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Abstract

The main goal of this manuscript is to prove the existence of insensitizing controls for the fourth-order
dispersive nonlinear Schrodinger equation with cubic nonlinearity. To obtain the main result we prove a
null controllability property for a coupled fourth-order Schrodinger cascade type system with zero-order
coupling which is equivalent to the insensitizing control problem. Precisely, employing a new Carleman
estimates, we first obtain a null controllability result for the linearized system around zero, and then the null
controllability for the nonlinear case is extended using an inverse mapping theorem.
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1. Introduction
1.1. Setting of the problem

Inspired by the difficulties in finding data in distributed system applications, Lions [28] intro-
duced the topic of insensitizing controls. Precisely, this kind of problem deals with the existence
of controls making a functional (depending on the solution) insensible to small perturbations of
the initial data. Considering some particular functional, it has been proven that this problem is
equivalent to control properties of cascade systems [4,20].

The insensitivity can be defined in two different ways: An approximate problem or an exact
problem. Approximate insensitivity is equivalent to the approximate controllability of the cas-
cade system, while exact insensitivity is equivalent to its null controllability. Before giving the
reader more details about it and a state-of-the-art related to these problems, let us introduce the
model we want to study.

In this article, we address the exact insensitizing problem for the cubic fourth-order
Schrodinger equation with mixed dispersion, the so-called fourth-order nonlinear Schrédinger
system (4NLS)

iut"‘uxx_uxxxx:)tlmzu» (L.

where x,f € R and u(x, t) is a complex-valued function. Equation (1.1) has been introduced by
Karpman [24] and Karpman and Shagalov [25] to take into account the role of small fourth-
order dispersion terms in the propagation of intense laser beams in a bulk medium with Kerr
nonlinearity. Equation (1.1) arises in many scientific fields such as quantum mechanics, nonlinear
optics, and plasma physics, and has been intensively studied with fruitful references (see [3,24,
31] and references therein).

To introduce our problem, consider 2 := (0, L) C R be an interval and assume that 7' > 0.
We will use the following notations Q7 = Q2 x (0,7), ¥=09Q x (0,T) and wor =w x (0,T),
where w C €2 is the so-called control domain. Let us consider the system

iy + gy — Usxrx — CulPu = f + 1,h, in Qr,
u(t,0) =u(t,L)=u,(t,0)=u,(t,L)=0, on te(0,T), (1.2)
u(0, x) = up(x) + tig(x), in Q,

where ¢ € R, 7 is an unknown (small) real number, /& stands for the control, « is the state function
and ug(x) is an unknown function.
Let J:R x Lz(qT) — R be a functional (called sentinel functional) defined by

1
J(t, h) :=§//|u(x,t; T, h)|2dxdt, (1.3)
Or

where u = u(x,t; t, h) is the corresponding solution of (1.2) associated to t, & is the control
function and Or = O x (0, T'), where O is the so-called observation domain. Thus, our objective
can be expressed in the definition below.

Definition 1 (Insensitizing controls). Let ug € L*(Q2) and f € L*(Q7). We say that a control &
insensitizes the functional J, associated with the solution u(x, t; 7, k) of (1.2), if
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3 - o a
/@ m| =0, Vige L) with [[@oll 2 = 1. (1.4)
T =0

The definition (1.3) above can be seen as this: the sentinel does not detect (small) variations of
the initial data u( provoked by the unknown (small) perturbation tiig in the observation domain
O when the system evolves from atime t =0to atimet =T

It is important to point out that in [30] the authors discuss the motivation for insensitizing
controls considering linear and semilinear heat equations with partially unknown domains and
state that the existence of such controls is important for maintaining the stability of the solutions
and robustness against external variations and uncertainties. They suggest that it can ensure the
system evolution is unaffected by parameter perturbations, guaranteeing predictable and stable
operation, particularly in industrial and environmental contexts where conditions may vary.

Based on this motivation, we can also consider the general application of insensitizing con-
trols to the fourth order Schrédinger equation similarly since the existence of such controls aims
to ensure robustness against perturbations, precision in quantum experiments, and stability in
open systems. They may ensure that quantum systems maintain their desired properties and op-
erate predictably and stably, even amidst uncertainties and noise. Small variations in potentials
or boundary conditions can cause significant changes in system behavior in quantum systems
like atoms or molecules. In open systems interacting with external environments, smoothing
noises and decoherence effects preserve quantum state coherence. Quantum technologies, such
as sensors and atomic clocks, are extremely sensitive to external variations; thus, maintaining
the precision and reliability of these devices enhances their performance and applicability across
various technological fields.

Since the fourth-order Schrodinger equation incorporates phenomena with dispersion effects
and complex interactions, these controls can ensure precision and stability in materials with
strong spin-orbit interactions, exotic quantum systems, or advanced dispersion phenomena. It
may be applied in open systems to mitigate noise and decoherence effects, ensuring precision
in sensitive quantum technologies. Therefore, they are crucial for the robustness and accuracy
of complex quantum systems. Now, before presenting the results of our work, let us give some
previous results concerning the insensitizing control problems.

1.2. Insensitizing control problems for PDEs

As we have mentioned, the first time that insensitizing problem was approached was in the
early "90s by Lions [28,29], where the author studied second and fourth-order parabolic equa-
tions in limited domains considering a functional with the local L2-norm of the solution of a
system with null initial data and where the control domain (located internally) intersect the ob-
servation domain (the set where we want to analyze the functional).

Since then, variations of this problem have been considered, i.e., to find controls that turn
a functional depending on the solution (or some derivative) insensitive to small perturbations
depending on the initial data. We will give a brief state of the art to the reader, precisely, we will
present a sample of the insensitizing problems for partial differential equations (PDEs) and some
control results to the system (1.1).

The first mathematical results concerned the insensitivity of the L?-norm of the solution
restricted to a subdomain, called the observatory. In [11], the author proves that insensitizing con-
trol problems cannot be solved for every initial data. Additionally, de Tereza [14] used a global
Carleman estimate approach to get the existence of exact insensitizing controls for a semilinear
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heat equation. Still, concerning to the semilinear heat equation, Bodart et al. [4,5] proved the
existence of insensitizing controls for this system with nonlinear boundary Fourier conditions.

Concerning the variations of the sentinel functional, in [20], the author considers a func-
tional involving the gradient of the state for a linear heat system, in the same way, Guerrero [22]
treated the case of the sentinel with the curl of the solution of a Stokes system. About the wave
equation, Alabau-Boussouira [1], showed the exact controllability, by a reduced number of con-
trols, of coupled cascade systems of PDE’s and the existence of exact insensitizing controls for
the scalar wave equation. She gave a necessary and sufficient condition for the observability of
abstract-coupled cascade hyperbolic systems by a single observation, the observation operator
being either bounded or unbounded.

A variation of the (exact) control strategy was presented in [4], where the authors considered
an approximated insensitizing problem (called e-insensitizing control) for a nonhomogeneous
heat equation. We observe that by smoothing the control strategy it was possible to prove in [13]
positive results where the control domain and observation region do not intersect each other.
Also in [10] the author proved insensitizing control results on unbounded domains, in [30] the
authors treated insensitizing controls for both linear and semilinear heat equation but with a
partially unknown domain, finally see [33] for the semilinear parabolic equation with dynamic
boundary conditions. It is important to point out that in [23] the second author also treated it with
a gradient-type sentinel associated with the solutions of a nonlinear Ginzburg-Landau equation.

Concerning the structure/type of the equations/systems, many variations were considered. In
[8] the author treated insensitizing controls for the Boussinesq systems and in [7] the authors
proved a result for a phase field system. In [17] it is considered a Cahn-Hilliard equation of
fourth order with superlinear nonlinearity and in [16] the authors proved insensitizing (exact and
approximated) controls for a large-scale ocean circulation model.

To finalize this small sample of the state of the art, we cite Bodart et al. [5,6] that studied
systems with nonlinearities with certain superlinear growth and nonlinear terms depending on the
state and its gradient. For a dispersive problem, we can cite Kumar and Chong [32] which worked
with the KdV-Burgers equation. Finally, let us mention a recent work due to Lopez-Garcia et al.
[12]. In this work, the authors presented a control problem for a cascade system of two linear
N-dimensional Schrodinger equations. They address the problem of null controllability using a
control supported in a region not satisfying the classical geometrical control condition. The proof
is based on the application of a Carleman estimate with degenerate weights to each one of the
equations and a careful analysis of the system to prove null controllability with only one control
force.

We caution that the literature is vast and one can see the references cited previously for the
existence of the insensitizing controls for other types of PDEs.

