = AU ---U A, of K
such that

1
T TV

< é&.

Remarks 1 (i) It follows from the definition that both properties are invariant for
similarities, and they are preserved by taking subsets.

(i) The empty set is sparse. The singletons {1} are sparse because y ({A}) = 400
by definition.

(iii) The union of finitely many sparse sets A, ..., A, is still sparse. Indeed, given
& > 0, it suffices to apply the definition to each A ; with &/m instead of ¢ and
then to take the union of all these covers.

(iv) Every finite set is sparse by (ii) and (iii).

(v) A sparse set remains sparse in every other equivalent norm.

Let us give a typical nontrivial example:

Example 2 Theset A = {k3 k e Z} is sparse in R. Indeed, for any fixed ¢ > 0 choose
an integer m > 1/3¢, and consider the finite cover Ay, ..., Ay,+1 of A by the sets

[ 2m). {6 k=]
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and the singletons {j3} for j = —m +1,...,m — 1. The first set has a uniform gap
> 3m? because if k| > k» > m, then

ki — k3 > (ko + 1)° — k3 = 3k3 + 3ky + 1 > 3m>.

The second set is a reflection of A, hence it has the same uniform gap. Since the
singletons have infinite uniform gaps, we conclude that

Al 1 1 1 1 2

2 ya S I it e T <

The following theorem shows the importance of sparse sets; is an easy corollary
of a more general theorem of Kahane [12] (see also [1] and [16, Theorem 8.1 and
Proposition 8.4] for some improvements).

Theorem 3.2 Let (Mx)kex be a uniformly separated and sparse family of vectors in
RN Then for each nonempty bounded open set G C RN there exist two constants
Ci, Cy > 0 such that

2
dz < Cy Yy Iul,
kek

Y ul* < /

keK G

E cpetes

keK

for every square summable family (xy)rex of complex numbers.

4 Observability on Segments

This section is dedicated to giving the proof of Theorems 1.1 and 1.2. Let us start with
the proof of Theorem 1.1. We will apply Ingham’s inequality infinitely many times, by
ensuring the existence of the same constants for each application. This kind of proof
was first applied in [8].

2

Proof of Theorem 1.1 Fix an integer N > 1 such that o5 < 1. For each fixed n with

[n| > N the sequence
(@mn)mez = (m* +mn® = m)mez,
has a uniform gap > N2 because
(m+ 13+ (m+ Dn®> — (m+ 1) — (m> + mn*> —m) = 3m(m + 1) + n> > n> > N2,
for every m € Z.
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It follows that we may apply Ingham’s theorem for each of these sequences with
common uniform constants C}, C; > 0, depending only on |/|:

2
; Z |Cm,n| _/ Z Cm z(mxo+w,71,nl) dt < Cé Z |Cm,n|2 ’ (4.1)
mez meZ mez
foreach fixedn € Z\ {—N + 1, .. o N — 1}, in the previous inequality we have used
the following trivial equality |cm,nelmx0| = |cm,n‘.

For each of the remaining 2N — 1 values of n, the truncated sequence
(m> + mn? — M) |m|=N+1
also has a uniform gap > N2 because
3m@m + 1) +n% = 3m| - |m + 1| + n® > N2,

whenever [m| > N + 1 and thus |m + 1| > N. Applying the last part of Theorem 3.1,
there exist suitable constants C{ ,, C5 , > 0, depending only on |I|, such that

2
dt < Ch > lemnl”. 42)

mez

E Cm,nei (mxo+wm nt)

mez

C%ﬁ 2:|mer25‘/
I

mez

for each fixedn e {—N+1,...,N — 1}.
Setting

"o / / / "o / / /
C{ :==min{C].C] |_y.....Cl y_y} and Cj:=max{C5.Cy  _y.....Csy_}.

and, adding the equations (4.1) and (4.2), we obtain that

2

Z Cm l(mx0+wm.nt)

mez

dt < 67 ziz‘cmli ,

mez

ot S lenal < [

meZ

for each n € Z. Summing them we obtain the following estimate:

dr <5 Y emal®

m,nez

Z Cm, ’(mx0+wm nt)

mez

et % Jemal =X

m,nez nez

(4.3)
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Since
2
[ oy op avar= [ [ |5 em 3 appetmoron] ay
1JT 1JT nez me7Z
2
—m Y / S el m0tonad| gy
nez 1 meZ

by Parseval’s formula, and

ol pemy = 4% 3 Jemal’

m,nez

by Proposition 2.1, the estimates (1.4) of Theorem 1.1 follow from (4.3) with C| =
CY/2m and C; = CJ/2m. O

Now we turn to the proof of Theorem 1.2. Since we consider only initial data
belonging to L% (T x T), all coefficients cp , vanish in the series representation (2.1)
of the solutions. Since wy, , = wm,—n, we have for any fixed yo € T and for every non-
degenerate bounded open interval / the following identity by a similar computation
as in the preceding proof:

//Iu(x,yo,t)l2 dx dt
1JT

— // Z eimx Zcm’nei(ny()‘i’wm,nt)
1JT

mez* nez

—2m Y / 3 el 0+ 0maD)
1 ,

mezZ* nez

:2712/1

meZ*

2
dxdt

2
dt

2
dt.

'S}
Cm’oelwm,ot + 2 :(cmﬁemyo + Cm,_ne—my0> ol @mnt
n=1

Applying Ingham’s theorem to the last expression as in the proof of Theorem 1.1, we
obtain the equivalence
2)

This shows that the observation on one horizontal segment does not allow us to deter-
mine separately ¢, , and c¢;,, —,, but only a linear combination of them.

//Iu(x,yo,r)|2 dxdt = Z
1JT

meZ*

'S}
2 iny —in
(’Cm,()’ =+ E ‘Cm’ne Yo + cm,—ne Y0
n=1
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If we observe the solution on two horizontal segments on identical or different time
intervals I; and I, then we obtain that

//Iu(x,yl,t)|2 dxdt+//|u(x,y2,t)|2 dx dt 4.4)
I JT L JT

is equivalent to

o0
2
2 . s . , s
Z |cm,o| +Z(‘Cm,ne”’yl + Cp.—ne l”l}’l‘ —i—‘cm,ne”‘” + Cp.—ne iny;
n=1

mez*

)

or to

2in
+ )Cm,ne 2 4+ Cm,—n

2
) . (4.5)

With this in hand, we are now in a position to prove the second main result of this
article.

2 — 2inyq 2
Z |Cm,0| + Z Cm,n€ + Cm,—n
n=1

mez*

Proof of Theorem 1.2 (i) In view of the equivalence between (4.4) and (4.5) it suffices
to show the implications

Cm,neziny1 + Cm,—n = Cm,nezmy2 +cm—n =0= cn = Cm,—n = 0.
This holds if and only if e>"1 % ¢%"2 that is, if (y; — y)/7 is irrational, showing
item (i).

(ii) Let us first assume that N = 1, i.e., we observe the solution on two segments.
Then we have to prove the following estimate with some constant y > 0:

2
|cm,nl

lu(x, yr, 0)|* dx dt+f f luCx, y2, 0)> dx dt > y Rl
[ N Y oy

meZ* ne’z

(4.6)

Since (y; —y»)/m isirrational, e £ ™2 for every positive integer n. Therefore
We may express C, , and ¢, —, by

P 2iny; P 2iny»
amn = Cmne”"™ + ey and by, = e + cp—n-
We obtain the equalities

2iny 2in
Am,n — bm,n bm,ne Y1 — am,.n€ 2
and ¢y, —p =

m,n e2zny| _ eZlnyz eZlny1 _ eZlnyz ’
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and they imply the following estimates:

2 2
|C’”"’|2 + |Cm,—n|2 = 4‘am’n’ + |bm’*”‘

’eZinyl _ eZiny2|2 ’

We may write it in the following equivalent form:

2

. 2 .
‘Cm,nezmy1 + Cm,—n| + ‘Cm,nezmy2 + Cm,—n

|e2in(n=y2) _ 1|2

> f <|cm,n|2 + |Cm,—n|2> .