1.3. Main results

The main goal of this paper is to close the gap that was missing when discussing the insen-
sitizing control for the Schrodinger type equation. Here, we present the insensitizing control for
the Schrodinger type equation with mixed dispersion. Precisely, we are interested in proving the
existence of a control & which insensitizes the functional J defined by (1.3). The first result of
this article can be read as follows.

Theorem 1.1. Assume that w N O # @ and ug = 0. There exists a constant C > 0 and § > 0 such
that for any f satisfying
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1€ Fll 1200,y < 6.

one can find a control h(x,t) =:h € Lz(qT) which insensitizes the functional J defined by (1.3),
in the sense of Definition |.

As mentioned at the beginning of this work, the existence of insensitizing controls for (1.2)
can be defined equivalently by means of a null controllability problem for a cascade type system
similar to the initial (1.2). Indeed, this process can be systematized when, in defining the func-
tional in (1.3), we study the condition given by (1.4). Precisely, by calculating the derivative in
the sense of Géteaux for the functional J restricted to 7 =0 and given that the functional is the
localized L2 norm in O of the solution u, the insensitizing condition (1.4) implies that we can
reformulate this by a null controllability problem for a coupled system which is (1.5). Through
these calculations, it can be proved that the left-hand side of the second equation in (1.5) is the
adjoint state of the derivative of (1.2) with respect to 7 (at T = 0). Thus, the right-hand side cou-
ples this last equation with the localized state 1ou. We remark that different definitions for the
functional also imply different coupling terms (see [20], we also commented this in Section 4.3).
After this, to ensure that the insensitivity condition of the functional is satisfied, i.e., to ensure
(1.4), it is sufficient to ensure that v|;—o =0 in Q!

So, in this spirit, due to the choice of J, we will reformulate our goal as a partial null control-
lability problem to the nonlinear system of cascade type associated with (1.2). In other words:

Problem A: Can we find a control h(x,t) = h € L*(q7) such that the solutions (u,v) of the
following optimality coupled system

iup + Uy — Uyxxx — §|”|2u = f+1uh, in Qr,

[Vt + Uxx — Vxxxx _Eﬂzﬂ - ZEWIZU =1lou, in OQr,
u(t,0)=u,L)y=v(,0)=v(,L)=0, on te€(0,7T), (1.5)
Uy (t,0) =uy(t,L)=v,(t,0)=v,(t,L)=0, on te(0,7),
u0,x)=up(x), v(T,x)=0, in €,

satisfies, in the time t =0, v|;—9 =07

The answer to such a question motivates the next theorem, which is the main result of this
paper.

Theorem 1.2. Assume that v N O # @ and the initial data ug = 0. Then, there exist positive
constants C and 8, depending on w, 2, O, ¢ and T, such that for any f satisfying

17" Fll 12005 < 6.

there exists a control h € Lz(qr) such that the corresponding solution (u, v, h) of (1.5) satisfies
V|i=0 =0in Q.

1 See [4,28] fora rigorous deduction of this fact and [34] for an explicit computation to obtain the cascade system with
a general nonlinearity for a Ginzburg-Landau equation.
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Thus, to find controls insensitizing the functional J, that is, to prove Theorem 1.1, it is suf-
ficient to prove the partial null controllability result given in Theorem 1.2. Therefore, from now
on, we will concentrate on proving Theorem 1.2.

1.4. Heuristic and structure of the manuscript

Let us now explain the ideas to prove the results introduced in the last subsection. The main
strategy adopted is based on duality arguments (see, e.g. [15,27]). Roughly speaking, we prove
suitable observability inequalities for the solutions of an adjoint system, where the main tool is
a new Carleman estimate. This Carleman estimate with the right-hand side in weight Sobolev
spaces will be the key point to deal with the coupling terms of the linear system associated with
(1.5).

In detail, to prove Theorem 1.2 we will first prove a null controllability result for the linearized
system associated with (1.5) around zero, which is given by

iut+uxx_“xxxx=f0+1wh’ in  QOr,
ivt"‘vxx_vxxxx:fl‘l'lou’ in  Qr,
u(t,0)=u(t,L)=v(t,0)=v(,L)=0, on te(0,7), (1.6)
Uy (t,0)=u,(t,L)y=v,(t,0)=v,(t,L)=0, on te(0,7),

u(0,x) =uo(x),v(T,x) =0, in Q.

Here, f° and f! are (small) source terms in appropriated L”-weighted spaces. In order to prove
it, we consider the adjoint system of (1.6), namely,

iQr + @xx _(pxxxle(ﬁll/'i'gov in QOr,
il/’t‘}‘l/fxx_‘%cxxx:gl’ in  Qr,

ot,0) =@, L) =@ (t,0)=¢.(t, L) =0, on te(0,7), (L.7)
Y, 0) =9, L)=yx(t,00 =9y, L)=0, on r€(0,7),
o(T,x)=0,¢%(0,x) =yo(x), in Q.

With this in hand, we can prove an observability inequality, with aspects like the one below,

// p1(p)* + [¥|))dxdt < C // 02| 2dxdt + // p3(18°1% + 1g'Pdxdr,  (1.8)
or wr or

where p;, i = 1, 2, 3, are appropriate weights functions. Then, by duality approach, the desired
partial null controllability property is a direct consequence of the (1.8) and can be read as follows.

Theorem 1.3. Assuming that N O # @ and the initial data ug = 0, there exists a positive con-
stant C, depending on 8, w, Q, O and T, such that for f° and f', in suitable weighted spaces,

one can find a control h such that the associated solution (u, v) of (1.6) satisfies v|;=o =0 in Q.

The last step is to use an inverse mapping theorem to extend the previous result to the nonlinear
system.

Remarks 1. Finally, the following comments are now given in order:
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1. In the Definition 1, it is important to point out that the data uo will be taken conveniently,
precisely, will be taken such that the functional J, given by (1.3), is well-defined.

2. On the Theorem 1.2, the smallness of f is related to the fact that we will apply a local
inversion argument, that is, we first study this problem when a linearized form of equation
(1.5) is considered and then we apply a local inversion mapping theorem.

3. We claim that Theorem 1.1 is equivalent to Theorem 1.2. In fact, considering (u, v) solu-
tion of (1.5) and using the boundary conditions of (1.5), a direct calculation leads us to the
following

a
a—rl(t, h))

=—Re/iﬁ0v(0)dx. (1.9)
=0
Q

Therefore, we can conclude that the left-hand side of (1.9) is zero, for all 7y € L(2) with
@0l L2y = 1, if and only if, v(0) =0 in Q.

4. Tt is worth mentioning that, in our work, we need a Carleman estimate with internal obser-
vation, differently from what was proven by Zheng [35]. Another interesting point is that in
Zheng’s work, he proved the regularity of the solution of the 4NLS in the class

cl ([0, T1; L*(£2)) N CO([0, T1; H3(Q) N HF(Q)),

which is also different in our case, we need more regular solutions (see Appendix A) to help
us to use the inverse mapping theorem.

5. Finally, observe that our sentinel functional J is defined in the sense of L2-norm. If we want
to insensitize a functional with a norm greater than L2, for example, 07u, for n > 1, then we
need a system coupled in the second equation of (1.5) in the form 97 (19} u), this means,
the coupling has twice as many derivatives. More details about this kind of problem will be
given in Section 4.

Our work is outlined in the following way: Section 2 is devoted to presenting a new Carleman
estimate which will be the key to proving the main result of this manuscript. In Section 3, we
show the null controllability results, that is, the linear case (Theorem 1.3) and the nonlinear one
(Theorem 1.2). Section 4, we present further comments and some open problems that seem to
be of interest from the mathematical point of view. Finally, for completeness, at the end of this
paper, we have an Appendix A about the existence of solutions for the systems considered here.

2. Carleman estimates

In this section, we prove a new Carleman estimate to the fourth order Schrodinger operator
a;‘u — 8%14. For the sake of simplicity, we will consider the operator £ = 8?14, that is, only with
the higher term. So, to derive this new Carleman, first, let us introduce the basic weight function
n(x) = (x — xp) with xg < 0. Now, for A > 1 and i > 1 we define the following

; e3nn(x) e3mnx) _ gSullnlleo
0=e, tX)=——— d I(t,x)=x . 2.1
e, & x) (- M (t,x) [T =1 2.1

Our result will be derived from a previous result due to Zheng [35], which can be seen as follows.
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Proposition 2.1. There exists three constants (1o > 1, Co > 0 and C > 0 such that for all . > o
and for all A > Co(T + TZ),

// (W HB670% P + 230080 2 23 20 e P + A2§0% ) it
or
(2.2)

T T
<C // |6 Pul?dxdt 4+ 2313 / (E302|uyx 1) (1, L)dt + A / (0% urex (2, L)dt |,
or 0 0

where Pu =id;u + Bﬁu.