Thanks to the fact that

‘627{1’9 _ 1‘ > 2)/1 dlSt(eg Z)’

for all real numbers # with some constant y; > 0, this yields

2 2

2iny
‘cm,ne 1 + Cm,—n

2in
+ ‘Cm,ne 2 4 Cm,—n

- (nO1 =) O\’
> 2 (dlst <%Z)) (|cm,n|2 + |cm,_,,|2).

Now we recall, e.g., from [3, Case n = 1 of Theorem IIl on p. 79] that if 6 is a quadratic
irrational algebraic number, then there exists a constant > > 0 such that

dist(n0.7) > 22,
n

for every integer n > 1. Applying this with & = (y; — y2)/m we obtain the following
estimate:

2

2.,2
2 - Vi ;2 <|Cm,n|2 i |Cm,—n}2> .
n

2in
+ ‘Cm,ne 24 Cm,—n

2iny
Cm,n€ s + Cm,—n

Using this inequality the required estimate (4.6) follows from the equivalence of
the expressions (4.4) and (4.5).

Under the weaker assumption that (y; — y»)/7 is an irrational algebraic number,
we may repeat the preceding proof, by using at the end Roth’s theorem (see. e.g., [3,
Theorem I on p. 104]):

dist(n6, Z) > 22,
nA

for every integer n > 1. This yields the theorem mentioned in Remark 1.
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Now let us turn to the case N > 2. Applying the first part of the proof for N = 1
with y; — y; for j =2,..., N + 1 we obtain the inequality

N+1 ) N+1 5 ) )
S [ [ ey 0l dxdr =57 3 (@isnon = 3)/m 20 (el + e, )
j=1"1 j=2

= yf iy {aistn 1 = v/, D)) (Jemnl* + lem-al).

Thanks to our assumptions on yi, ..., yy4+1 we may apply [3, Theorem III on p. 79]
to obtain the inequality

N+1 . _
may {distn(y1 — yj)/m. D)} = yon ™'/,

for all n. Therefore we have

N+1

Z/, fT””(x’yj’f)szxdtnyyzznﬂ/N,
j=1"4

for all integers n > 1, so the proof of item (ii) is achieved, and Theorem 1.2 is proved.
[}

5 Observability on Small Balls

This section deals with the presentation of the proof of Theorem 1.3. In this theorem,
we consider only initial data belonging to L% (TxT):= H,?’O(TI‘ x T). Then the terms
with m = 0 are missing in formula (2.1), so that the solution of (1.2) is given by

u(x,y,t)= Z Cm,nei(mx+ny+wm4,lt)’ Wm,pn = m3 + mn2 —m,
(m,n)€Z* X7

with square summable complex coefficients ¢, .
In view of Theorem 3.2, Theorem 1.3 will be proved if we establish the following
result:

Proposition 5.1 The set
A= {)\m,n = (m,n,m> +mn> —m) € Z> (m,n) € Z* x Z}

is uniformly separated and sparse.

For simplicity, we will consider the usual Euclidean norm of RV : this is not essential
because all other norms are equivalent to this one. We recall from Remark 1 (v) that
a sparse set remains sparse in every other equivalent norm. Then A is obviously
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uniformly separated with y(A) > 1. We now prove that A is sparse. To do that, we
need four lemmas.

Lemma 5.2 A set A in a normed space is sparse if it has the following property: for
every R > 0 there exists a sparse set A such that y(A\ A') > R.

Proof For any fixed ¢ > 0 choose R > 2/¢, and let Ay, ..., A, be a finite cover of
the corresponding sparse set A’ such that

1 n n 1 e
e — < —.
v (A1) y(Am) 2
Then the finitely many sets Ay, ..., A, A’ cover of A, and
1 n N 1 N 1 £ n 1 _
... <-4+ —=<e.
y (A1) y(Am)  y(A\NA) 2 R

The following is a generalization of Example 2:

Lemma 5.3 Consider a set of the form
A = {(gm), fm)) m € Z} CR",

where g : 7. — ZN~Vis an arbitrary function, and f : 7. — 7. is a function satisfying
the limit relation

|mlliinoo(f(m +1) — f(m)) = +oo. 5.1
Then A is sparse. The same conclusion holds if the limit is —oo.
Proof As mentioned before, we consider the Euclidean norm of RY, so that
Cers oo xn) || = max {|xi], ..., [xnl}.
It follows from our assumptions that
mgnjoof(m) = —o0 and mErEOO f(m) = +o0.
Therefore, for any fixed R > 0 we may choose an integer n > 1 such that
f) = f(=n) = R,

fm+1)— f(m) > R forall m < —n, and
fm+1)— f(m) > R forall m > n.
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In particular, f is increasing in the intervals (—oo, —n] and [n, +00). We complete
the proof of the first part by showing that the set

A= {(g(m), f(m)) Im| < n}

satisfies the hypotheses of Lemma 5.2.
Indeed, first of all, A \ A’ is a finite set, hence it is sparse. It remains to show that
if |my| > n, |m>| > n and m| # ms, then

(g(m1), f(m1)) — (g(m2), f(m2))|l = R.

We may assume by symmetry that m| > my, so that m; > my + 1.
We are going to prove the stronger inequality f(m1) — f(mo) > R. It is satisfied
if m1 and m» have different signs, because then

flmy) = f(m2) = f(n) = f(=n) = R.

If m and m, have equal signs, then

flmy) — f(m2) = f(ma+1) — f(mz) = R.

If the limit is —oo is the assumption of the lemma, then — A is sparse by the first
part, and then its reflection A is also sparse. O

Based on Lemmas 5.2, 5.3 and on the fact that a finite union of sparse sets is still
sparse, our strategy for the proof of Proposition 5.1 is the following: for any given
R > 0 we will construct a finite number of sparse sets Ay ¢, g of the type studied in
Lemma 5.3 such that their union A’ satisfies the uniform gap condition y (A\A’) > R.

The construction of the sets Ay ¢,z is inspired by a method developed by Jaffard
[10] for the proof of the interior observability of rectangular plates.

To do that, we will need some preliminary technical results. If

Amn = (m,n, m3 + mn>

_m)
and
Mttt = (m 4K+ £ (m +10% + (n + 01+ 02 = (m+10)

are two distinct elements of

A= {)Lm,n = (m,n,m> +mn> —m) € Z> (m,n) € Z* x Z},

then (k, £) € Z* \ {(0, 0)}, and
)\m+k‘n+ﬁ - )Mm,n =(k, €, Q(k, £, m,n)) (5.2)
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with
Ok, £, m,n) :=k(3m> +n%) + 2mn + k> + €2)m + k(2en + k> + €* — 1).
Lemma 5.4 The polynomial Q(k, £, m, n) satisfies the following relation:

Q(k,z,m,n)=k(3m2+n2)+2zmn+o(m2+n2> as |[(m,n)|| — +oo.

(5.3)
Furthermore, we have
Ok, t,m,n) =ml(2n+1L) if k=0, 5.4)
and
k \\?
3kQ(k, €, m,n) = 3k m+§ + £ n+§
(5.5)

0\ 3k2
—(Ez—3k2)(n+§> +T(k2+z2—4)

in the general case.

Proof The relations (5.3) and (5.4) can be obtained according to the classical procedure
to obtain the canonical form a quadratic form. Note that we may write 3k Q (k, £, m, n)
in the form

Bk +€n +c1)* + c2(n +¢3)* + e,

with suitable constants c1, . . ., c4. An elementary computation allows us to determine
these constants, leading to the identity (5.5). O

In order to estimate the norms A4k n+r — Am.n by (5.2), first we investigate the
sets

Biir = {(m,n) €eZ*x7Z |0k, L,m, n)| < R},

for (k, £) € Z2\ {(0,0)} and R > 0.

Lemma5.5 Let (k, ) € Z>\ {(0,0)} and R > 0.

(i) 1f3»k2 > (2, then the set By o.r is finite.
(ii) If k = 0 and € is even, then By ¢ g is covered by a finite set and the sequence
(m, —%) withm € Z*.
(iii) If k = 0 and £ is odd, then By ¢ g is finite.
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Fig.2 (iv) The region
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(iv) If 0 < 3k? < 2, then Bio.r is covered by a finite set and two sequences
(m1(n), n)pez and (my(n), n),ez satisfying the relations

mjn) =ajn+pB;j+o(l), [n|—+oo, j=12 (5.6)

with suitable constants oj # 0 and B (see Fig. 2 for an example of this case)

It is clear that the four cases of Lemma 5.5 correspond to all the possible situations.

Proof (i) If 3k% > ¢2, then the quadratic form k(3m? + n?) + 2¢mn of (m, n) is
(positive or negative) definite. Then we infer from (5.3) the relation

|Qk, €, m,n)| — +o00 as

|Gm, n)|| — +o0,
so that By ¢, is a finite set.

(ii) If k = 0, then £ # 0 and
Qk,l,m,n) =ml(2n + )
by (5.4). This expression vanishes if £ is even and n = —£/2, so that Z* x {—£/2} C
By ¢, r in this case.
Since m # 0 by our assumption, if (m, n) does not belong to Z* x {—£/2}, then
|Q(k, £, m,n)| > min {|m|, [€(2n + O)|},
and the last expression becomes larger than R when || (m, n)|| — 400 is sufficiently
large. Therefore By ¢ g is covered by Z* x {—£/2} and a finite set.

(iii) We may repeat the proof of (ii). Since now ¢ is odd, Z* x {—¢/2} is disjoint
from By ¢.r C 72, and hence Z* x {—£/2} is not necessary for the covering of By R
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Fig.3 The region \‘§ 10 P4
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(iv) Setting
k 12 12
y =3k m—}—E +¢ n—i—z and x = v £2 —3k?2 n—i—z
for brevity, (5.5) may be written in the form

3k2
3Ok, €.mm) = y* =37+ = (k2+£2—4>.

Using this equality, the condition |Q(k, £, m,n)| < R in the definition of By ¢ r
implies the relation

2 2 3k YY)
‘y —x ‘<3|k|R+T)k + ¢ —4’::C,
or equivalently
—-C <yz—x2 < C.

Observe that |x| — 400 <= |y| — +0o0 in this region (see Fig.3).
Hence either

x| <+/C and |y| <+2C,

or
x| > +/C and Vx2—C <|y| <vVx2+C.
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Observe that the set of these vectors (x, y) shrinks to asymptotes y = 4x of the
corresponding hyperbola because, as |x| — 400,

20
||—|x|‘<\/x2+C—\/x2—C= -0
’y VxZ+C+Vx2-C

We may also write it in the following form:
min {|y — x|, |y +x[} = o(l) as |x] — +oo0.
Returning to the variables m, n, dividing by 3k, and introducing the sequences

VIZ 32 —¢ SO
— |+ =)= m
3k 2) 2 2
—\/£2—3k2—£< +e> k
=1 n —_ =
2’

3k 2

my(n) =

the last relation becomes
min {|m — m1(n)|, |m —mz(n)|} = o(l) as |n| - +o0; (5.7

because the relation |n| — +oo implies |x| — 4-o00. If |n| is sufficiently large, say
|[n| > N, then

min {[m —m1(n)|, |[m —m2(n)|} < X

Observe that at most two integers m may satisfy this inequality: the closest integers
to 771 (n) and 715 (n). Denoting these closest integers by m(n) and my(n) if |n| > N,
and defining m j (n) := mj(n) otherwise, the set

{(m,n) € Brer In| > N}
is covered by the two sequences (m(n), n),ez and (mz(n), n),cz. Furthermore, in

view of (5.7) and the definition of the sequences (frTj (n)) the relations (5.6) are satisfied
with

V2302 — ¢ 0 —k
aj=———2—— and ,3,-:“-’2 L j=12

Note that a; # 0.
To complete the proof it remains to show that the set

{m,n) € Broer In| <N}

is finite. This follows by observing that for any fixed n, by (5.5) at most finitely many
integers m may satisfy the inequality |Q(k, £, m, n)| < R, showing the item (iv). O
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As a consequence of the previous lemma, we have the following:
Corollary 5.6 The sets
Ake.r = {Amn (m,n) € Bror}

are sparse for all (k, €) € Z*\ {(0,0)} and R > 0.