With the previous theorem in hand, we are in a position to prove a new Carleman estimate
associated with the operator Lu. The result is stated in the following way.

Theorem 2.2. Let w, O C Q2 be open subsets such that o N O # (). Then, there exists a positive
constant (1, such that for any i > w1, one can find two positive constants A1 and C depending
on A, i, 2, w such that for any A > Ay (T + T?) the following estimate for ¢ and ¥ of (2.4) holds

// (W HEE70%101 + 2710 gu 2 + AP 0% g P + 0% ) dixd
or
+ // (RSO + 2200 a2+ AR 0% W P+ 2507 ) i

or

<C //92(|g0|2+|g1|2)dxdt+Au//§92|<p|2dxdt . (2.3)
or T

Before proving to prove this result, let us give the idea to derive (2.3). To do it, we split
the proof into several steps. The first one consists of applying the Carleman estimate given by
Proposition 2.1 for (¢, ¥) solutions of

iQr + @xx _(pxxxx=10w+gov in QOr,
il/’t‘}‘l/fxx_‘%cxxx:gly in  QOr,

ot,0) =@, L) =@ (t,0)=¢.(t, L) =0, on te(0,7), 2.4)
Y, 0) =9, L)=yx(,00 =9y, L)=0, on re€(0,7),
o(T,x)=0,v(0,x) =1y, in Q.

The second step concerns the estimate for a local integral term of i in terms of a local integral
of ¢ and global integral terms of g°, g', ¢, ¥ and smaller order terms of . Finally, we will
estimate integral terms on the border in terms of the global integral of ¢, ¥, and smaller order
integral terms.

Proof of Theorem 2.2. In what follows, remember that 2 C R is a bounded domain whose
boundary 9€2 is regular enough. Consider T > 0, w and O to be two nonempty subsets of €2.
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Additionally, as defined at the beginning of this work Q7 = Q2 x (0, 7), or =w x (0, T), X1 =
Q2 x (0,T), Or = 0O x (0, T) and denote by C a generic constant which can be different from
one computation to another. Thus, let us split the proof into three steps.

Step 1: Applying Carleman estimates (2.2).
Thanks to (2.2) we have, for ¢ and v, solution of (2.4), that

// (WHEE70%101 + 2710, P + AP 0% g P + 602 ) dxd

or
<C //92|<pxx|dxdt—|—//92|g0|2dxdt+//92|w|2dxdt (2.5)
or or Or

T T
33 / E6%10e )0, L)dt + 2t / (E0lpera P (2, L)dt
0 0
For A, u large enough, we obtain

[ (ST + 131 P B3 PP+ i€ s ) i
or

T
<C //92|g0|2dxdt+//92|¢|2dxdz+,\3M3/(s392|¢”|2)(t,L)dt 2.6)
or Or 0

T
+a / (6% 19xxx ) (¢, Lyd1
0
Now, applying (2.2) for ¥, we get that

// (W HBE702 W + 23O E O Y2+ AR 0% W P+ 22602 ) did
or

<C //92|1//xx|dxdt+//92|g1|2dxdt+//|1ﬁ|2dxdt @7
or or Or

T T
+23u3 / (E360219u IP) (1, L)dt + A / (E0%@xrx )2, L)dt
0 0

Again, by using (2.7) for A, u large enough we have the following:
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// (RSO P + AP0 P+ AR 0% W P+ 2502 ) i
or

T T
<C // 0%|g" Pdxdr + 231 / (&0 1Y 1) (1, LYdt + A / (EO | Yaxx D) (1, L)dt
or 0 0

(2.8)
Note that, putting together (2.6) and (2.8), we obtain the following estimate
// (W 6707101 + 27102 gu 2 + AP0 g P + 0% ) dixd
or
+ // (W P70 2 230 2 A0 P 0% ) dls
or
2.9)

<C //92|g0|2dxdt+//92|g1|2dxdt+//92|1ﬁ|2dxdt
or or Or
T T
+ 23 / (E0%(@xx|* + 1Y) (@, L)dt + dp / (EO*(|xxx|? + [Warx| D) (2, L)dt.
0 0

Step 2: Estimates for the local integral of .

In this step, let us estimate the last term in the right-hand side of (2.9), that is, the local integral
term of ¥ in O7. Now, since w N O # @, there exists w7 C w N O. From now on, take a cut-off
function n € C§°(w) such that n = 1 in @r. Observe that

wz_i(pt+¢xx_(pxxxx_go7 in Or,

SO

// 0%y |2dxdt < // n02 v |2dxdr = // n0>yyrdxdt
Or or ar

= Re// ﬂéﬂw (_iﬁot + Qxx — Qxxxx — g0> dxdt (2.10)

T
4
ZZZ\I—’,',
i=1

where W;, for i = 1, 2, 3, 4, are the integrals of the right-hand side of (2.10). We now estimate
these terms. For Wy, integrating by parts in ¢ we have that
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- // (w%)t(—up)dxdz
or
// n9 ¥ (—ip)dxdt — // N0, (—ip)dxdt

T
W, = Re // 0% (=i )dxdt = Re (77021//(—i<p))
J 0

@2.11)

Since,
10™)e | = (™| = ™ (ml),| = |me™ (1),| < mCATE*O™,

then, for m =2, we get that |(n9?);| < CA£262, and by using Young inequality we obtain

- // (1792) V(—ig)dxdt | <CRe| // £202 Y pdxdt
t

// (A% M“s%ew) (cr% p,—“s—%gp) dxdt
<87 8//5 0%y |>dxdt + CL 7> ’8//$’3|(p|2dxdt.
or or

2.12)

Combining (2.11) with (2.12), we get

U, =Rel| - // N0y, (—ip)dxdt
> (2.13)

+8A7u8//§792|1/f|2dxdt+CA_5u_8//§_3|¢|2dxdt.
or %

So, for 6 small enough we can absorb the global integral term of (2.13) with the left-hand side
of (2.9). Due to the boundary conditions for v and ¢ and since n has compact support on @ by
integrating by parts for space variable, we obtain

Uy = Re//nOZW(pxxdxdt = Re // (n@zw> odxdt
XX
LZ)T CZ’T
= Re //(;702) Egodxdt+2//(n02) qu)dxdt—i-//n@zaxx(pdxdt
XX X
T or or
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3
=Z\y2,,». (2.14)
i=1

To bound each term of the right-hand side of (2.14) first observe that the following estimates, for
the derivative in space of the weight function 6, hold true

69, =1, |= e 2] < cune
and
(), =), [ = |( ) [=2|(e),
< 4[0%2| + 20| = 407112 + 267 1|

< CA2UPE20% + CAu?0? < CAZu2E%02.

Therefore, it yields that

Wy 1 =Re //<n92>” Yodxdt | < Re C)»z,uz//ézezagodxdt
LT)T J)T

= Re //(A%,ﬁg%gw) (CF%M*ZE*%%) dxdt (2.15)
or

= 8/ §70% Y Pdxdt +CA7p // §726% g Pdxdr
or fad

and

Wy, =2Re //(n@z)xaxgodxdt <Re C)»,u//é@zawdxdt
(Z)T (Z)T

=2Re //(K%/ﬁ%%@@c) (Ck’%,u*zé*%@(p) dxdt (2.16)
or

§8A5M6//§592|%|2dxdt+CF3M*4//§*392|¢|2dxd,_
Or or

Finally, W, 3 does not need to be estimated since we use it to obtain the equation for . Now,
combining (2.14), (2.15) and (2.16) we get
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v, < CA_3M_4//$_392|¢|2dxdt
ar

+38 A7M8//5702|1/f|2dxdt+A7u8//§792|w|2dxdt+A7u8//§792|wxx|2dxdt
or or or
(2.17)

For W3 we use the boundary conditions and integrate with respect to the space variable four

times to obtain

wi=re [[ 0075 - pundxar =re | [[ (1677)  oraxa
or or
—Re // (nez) Vodxdt + 4 // (nez) U odxdt +6 // (nez) V. dxdt
XXXX XXX XX
(Z)T CZ)T &)T

+ Re 4//(7792) Ex”godxdt—i—//nez (_Jxxxx) pdxdt
X
or or

5
:Z‘-If&i.
i=1

(2.18)

Now our task is to estimate these terms. Observe that we have the following estimates in space
variable for k-th order derivative in space variable for the weight function 6,

().,

<2kc (Akﬂkék) 02,

thus

W3 | = Re // (nez)xxxx%pdxdz
ar

< Re Ck4u4//§492w(pdxdt
or

— Re //(x%pf‘g%ew) (cx%s%&p) dxdt

wT
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58A7M8//§762|w|2dxdt+Cz\//$92|go|2dxdt, (2.19)
or ar

W37 =Re 4//()792))(” ¥ pdxdt
ar

< Rex3u’ //&392Wx<pdxdt
or (2.20)

— Re //(A%,ﬁg%e%) (CA%§%9¢) dxdt

58A5u6//$592|1/fx|2dxdt+Ckﬂ592|¢|2dxdt,
or

aor
Ws3=Re|6 // (neﬂ)m U, dxdt
ar

<Re| CA%u? // £20%y  dxdt
ar (2.21)

— Re //(A%;ﬂg%e@x) (C,\%;:%ego) dxdt

T
§8k3u4//§392|1/f”|2dxdt+CA//$92|<p|2dxdt
or or

and

W34 = Re 4//<n92)xwxqu)dxdt

wr

<Re| Cin // £0%Y . pdxdt

T

— Re // (A%ug%ewm) (C)\%g%ega) dxdi
ar
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§6Au2//592|wxxx|2dxdt+CA//$92|¢|2dxdt. (2.22)
T

a7

We do not estimate W3 5 since we use this term to obtain the equation for . By putting (2.19),
(2.20), (2.21) and (2.22) in (2.18), we conclude

W3 < Re // n0%W . c@dxdt | + CA // £0%|p|*dxdt
CZ)T &')T

+38 // (7870 2 0008702 P 4 02 6202 2 Api20% | i

or
(2.23)
Finally, for &4 we get
Yy = Re //n@zw (—go) dxdt
“r (2.24)

58A7u8//5792|1//|2dxdt+CA_7u_8//5_792|g0|2dxdt.
or or

Combining (2.10), (2.13), (2.17), (2.23) and (2.24) we get

// 0%y |>dxdt

Or

<C x//seﬂmzdxdz+r3m4//5*392|¢|2dxdt+r5m8//g*3|¢|2dxdt
J)T CZ‘T

or
+ Re // 020 IV, + Uy — Vyeny) dxdt | +CA7 // £770%8° 2dxdt
or or
R e N e e P

or
(2.25)

Since we get i, + ¥y — Voxex = —iW1 + Wax — Yrxnx =g in O and
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Re //n02tpg_1dxdt §8A7u8//§792|<p|2dxdt+Ck 7 —8//5 7621 dxdt, (2.26)
3 or
then, putting together (2.25) and (2.26), yields that

//Ozll/f|2dxdt§CA_7M_8//E_792 (|g0|2+ |g1|2)dxdt+5A7u8/ £702|p|2dxdr
Or Oor or

+C A//§92|¢|2dxdr+r* —4//5 36210 2dxdt + 173 —8//5—3|<p|2dxdz
or

+38 // [W%WW + A8 0 Y [P + APt E0% P +w2592|1/fm|2] dxdt
or
2.27)

Combining (2.9) with (2.27) we obtain the following

// (WHEE70%101 + 10102 gu 2 + A2 0% g+ 0% ) dixd
or

+ // (W BET021 2 23050 2 A 0 P 0% ) s
<cC //02(|g°|2+|g1|2)dxdr+x -7 —8//5 7% (18" + Ig'1?) dxdr
or
+C A//§92|¢|2dxdt+r3 —4//5—392|¢|2dxdt+/\—5 —8//5 3p|2dxdt
ar
+35 // [V uBE70% (101> + W 1?) + A uOE%0% [y |* + 22 6207 |y |
+ 2507 Yl dxdt

T
|2 [ (£6 (1ol + WssP)) . Lyar
0
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T
thgt [ (50 (1puss P+ 1)) 0. Lyt
0

Then, for A, u large enough and é small enough we get
// (156707101 + 17102 gu 2 + 22 0% g+ i 2602 g ) dxd
Or
+ // (WSO P + 2SO0 P+ A 0 P+ AP0 el ds

Oor

<C //92<|g0|2+|g1|2> dxdt+/\/ £02|p|dxdt

T T
+ €030 [@02 0P + s P L1+ Con [ (50 (1pess + 1)) . Lo
0 0

=7+ B+ B;.
(2.28)

Step 3: Estimates of the boundary terms.

Now, we will find an estimate for the boundary term on the right-hand side of (2.28), precisely,
B and B,. Using trace Theorem (note that 5/2 < 7/2) we have

Bi=Cxu® [ (6202 (lpa + 1Wial?) ) 0. Lyd

3 2
<o [ (£ )(r,m(uwan@ )

T

+IvP s )dl (229
H or)

C 3

IA

o\’ﬂ O\ﬂ O\'ﬂ

(se)<r,L)(||<p||27 +IvI? )dr
H2(&r) Hz(wr)

T

and

T
Ba=Cp [ (50 (1puus + 1)) . Ly
0 (2.30)

(r L><||<o||2 +||w||2z~ )dr.
H2(or)

2(aor)

\A
o\H
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So, putting together (2.29) and (2.30), yields that
T
By +B; < cx3u3/(f;302><r, L) (||<p||2 LR L )dr. (231)
H?2(or) H2(or)
0
Using interpolation in the Sobolev spaces H*(£2), for s > 0, yields that

21
BitBy< o [((£62) el el ar
H3 (@r) (@1)

St~

+C 233

St~

21
352 i
(Ee)anuwiny 1L, d

H 3 (o1)

T
3.3 i _189 86 _42 2
=CiA'u ( EmET2ONO 22)(t,L)||<P|| o ||(p||L2(w )dz
0

\]

255 189

+C1)»3,u3 ézzg 229229 22)(; L)||1//||
0

2_
11

||w||L2(w :

< CoASy / 55651, L) g2, . dt

(@r)

T
+erTu? / (r L) ||«>||2 y dt

or)

0
T
+C€A6M6/( 255086 (t D I¥3s,,d
0

(@1)

T
+e>:u2/ Ho)anlvRy
0

or equivalently,

T
B+ By = Cau® [ (£56%) €. L) llplRs g, ot
0

3 (@r)

T
+eru? / (t Lyllgl*>,,  dr
0
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T
€t [ (£56) 0.1 11y, d
0

T
+en 2/ )R,
3 (1)
0
=T+ +13+ 14, (2.32)

for some positive constant Ce.
At this moment, our goal is to prove integrals Z;, for i = 1,2, 3, can be absolved by the left-
hand side of (2.28). Let us start with the analysis of Z,, precisely the quantity

T
/ )@ Llgl? .
5 3 (or)

Consider ¢ (¢, x) := &1 (t)@(t, x) with

S I |
E(t)y=0""&"12.
Then ¢ satisfies the system
=1 + Qlax — Plaxxx = f1 :=6110, in O,
@1(t,0) =@1(t, L) = ¢1x(1,0) = 012 (7, L) =0, on (0,7), (2.33)
¢1(T,x) =0, in Q.

Now, observe that, since ¢, (¢,0) =0 and |&1;| < CAS%G_I, we have

1Al g, < € // 672226 p Pdxdt

< c//{Azs3|¢|2+A3|¢x|2+x|¢xx|2+r1|¢m|2}9—2dxdt,
Or

(2.34)

for some constant C > 0 and all s > 9. Moreover, thanks to Appendix A, ¢; € L2(0, T, H 2(Q)) N
C([0, T1; L*(S2)). Then, interpolating between L2(0, T; H>($2)) and L>(0, T; L*(S2)), we infer
that ¢; € L2(0, T; H>3(Q)) and

lotll 20,7153 ) < C I fillL2op) - (2.35)
Let (2, x) := &() (¢, x) with
a3
=012
Then v, satisfies system (2.33) with f; replaced by
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fri=Eng g1

Observe that )92;9{ 1‘ < CA. Thus, we obtain

||f2||L2(0,T;1-15/?(Q)) <Cxller ||L2(O T:H2(Q)) -

(2.36)

Now, by using that ¢, belongs to L? (0, T; H4(Q)) and L*° (0, T; HZ(Q)), thanks to (A.4), and

interpolating these two spaces, we have that

@2 € L*(0,T; H'"'3(Q) N L™, T; H¥3 ()

with

lo2llz20,7; H113 @)L=, 1; 583 @) = C 12l 20,7, 553 @) -

Thus we infer from (2.35)—(2.37), the following

2 2
||¢2||L2(0,T;H“/3(Q)) =< Cl)‘-| |f1 | |L2(QT)