Proof We distinguish the four cases of Lemma 5.5.

) If 3k% > ¢2, then the set By ¢, g is finite, so that Ay ¢ g is finite, too, and hence
it is sparse.

(ii) If k = 0O, then By ¢ r is covered by a finite set and the sequence

V4
(m, ——> , meZ*.
2

Hence it is sufficient to prove that the set

¢ 2
{(m,—i,m3+mT—l> I’I’lEZ}

is sparse. This follows from Lemma 5.3 with N = 3 and f(m) = m> + mTez — 1. The
assumption (5.1) of the lemma is satisfied because

ZZ
f(m+1)—f(m)=3m(m+1)+1+z—>+oo as |m| — +oo.

(iii) As in case (i), By ¢, r is finite, so that A ¢ g is finite, and hence sparse.
(iv) Similarly to the case (ii), it suffices to show that the two sets

S; = {(mj(n),n,mj(n)3 —i—mj(n)n2 —mj(n)) n € Z}, j=12
are sparse. We are going to apply Lemma 5.3, so let us rewrite these sets in the form
Sj={(gjm), fj(n) n e Z}
with
gj(m) = (mj(n),n) and  fi(n) = m;(n)* +m;mn> —m;@n).

Since the following treatment is identical for both values of j, we omit the subscript
Jj for simplicity. By Lemma 5.5 (iv) there exist two constants o # 0 and 8 such that

mn) =an+ B +o(l) as |n| - +oo.
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Using this we obtain the relation (henceforth all relations are understood for |n| —
+00)

f) =mm)> +mmn® —mn) = @ +a)n’ + Ga’p + p)n® + o(n?).
It follows that
fn+1) =@ +a)n’ +3n%) + BB + p)n* + o(n?),
and therefore
fn+1) = f(n) =3 + a)n® + o(n?).

Since 3(a® 4+ ) # 0 by our condition « # 0, the assumption (5.1) of Lemma 5.3 is
satisfied, and we conclude that S and S, are sparse sets. O

Now we are ready to prove the main proposition of this section which ensures that
Theorem 1.3 holds.

Proof of Proposition 5.1 Fix areal number R > 0, and consider the sets Ay ¢, g, where

(k, ) € Z*\{(0,0)}, |k| < Rand |¢| < R. They are sparse by Corollary 5.6, therefore

their union A’ is also sparse. By Lemma 5.2 it remains to show that y (A \ A") > R.
If Atk n+e and Ay, are two distinct elements of A \ A’, then (see (5.2))

|2mskmse = mn| = Ik, €, Q(k, €, m, n))|| = max {|kl, [€],|Q(k, £, m, n)]}.

This obviously yields ||)»m+k,n+g — Am.n || > Rif |k| > R or |[£| > R. Otherwise, we
infer from the definition of A’ that

||)\m+k,n+(i — Am.n ” > |0k, t,m,n)| = R.

This proves the relation y (A \ A’) > R. O

6 A Review on Observation, Control and Stabilization
Consider a linear evolutionary problem
7 =Az+ Bv, z(0) =z, (6.1)
where A is a densely defined, closed linear operator in some Hilbert space H, and
B is a bounded linear operator of another Hilbert space G into D(A*)’. Let us also
consider the dual problem
w =—-A*u, u0) =uy, ¥ =DBu. (6.2)

Here A*, B* denote the adjoints of A and 5.
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In control-theoretical terminology, 53 is a control operator, u is a control, and B*
is an observability operator. Assume that the following three hypotheses are satisfied
(we denote by G’, H’ the (anti)dual spaces of G and H, respectively):

(H1) The operator .A* generates a group ¢*A” in H';
(H2) We have D(A*) = D(B*), and there exist two numbers A € C and ¢ € R such
that

|B*u| <c|(A+rD*u| forall uge D(A).
(H3) There exist two numbers 77, ¢’ > 0 such that
|B*u] 20 771y = € luoll g forall go € D(A®).