= CZ/ <)L3§3|('0|2 + )\4|(ﬂx|2 + )‘2|¢xx|2 + |(pxxx|2) Qizdxdt.

or

Hence, replacing o =6~ (p’% in (2.38), for some constant C3 > 0, yields that

/(5—99 3(t, L) llg(t, )“H”/*(wr)

=G / (P10 + 2010 + A2 pea? + lpuaa ) 02 xdlr.
or

Note that analogously we can infer the same relation for i, that is,

/ €201, L) 1Y (1) 155,

=6 / (”53"#'2 + AP 4 A Y P+ |wxxx|2) 0 2dxdr.
or

(2.37)

(2.38)

(2.39)

(2.40)

Therefore, adding (2.39) and (2.40), putting in (2.32) and, finally, comparing with (2.28), for A

and p large enough, yields that,
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// (156707101 + 27102 gu 2+ A2 0% g+ 260 ) v
or

+ // (?»7u8$792|1/f|2 + 23108502 Y |2 + W3 E30% W +Au2592|wm|2) dxdt

o (2.41)

e // 6%(1g°1 + 18" P)dxdt + 2 // £0|pPdxdr |,
or ar

since |(£2%9680)(¢, L)| is bounded in terms of ¢ € [0, T'] due to the choices in (2.1), what guaran-
tees (2.3), and so the Carleman is shown. 0O

3. Null controllability results

In this section, we prove the existence of insensitizing controls for the linearized system (1.6).
First, we need to obtain an estimate as in Theorem 2.2, with weights that remain bounded as
t — T, 1i.e., have blow-up only in t = 0. For this purpose we introduce the new weights

e3unx) e3mn(x) _ pSulinlleo
o=¢e", v(t, x) = and m(t,x)=A
i} y (1) y (@)
o*=¢€", Vv(@t)=minv(x,t) and m*(t) =minv(x, 1), 3.1
. xeQ xe
oc=e¢", V(t) =maxv(x,t) and m(r) =maxv(x,t),
xeQ xeQ
where y is given by
(T -1, 0=<t=<T/2,
v = { T2/4,  T/2<i<T. (3.2)

Combining Carleman estimate (2.3) with classical energy estimates for the fourth order
Schrodinger system, satisfied by ¢ and ¥, we can prove the following result.

Proposition 3.1. With the hypothesis of Proposition 2.2 the solution (@, V) of (2.4) satisfies the

following

Nell2cr o2y + ez, i) + Nexxll2r 2,102 9)

0 1
< (e, 1ﬂ)||(L2(T/4,T/2;L2(sz)))2 +11(g" g )||(L2(T/2,T;L2(Q)))2

and

W22 + Wl r 2@ + Wl 2, m;020)

1
= Wlle2qja 2@y Y118 2 2,12 @))-
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Proof. Let us consider x € C!([0, T']) such that

[0, ifrefo,T/4],
“TV1, ifre(T/2,T]

Note that if (¢, 1) is a solution for (2.4), so (k¢, k) satisfies the following system

i(k@) + (kKP)xx — (KP)xxxx = lokY) + kg% +inp, in  Qr,

(kW) + (KWP)xx — (KW )xxax = kgL +ik P, in Qr,

(k@)(t,0) = (k@)(t, L) = (k@) (t,0) = (k9)x(t, L) =0, on € (0,T), (3.3)
Y (t,0) = (k¥)(t, L) = (k) (t,0) = (k¥)x(t, L) =0, on te(0,T),
ke)(T,x) =0, (k¥ )(T,x)=0, in Q.

Now, since «,k; € C([0,T]) and C([0,T]) < L°°(0,T), moreover, Ky, ks € L0, T;
HZ(Q)). Then, for g! € L?(0, T; H} () we get that k to satisfy a fourth-order Schrodinger
system equation with null data and right-hand side in L2(0, T’; Hg(Q)). Therefore, we get that

/ OV (1) ldx + // e ldxdi + // s dxd
Q or or
<C //Ilcg1|dxdt+//|/<,1/f|dxdt
or or

Multiplying the first equation of (3.3) by k¢ and integrating over 2 we obtain, after taking
the real part and using Young inequality for the integral term of 1o« Y« ¢, that

1d
—EE/|K(1‘)§0(1‘)|2+/|K§0x|2dX+/|K(ﬂxx|2dx
Q Q 2

(34

(3.5)
<C /|Kg0|2dx + / kil ?dx + / Iy Pdx | + 5/|K(p|2dx.
Q Q Q ]
Finally, integrating (3.5) in [¢, T'], combining with (3.4) and taking § small enough, we get
/IK(I)fp(t)Izder// |y |*dxdt + // |k el *dxdt
Q or Or
(3.6)

<c // 28" + [g')2dxdr + // e Pl + 1 [Pdxdr
T T

Therefore, Proposition 3.1 is a consequence of equations (3.4) and (3.6). O
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As a consequence of the previous result, and due to the definition of (3.1), the following
Carleman estimate, with new weight functions o and v, can be obtained.

Proposition 3.2. There exists a constant C(s, \) := C > 0, such that every solution (¢, V) of
(2.4) satisfies

// R R T T P
or

+//<)»7u,8v702|1ﬁ|2 + 2210362 |y, 2 +)»3,u4v302|1ﬂ”|2> dxdt
or

<C //02(|g0|2+Igllz)dxdt+k//va2|¢|2dxdt
or or

Proof. The result is consequence of Proposition 3.1. Indeed, noting that £ = v and [ = m, for
t € [0, T /2], and since [ is constant in [7'/2, T'], yields that

3.7

~

/2
/ S S P e T T L
Q

o

T/2
+ / / (ST P+ 25O P+ 230 ) dds
0 Q

) (3.8)

/ (W P70 + 37105 gu P 4+ AP0 g ) s

o3

Q

T/2

+ / / (W HBET02 W + 230602y 2+ A 0% Y ) dixdr.
0 @

Additionally, for ¢ € [T /2, T], we have that

T
/ / (W 13676210 + 2700 o2 + AP0 g ) dixd
T/2 Q

T
+ / / (W HEETO P + 22002 P+ 22 0% v ) dxa

T/2 Q
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T
<c //(|¢|2+|<px|2+|goxx|2+|w|2+|wx|2+|wxx|2>dxdt
72 Q
72 T
<c //(|¢|2+|w|2>dxdr+//(|g°|2+|g1|2>dxdr
T/4 Q T2
T/2 T
<c / / £762 (g2 + [y P)dxdr + / / o218 + I Pdxdr | (3.9)
7/4 Q T2 Q

thanks to Proposition 3.1.
Finally, we note that

//92(|g°|2+ |gl|2)dxdt—|—)»//§92|g0|2dxdt
or or

<C //02(|g0|2+ |g1|2)dxdt+k//v02|gp|2dxdt
or or

Thus, the result follows from (2.3), (3.8), (3.9) and (3.10). O

(3.10)

Remark 3.1. We point out that Proposition 3.1 holds by taking the minimum of the weights on
the left-hand side and maximum of the weights on the right-hand side of (3.4).

3.1. Null controllability: linear case

In what follows we use (3.7), from Proposition 3.2, to deduce the desired null controllability
property. Denote £ = L* = i9; + dxx — dyxxx and introduce the following space

¢={v,m: @) ue 1), )Mo e L2, T: H2@), )2 @) h e L2an),
726" (Lu — 1oh) € LAQ). () 2 (0*) ™ (L* — lou) € L2, T: H2(Q),
()26 \u e L20, T; H* () N L0, T; H3 (),

() 267w e L3(0, T; HF () N L™(0, T; L*(R)), vl=r =0in Q} .
Remark 3.2. It is important to observe that C is a Banach space endowed with its natural norm.
Additionally, as consequence from the definition of the set C, an element (u, v, k) € C is such

that v|,—o = 0 in . This holds since (D)"26~'v belongs to L>(0, T'; L*(2)) and (D)~26~!
blow-up only at t = 0.