It follows from (H1) that for every ug € H’ the equation in (6.2) has a unique
solution u € C(R, H'), and that u € C(R, D(A*)) N C'(R, H') if ug € D(A*).
Moreover, note that hypothesis (H2) is a weakening of the boundedness of the operator
B; it is satisfied in many problems where the observation is made on the boundary or
some non-open set of the underlying domain like in the case of Theorem 1.1.

It follows from hypotheses (H1) and (H2) that hypothesis (H3) is meaningful. It is a
(hidden) regularity property, allowing us to extend the observation to ¢ € leOC (R, G
for every ug € H'. Moreover, (H1)—(H3) imply the following strengthened version of
(H3): forevery T > 0 there exists a constant ¢z such that the solutions of (6.2) satisfy
the estimates

“¢||L2(—T,T;G’) <cr ”MO”H’ for all up € H/. (63)

This result also shows that the value of T’ in (H3) has no importance: if it is satisfied
for some T’ > 0, then, in fact, it is satisfied for every T" > 0.

Next, we define the solutions of (6.1) by transposition. Fix zg € H and v €
leOC (R, G) arbitrarily. Multiply the equation in (6.1) by the solution u of the equation
in (6.2). Integrating by parts formally between 0 and T € R, we easily obtain the
identity

T
(@(T), u(T)) g, g = (0. u0) gy, 11’ +/ (2(8), ¥ (D)g.,c ds. 6.4)
0
Definition We define a solution of (6.1) as a function z : R — H satisfying the
identity (6.4) for all ug € H and T € R.
The previous definition is justified by the following proposition:

Proposition 6.1 Given zo € H and v € L* (R, G) arbitrarily, the problem (6.1) has

loc
a unique solution. Moreover, 7 : R — H is continuous, and satisfies for every T > 0

the following estimate:

Izl oo~ 7;1) < €T (||ZO||H + ||U||L2(—T,T;G)) .
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Definitions Now we introduce two definitions:

e The system (6.1) is exactly controllable in time T > 0 if for every pair of data

20, 21 € H there exists a function v € Ll2oc (R, G) such that

/
lvliz20.7:6) = ¢ Ulzollg + llztlla)

and that the solution of (6.1) satisfies the final condition z(7T) = z;.
e The system (6.2) is observable in time T > 0 if its solutions satisfy the estimates

luoll g < " ||1/””L2(O,T;G’) forall uge H'.

We note that, similarly to (6.3), by a density argument the observability is equivalent
to the following, apparently weaker condition:

”u()”H/ S C// ”w”LZ(O,T;G/) fOl" all uyg € D(A*) (H4)

The following important duality result extends a classical finite-dimensional theo-
rem; it was essentially proved in [6]:

Theorem 6.2 Assume (HI)—(H3). For any given T > 0, the system (6.1) is exactly
controllable if and only if the system (6.2) is observable.

Next, we state from [15] a rapid stabilization theorem that extended a former result
of Slemrod [31] on bounded control operators:

Theorem 6.3 Assume (H1)-(H4) for some T > 0, and fix w > O arbitrarily. There
exists a linear map F,, : H — G and a constant C > 0 such that the closed-loop
problem

7 =Az+ BF,z, z(0) =z,
is well-posed in H, and its solutions satisfy the estimate

lzllg < Clizollg e,

forall zo € H andt > 0.

7 Controllability and Stabilization Results

With the presentation of the previous review, we are in a position to prove Theorems
1.4-1.7 by applying Theorems 6.2 and 6.3.

Proof of Theorems 1.6 and 1.7 These theorems will follow with the following choices:

H :=LX T xT), G :=L*Q);

ko o .
A u =y thyyx Flxyy, Bui=ulg;
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and
DA") =DB*) ={u e H : uy+uyer +txy, € H'}.

Using the Fourier expansion

u(x, y) = Z Cm’nei(mx—&-ny) (7.1)
(m,n)eZ* <7

of the elements of H’ and Parseval’s formula

2 2
lullfy =47 > emn

(m,n)eZ* X7

2

’

we may show that an element u € H' belongs to D(A*) = D(B*) if and only if

2
2
E ‘m(m2 +n?— m)‘ |cm’,,| < 400. (7.2)
(m,n)€Z* <7

Indeed, using formula (7.1) we have

(x + tyxy + uxyy)(xv y) = Z m(m2 + n? — m)Cm,nei(mx_My), (7.3)
(m,n)eZL* <7

whence uy + tyxy + Uxyy € L2(']I‘ x T) if and only if the condition (7.2) is satisfied.
Furthermore, since the index m = 0 is missing in (7.3) by our assumption u € H’,
Uy + Uyxxx + Uxyy also belongs to H' if and only if it belongs to L3(T x T).