We are now in a position to prove the null controllability property for solutions of (1.6). The
result can be read as follows.
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Theorem 3.3. Assume the same hypothesis of Proposition 3.2. Additionally, consider
0@ el and (TG e 2O, TIHA®). (D)

Therefore, we can find a control h(x,t) = h such that the associated solution (u, v) of

iut+uxx_uxxxx:f0+1wh’ in Qr,
ivt+vxx_vxxxx=fl+1(9ua in  QOr,

u(t,0) =u(t,L) =v(t,0)=v(t, L) =0, on te€(0,7), (3.12)
ux(t,0) =u,(,L)=v,(t,0)=v,(t,L)=0, on te€(0,7),

u(0,x) =uo(x),v(T,x) =0, in L,

satisfies (u, v, h) € C. In particular, v|;—o =0 in Q.
Proof. We introduce the following spaces

Ro = {u € H}(Q); trrrx € HF(Q)},

Yo = C([0, TT; H*(2)) N C'([0, TT; Hi ()
and
Y1 =C([0, T1; H3 () N C([0, T]; H2(Q)).
Also, let us consider
Po={(p, %)) €Y1 x Yo: Lv — lpu € L*(Qr1)).

Thanks to Theorem A.2, Py is nonempty. Moreover, from now on we will use £ instead of £*,
since both are equal.
Now, define the bilinear form a : Py x Py — R by

a((@, V), (¢, ¥)) == Re // 6)*(Lh — 1oV)(Ly — Llov)dxdt + / (&)X (LY)(LY)dxdr
or or

+ Re // 0(6)2ppdxdr |,
aor

and the linear form G : Pp — R given by

T
(G, (p,¥)) := Re/ f()@dxdt + /<fl,w>dt,
or 0
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where (-, -) denotes the duality between H “2(Q) and HOZ(Q). Thanks to Proposition 3.2, the
bilinear form over Py x Py, is sesquilinear, positive, and coercive. Let P be the completion
of Py with the norm induced by a(-, ), in this case, P is a Hilbert space and a(-, -) is well-
defined, continuous and coercive bilinear form on P x P. Now, by assumption (3.11) and also
by Carleman estimate in Proposition 3.2, note that for all (¢, ¥) € Py we have

(G.(¢.¥)) = Re // fO@dxdt + /T (fl,@dt
0

or
12

< // W (@2 (g + |y P)dxdi
or

1/2

T
X // )@ dxdrt + / W)@ 2SI 2 g dt
or 0

< Ca((g, V), (g, y)'/? // W (02 O Pdxdr
or

172

T
+ [ONTE A gt |
0

where we use Young inequality on the first inequality. Hence, G is a bounded functional on
Py and we can extend it continuously to a bounded functional on P due to the Hahn-Banach
theorem. Therefore, from the fact that G is a bounded functional on Py and a(-,-) is a well-
defined, continuous, and coercive bilinear form on P x P, we can use the Lax-Milgram’s lemma
to conclude that the following variational problem

a(@.9), (0. ¥) = (G, (9, ¥)), Vg, ¥)€P, (3.13)

has a unique solution (@, 1}) eP xP.
Let us define (&, 0, h) by

i =)Ly~ loW). inQr,
b= (6)* LY, in Or, (3.14)
h=-(6)%9, in Qr,

remembering that £* = £. Thanks to (3.13) and (3.14), we have that

@72 (12 + 1P+ )i axdr =a (.90, 0. ) < oo
or
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Considering (i, v) be a weak solution of

iﬁt+ﬁxx_ﬁxxxx=fo+lwﬁa in QOr,

iUy + Vxy — Vxxx = 1 + o, in QOr,
u(t,0)=u,L)y=v(,0 =v(,L)=0, on te(0,7), (3.15)
Uy(t,0)=u,(,L)=v,,0)=v,(,L)=0, on te(0,7T),
u(0,x)=0,v(T,x)=0, in £,

with control & = h and source terms £ and f1, since he L%(gr), we have, from well-posed
result given by Theorem A.2, that (i, v) are well defined. In the following, we prove that the
weak solution (i1, ) is a solution by transposition. In fact, for every (¢, ¥) € Py, it holds from
(3.13) and (3.14) that

T
Re / fO@dxdt + / ( fl,ﬂHfszz dt + Re // hpdxdt
0
or 0

; (3.16)

:Re//ﬁ(/:(p— 1O¢)dxdz+/(ﬁ,W)H—szgdf'
or 0

From (3.16), we get that

T
A_O A~ _1 _ -
Re//ug dxdt+/<v,g >H—2ngdt_Re//h(dedt
0

Oor »

T
+Re//foadxdtjt/(fl,W)Hiszzdt,
0 0

or

for all (g°, g!) € L*(0, T; Hy (Q)), that is, (i, 9) = (i, D).
Now on, we prove that solutions # and v of (3.15) are, in fact, more regular. Let us start
defining the functions

we= 726 A, ve= 07267,
fO=®26) (O +hl,) and fli=D)726) 7 L
It follows, from (3.12), that u,, v, f*l and f*2 satisfies the following system

i(u*)t + (u*)xx - (u*)xxxx = f>,9 +1i ((\3)_2(&)_1)[ A, in QT,
() + (Ws)xx — (V) xxxx = f*l + lous+i ((ﬁ)_2(6)_1)t v, inQr,
Uy = vy =0, in %,
(t+)1=0 =0, (vi) ;=7 =0, in Q.

(3.17)
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Now, since (9)72(6)7"), < CT?s(6)~" we get that f0 +i ((0)~2(6)~"), 4 € L*(Q) and also
fH+i((0)726)7h), b e L*(0, T; H~*(R)). Now, using the results of Appendix A, for (3.17),
we obtain

e € L2(0,T; H*(R2)) N L>®(0, T; H3 ()
and
ve € L2(0, T5 HX(R2)) N L0, T; L*()).
This finishes the proof of Theorem 3.3. O
3.2. Null controllability: nonlinear case
In this section, we use an inverse mapping theorem to obtain the existence of insensitizing
controls for the fourth-order nonlinear Schrédinger equation (1.5). We invite the reader to see the
result below as well as additional comments on [2].
Theorem 3.4 (Inverse mapping theorem). Let By and By be two Banach spaces and let
Y:By— By
satisfying Y € CY(By, By). Assume that by € By, (b)) = by and
YV'(b1): B1 — By
is surjective. Then, there exists 8§ > 0 such that, for every b’ € By satisfying
16— ballp, <8,
there exists a solution of the equation
Yb)=0b', beB.
Finally, we will give the proof of the main result of this manuscript.
Proof of Theorem 1.2. Consider, in Theorem 3.4, the following
Bi=C and By=L*(()"°@) (0, T): LX) x LX((®) @) (O, T); H*()).
Define the operator
Y:By— By
such that
V(u, v, h):=(Lu—|ulPu—1ph, Lv—CTu’v—C|ul’v — 1ou).
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Claim 1. Operator ) belongs to CY(By, By).

Indeed, first note that all terms of ) are linear except: |u|2u, 727 and |u|2v. So, the Claim 1

is equivalent to prove that the trilinear operator given by

((ur, v1, ), (u2, v2, h2), (U3, v3, h3)) > w1u2V3 (3.18)
and

(1, v1, ), (w2, v2, ha), (U3, v3, h3)) = wiu2v3 (3.19)

are continuous maps from C> to L2((0)~%(6)~1(0, T); L*>(2)). However, (u;, v;, h;) € C, thus
we get that

(®726) " 'u; € L2(0, T; H*((R)) N L™(0, T; Hj (Q)) — L°(Qr)
and
®72@6) v € L20, T5 H*((2)) N L0, T; L*(Q)) — L%(Q7)
since we are working on an unidimensional case. At this point, we have fixed A and © such that?
By C LA (v 3 (0™)71 0, T); LX) x LA((v") 3 (6*) 710, T); H™2(R))

holds. Therefore, note first that

Thus, putting together each (0)72(6)~! with each u;, for i = 1,2,3, thanks to the previous
equality and the Holder inequality, we get that

|

and analogously, we have

this proves that both (3.18) and (3.19) trilinear maps are continuous maps from 3 to
L2((D)~%(6)71(0, T); L?(R2)), which is equivalent to ) be a differentiable map from B; to
B, showing the Claim 1.

(3)7°6) uyuus|

07267 026 726w

L20r) ‘ L20r)

726 u; <C
"Nescor) h

()86 Puruzus (ui, vis z20lles (3.20)

3 3
<C ‘
L20r) g .

3
@) s |, < C Tl v z0lle.
T k=1

2 Note that if necessary we could have taken A and p large enough in such a way that this inclusion is still satisfied.
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Claim 2. )'(0, 0, 0) is surjective.

First, note that )(0, 0, 0) = (0, 0). By the other hand, observe that }'(0,0,0) : By — B is
given by

y/((), 0,0)(u, v, h) = ({uy +uxx — Uyxxx — Loh, 10 + Vxx — Vxxxx — LOw),

for (u, v, h) € By. Invoking the null controllability result for linear system (1.6), that is, thanks
to Theorem 3.3, '(0, 0, 0) is surjective, proving the Claim 2.

Finally, by taking by = (0, 0, 0), b = (0, 0) and using Theorem 3.4, there exists § > 0 such
that if ||(f°, f1)] |B, <, then we can find a control £ such that the triple (u, v, h) € By satisfies
Y@, v, h) = (f° f1). By a particular choice of 0= f e L?((9)(6)~1(0, T); L*(R)) and
f1 = (0, Theorem 1.2 is showed since a triple (u, v, h) € By satisfies v(0) = 0 in €2 and solves
(1.5). O

4. Further comments and open issues

To our knowledge, these results in this article are the first concerning the existence of in-
sensitizing controls for the fourth-order Schrodinger equation, in this way, we believe that this
manuscript can open a series of questions, which are discussed now.

4.1. Null condition of the initial data

In this point, we discuss the necessity to assume the null condition of the initial data in
Theorem 1.2. In [11], the author proves that under some suitable conditions, the existence of
insensitizing controls may or may not hold, which indicates that this kind of problem cannot be
solved for every initial data. In this way, we also have the same drawback in our result. To over-
come this difficulty, we believe that the techniques used for the Heat equation, due to De Tereza
[11], can be adapted for our case. Precisely, the idea consists of using the fundamental solution
to construct an explicit solution where the observability inequality does not hold.

4.2. About the nonlinear terms

Note that if we change the cubic term |u|?u by a more general term |u|?~2u, with p > 3, then
one must prove a partial null controllability for the following system

iur + Uyy _uxxxx_§|”|p_2u=f+1wha in 0,
[Vr + Vxx — Uxxxx — Eph”pﬁzi_ (p+ 1)E|M|p726= lou, in Q,
u(t,0)=u(t,L)=v(,0)=v(,L)=0, on te(0,7),
Uy (t,0) =u,(t,L) =v,(t,0) =vy(t,L) =0, on te(0,7),
u(0,x)=uox),v(T,x)=0, in .

If the structure of the problem is still the same and we only change the nonlinearity, the main
difficulty here is to obtain well-posedness results which gives enough regularity for the solutions
to obtain the analogous Holder estimate as in (3.20). In fact, to solve it one must have valid
embedding from the state spaces into L2?~2(Q), for p > 3, which is possible since the following
estimate holds
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when s > % and p > 3, see [26] for well-posedness of the general nonlinear problem.
Additionally, if we change to a general type nonlinearity g, we obtain the following optimal
system

|| %u

-1
< Cllulllsons
iy = Cllilli

iUy +uyxx — Uyxxx +8W) = f+ 140, in 0,
iV 4 Vxx — Vi + & v = lou, in Q,
u(,0)=u(t,L)=v(t,0)=v(,L)=0, on te(0,7),
e (1,0) =uy (1, L) = vy (1,0) = vy (1, L) =0, on 1€ (0,T),
u(0,x) =up(x),v(T,x) =0, in Q.

It is expected that most of these problems have no solution, i.e., it is not possible to insensitize
the functional unless we impose some conditions on g. To exemplify the comments above, some
of these issues were already considered for the case of nonlinearities with superlinear growth at
infinity. In [5], the authors dealing with a semilinear heat equation proved positive result of exis-
tence of insensitizing controls considering g € C! a nonlinear function verifying g” € LY (R),
g(0)=0and

8'(s)
im ———— =
Is|—o0 In(1 + |s])

furthermore, the result is also valid for nonlinearities g of the form

lg()l = [p1()|In*(1 + [p2(s)]),

for all |s| > 59 > 0, with @ € [0, 1) and p;, i = 1,2, are affine functions. Moreover, they proved
negative results of existence considering a nonlinearity g verifying the conditions above, that is,
taking g as

Is]
g(s)z/ln“(1+|a|2)do, foralls € R,
0

but choosing « > 2. Similar results are proved in [34] for a class of nonlinear Ginzburg-Landau
equation.

Thus, in the case of the fourth-order nonlinear Schrodinger equation, this kind of situation,
that is, introducing a function g with certain properties and proving the existence of insensitizing
controls is still an open issue.

4.3. About the sentinel functional

One way to solve the problems of nonlinearity is to change the structure of the functional. Due
to the lack of regularity of the characteristic function, if we change it to a more regular function
then one can still prove the result for more general nonlinearity |u|”~2u, with p > 3, considering

a functional of the form
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J(t,h):%/ R)|ux, t)>dxdt,
Oor

where R € C*°(2) is a smooth function with supp(R) C O.

We note that there exist uncountable insensitizing control problems as we change the sentinel
functional. In fact, by the equivalent formulation in a cascade system with double the equations
of the original system, controllability problems with fewer control forces than equations are not
fully understood in PDEs, so they can also be interesting from the control theory point of view.
Some of the motivations for these problems arise from physical phenomena, thus typically we
focus our attention on functionals that have “physical” meanings: If the functional is the local
L?-norm of the solution then we are looking for controls that locally preserve the energy (kinetic
or potential, depending on the modeling) of the system, and if we change to a first derivative
(or gradient in the N-dimensional case) the problem consists in finding controls that locally
preserves the mean value of the energy.

In this perspective, let D be a derivative operator such as Du = u, or Du = uy,. An inter-
esting — and difficult — problem is to analyze the existence of insensitizing controls when the
sentinel functional takes the form

1
J(z,h) :=§//|Du(x,t)|2dxdt.
or

In such, the optimal system becomes

i“t+uxx_”xxxx_§|u|2“=f+la)h’ in QOr,

iV + Ve — Vrax — L0V =20 Ju>v =D(1pDu), in  Qr,
u(t,0)=u(,L)=v(,0)=v(, L)=0, on te(0,7),
Uy (t,0) =u,(t,L) =v,(t,0) =vy(t, L) =0, on te(0,7),
u(0,x) =uo(x),v(T,x)=0, in Q.

Again, it is not expected to obtain positive results of the existence of insensitizing controls
for every differential operator D in virtue of the lack of regularity provoked by coupling term
D(1pDu), since (again) the characteristic function is not regular. Despite that, Guerrero [20]
dealt with a parabolic equation. The author proved a positive result of existence considering a
functional depending on the gradient of the solution. Since the equation was linear, with constant
coefficients, the argument consisted of considering a global Carleman estimate with different ex-
ponents, not for the equation, but for the equation satisfied by the Laplacian of the solutions to
then recover information using the equation with the coupling. This is not the case when dealing
with a nonlinear problem since deriving the equation would give us many other terms. In [22],
the same author proved a similar result considering a linear Stokes equation with constant co-
efficients but with for the curl of the solution. Finally, we cite the work of the second author
[23], where the authors proved positive results of insensitizing controls considering a functional
depending on the gradient of the solution for the cubic nonlinear Ginzburg-Landau equation. The
result arose by proving a new suitable Carleman estimate for the Ginzburg-Landau equation.

In this spirit, there are many alternatives to define the sentinel functional related to the in-
sensitizing control problems for 4NLS. Thus, we expect that these three works together with
the results in this paper, open prospects to prove similar results considering a sentinel functional
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with the gradient of the solution. Moreover, since the Carleman estimate (2.3) has third-order
terms, maybe it is possible, at some point, to adapt the arguments to consider a functional with
the Laplacian of the solution of the 4NLS, but clearly, to prove it is necessary new arguments
of those that were applied here, at least proving a new Carleman estimate for the fourth-order
Schrodinger equation, as was done in [18, Theorem 1.1] for the Cahn-Hilliard type equation
and as in [19] where a Carleman estimate for stochastic fourth order Schrédinger equation is
showed. The readers are invited to read the recent and interesting work by Imanuvilov and Ya-
mamoto [21], which proves a Carleman estimate for a fourth-order parabolic equation in general
dimensions.