Hypothesis (H1) follows at once from the representation (7.1). The following com-
putation shows that hypothesis (H2) is satisfied with A = 1:

H(1+.A*)u||§_l,:/ |u+ux+ux”+uxyy|2 dxdy
TxT
2

= / Z (1 +im(m?* +n® — 1)) cm,nei(mx"’"y) dxdy
TxT (m,n)eL*x7

2
:47‘[2 Z ‘l—i-im(mz—i-nz— 1)‘ |Cm,n|2
(m,n)eZ* X7

2
> 47?2 Z |l :||u||§1,:/ ul? dx dy
(m,n)eZ* X7 TxT

2
G-

Z/ lul? dx dy = ||B*u|
Q
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Hypotheses (H3) and (H4) are equivalent to the two-sided estimates of Theorem 1.4
with U := Qx (0, T). We may thus applying Theorems 6.2 and 6.3 to obtain Theorems
1.6 and 1.7, respectively. O

Proof of Theorems 1.4 and 1.5 Now, we make the following choices:
H =L*(TxT), G :=L*{xo}xT);
A*u = uyx + uxex + Uxyy, B*u := u|{xo}xT;
and

DA") =DB*) ={u e H : uy+uyer +txy, € H'}.

Note that L2({xo} x T) is isometrically isomorphic to (and hence may be identified
with) L2(T).
Hypothesis (H1) now follows from the representation

u(x.y)= Y cpae

(m,n)eZ?

of the elements of H’ and Parseval’s formula

Nl =472 > Jemnl*

(m,n)eZ?
For the verification of hypothesis (H2) first we observe that
2
|7+ A, =4x> Y ’1 +im(m?® +n? — 1)’ lewa?  (78)
(m,n)eZ?

because this part of the preceding similar computation remains valid without the
assumption m # 0.

Next, we apply the Cauchy—Schwarz inequality to obtain the following relations,
where we write

Wm.n = ‘1 + im(m2 +n?— 1)‘

for brevity:

2 2

Z Cmynei(monrny) y =27 Z Z Cm lmxo

(m,n)eZ? ne’Z \meZ

<2x gzj ((%‘ "o 2) ' <n§ M?L))

|5*
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:27‘[2 Z|Cm,n,um,n|2 : Z 21

nez me7Z mez Hin,n

Since po, = 1, and ., > |m| if m € Z*, we have

1 1
<1+2) = <5,
S ln

meZ M

for every n € Z, and therefore we infer from the preceding estimate that

HB*uHé, < 107 Z ‘1 +imm® +n? — l)‘2 |Cm,n|2-

(m,n)eZ?
Combining with (7.4) and noticing that 107 < 472, we obtain that
[B%ul g = 7+ A%ul ..

i.e., hypothesis (H2) is satisfied.
Finally, hypotheses (H3) and (H4) are equivalent to the two-sided estimates of
Theorem 1.3. Applying Theorems 6.2 and 6.3, Theorems 1.6 and 1.7 follow. O

8 Further Comments

In this paper, we considered only internal observability and controllability properties
of the system (1.1), however boundary observability and controllability results may
also be obtained by adapting our approach; see e.g., [ 18] and [17] for analogous results
on membrane and plate models.

Concerning Theorems 1.1, 1.2 and 1.3 it is natural to ask whether they remain valid
in more general situations, for example, if the segments are oblique or they are moving
in time (moving observation). For linear plate models, these questions were studied in
[11], and they probably may be adapted to the Zakharov—Kuznetsov equation (1.1),
however, these issues are still open to study.

Note that the method developed in this work was based on the notion of sparse sets,
it may be adapted to more general equations, containing further higher-order terms,
in the two-dimensional cases.
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