4.4. N-dimensional case

Zheng and Zhou [35] studied the boundary controllability of the 4NLS in a bounded domain
Q c R”. Using a L?>-Neumann boundary control, the authors proved that the solution of 4NLS is
exactly controllable in H~2(£2) using the Hilbert Uniqueness Method and multiplier techniques.
In the sense of the existence of insensitizing controls, we conjecture that the Carleman inequal-
ity shown here can be extended to the N-dimensional case. Thus, if we consider the sentinel
functional as defined in (1.3), our result remains valid, for this case. However, the main issue
here is when we consider a functional like the one mentioned in Subsection 4.3 or other types
of functional associated with the nonlinear problem. This type of problem looks interesting and
still is open for the fourth-order nonlinear Schrodinger equation.
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Appendix A. Well-posedness

In this section, we will show some results about the existence of a solution for the system

iUy + Uxx — Uyxxxx = FO, in Qr,
ivt+vxx_vxxxx=Fl+1(9ua in  Or,

ut,0)=u(t,L) =u,t,0)=u,(t,L)=0, on te€(0,7T), (A.1)
v(t,0)=v(t, L) =v,(t,0) =v,(t, L) =0, on te(0,T),

u(0,x) =uo(x),v(T,x) =0, in £,

for given ug and (FO, F'). The proofs here can be adapted to prove the existence of solutions for
systems (1.6) and (2.4).

A.l. The linearized system

We first consider the simplest linear equation with null boundary conditions which is a lin-
earized version of (1.2) around zero. More precisely, we consider the following
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iUy +Uyy — Uyxxx = [, in Or,
u(,0)=u(t,L)=uy(t,0)=u,(,L)=0, on(0,T), (A.2)
M(O,X):u()(.x), in Q.

The first result is a consequence of the semigroup theory. Before presenting it, let us consider the
differential operator A : D(A) C L2(Q) — L3(Q) given by

Au = iUyy — ilyxxx,
with domain D(A) = H*() N HOZ(Q). Thus, the nonhomogeneous linear system (A.2) takes the

form

{u,(z):Au(t)+if(t), 1[0, 7], A3

u(0) = uyg.

The following proposition guarantees some properties for the operator A. Precisely, the result
ensures the existence of regular solutions for the system (A.2).

Proposition A.1. Let f € C1([0, T1; L2(Q)) and ug € D(A), then (A.2) has a unique solution
u e C([0, T]; H*(Q2) N HZ(2)) N C' ([0, T1; L*()). (A4)
Proof. Consider the linear operator defined by A. This allows us to rewrite (A.2) in the abstract

form (A.3). We have that A is skew-adjoint operator and A is m-dissipative. Indeed, first, is not
difficult to see that

(AM, U)LZ(Q) = _(M, AU)LZ(Q),

forall u, v € D(A). Thatis, A is symmetric. Additionally, D(A*) = D(A), so A is skew-adjoint.
Finally, we have

(Au,u) o) = Re | i / (Uyr — Urxx)udx | = Re | i / —(lux? + luxxP)dx | =0,
Q Q

for any u € D(A), and then A is dissipative. Therefore, A is an m-dissipative operator (e.g.
[9, Corollary 2.4.8]) and by the Hille—Yosida—Phillips theorem (e.g. [9, Theorem 3.4.4]) we
obtain that A is a generator of a contraction semigroup in L2(Q). Thus, if ug € D(A) and
f e CH0, T1; L%(K2)), then equation (A.2) has solutions u# with the regularity (A.4) (e.g. [9,
Proposition 4.1.6]). O

A.2. The coupled linearized system
We are now concerned with the existence of solutions for the coupled linearized system. More
precisely, we will prove the well-posedness results to the system (A.1). First, consider the linear

unbounded operator A defined in the previous subsection and
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{ A= —itlyy +ityrre € H2(Q),
D(Ay) = HX(S).

Both operators are m-dissipative with dense domains; therefore, they generate the Cy semigroups
of contractions Sy and Sy, respectively. Now, consider the following spaces:

Yo = C([0,T]; D(A)) N C'([0, T]; L*())
and
Y1 =C(0, T D(AD) N C' (10, T]; H~*(Q)).
The next result is dedicated to proving the existence of regular solutions for (A.1)

Theorem A.2 (Regular solutions). Assume that ug € D (A),
Fec ([0, T1, H4 Q)N Hg(sz)) Awh! (o, T: HYQ) N H&(Q))
and
FlecC ([0, 71, H’Z(Q)) Aw!! (o, T H’Z(Q)> .

Then, problem (A.1) has a unique regular solution in the sense that

(u,v) e Yo x Yq,

iUy Uy — Uxyxx = FO?

[V + Uxx — Uxxxx = F! + lou,

u|[:0 =uo, Ult:T = O

Proof. Note that, thanks to [9, Proposition 4.1.6], we get that the mild solution

t
u(t) = So(Huo +/So(t —)F(s)ds € Y,
0
verifies

{iu,—i—u“ _uxxxx:FO’ (A5)

ul;—g = uo.

Now, it is not difficult to see that

T T
[1wo 0 gdss s [ flulsdndr < [ P axa,
0 CEHF Q). 200 =17) &

-
Hi @ or
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and hence ulp € C ([0, T], H_Z(SZ)) nwhl (O, T; H_Z(SZ)). Then, applying again [9, Propo-
sition 4.1.6], and we get that the mild solution

T

v(1) = /51 (s —1) (Fl + lou) (s)ds € Y,

t

satisfies

{ivr-i-vxx _Uxxxx:Fl + lou, (A.6)

v |t=T = 0
Thus, Theorem A.2 is achieved putting together (u, v) satisfying (A.5) and (A.6). O
A.3. Transposition solutions

In what follows, we will talk about transposition solutions that are of particular interest for
the purposes of this paper.

Definition 2. Let ug € L2(Q) and (F?, F!) € [L?(0, T; H%(2))]>. We say that a pair
(u,v) € L*(0, T; H} () x L*(Q7)

is a solution in the transposition sense of (A.1), if it satisfies

T T
0 _ — 0
/<g ,u>H72H02 dt_Re/(p(O)uodx+/<F ,<p>H72H02 dt
0 Q 0
, , (A7)

Re glﬁdxdt:Re//u-dedt—l—/ F' oy dt

// < >H—2H02

Or 00 0

for every (g% g') € L? (0, T; H*(R)) x L*(Qr), where (-,-) denotes the duality between
H~2(Q and HOQ(Q), and (¢, 1) is the solution of

i(pt + Qxx — Qxxxx = gO’ in QT7
il//t"'wxx_wxxxx:glv in  QOr,

ot,0) =@, L) =@ (t,0)=¢.(t, L) =0, on te(0,7), (A.8)
Y, 0=y, L)=vyx1,0 =9y, L)=0, on t€(0,7),
o(T,x)=0,v(0,x)=0, in Q.

We have the following result about the existence and uniqueness of transposition solu-
tions.
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Theorem A.3. For ug € L*(Q) and (FO, Fl) € [LZ(O, T; H_2(Q))]2, there exists a unique
(u,v) € [L2 (0, T; Hg(Q))]2 satisfying (A.7) for every (go, gl) elL? (O, T, H_Z(Q)) x L2 07),
where (@, V) is solution of (A.8).

Proof. Let ¥, : L%(0, T; HOZ(Q)) — R the operator defined by

T

W, (h%) =Re/<p(0)%dx+/<Fo,go>

Q 0

dt,
H™2H}

where ¢ satisfies the first equation of (A.8) for g¥:=h0 e L*0,T; H 2(Q)). From the en-

XXXX
ergy estimates, it is easy to see the continuity of Wy. Then, thanks to the Lax-Milgram theorem,

there exists u € L>(0, T; H02(Q)) such that

T
/(go,u>H_2H2 dr =Re//hgxﬁxxdxdt = w, (h%,
0 0 or

for every g’ € H (), with g% = Y Analogously, we have the existence of v € L*(07)

XXXX "
satisfying the second equation of (A.7), since the linear form

T T

\yl(gl):Re//u.wxdt+/<Fl,xp>H_2H2 di
0
O

0 0
is continuous in LZ(QT).

Claim. We have that v belongs to L%, T; HOZ(Q)).

Indeed, first, we take sequences of regular data such that ug — ug in Lz(Q) and (F,?, Fnl) —

(FO, Fl) in L? (0, T, H‘z(Q)) x L%(Q7). We show that the regular solutions (u,, v,) for

(A.1) (whose existence is given in Theorem A.2) with initial data u; and (F,?, Fnl) on the

right-hand side, are also a solution in the transposition sense; moreover, it is bounded in
[L2 (0, T; HA())]’. Hence, in the limit, we obtain that (u, v) € [L? (0, T; H2(2))]".
Finally, for uniqueness, suppose that (i, 0) is another solution of (A.1). Thus,

T T
Re/(go, u— ﬁ>H72H§ dt=0 and Re//gl(v — 0)dxdt = Re//(u — ) - Ydxdt,
0 oT 00

forall g% e L(0,T; H2(Q)) and g! € L?(Q7). Hence, y=yandz=2. O
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