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1 | INTRODUCTION
1.1 | Problem set

Our main focus in this work is to investigate the control property for the Kawahara equation [13, 18]
Up + Uy F+ Uy — Ugxxxx + UU =0 (1.1

which is a dispersive partial differential equation (PDE) describing numerous wave phenomena such as magneto-acoustic
waves in a cold plasma [19], the propagation of long waves in a shallow liquid beneath an ice sheet [16], gravity waves on
the surface of a heavy liquid [10], etc. In the literature, this equation is also referred to as the fifth-order KdV equation [4],
or singularly perturbed KdV equation [25].
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Some valuable efforts in the last years have focused on the analytical and numerical methods for solving Equation (1.1).
These methods include the tanh-function method [2], extended tanh-function method [3], sine-cosine method [26], Jacobi
elliptic functions method [15], direct algebraic method [24], decompositions methods [20], as well as the variational
iterations and homotopy perturbations methods [17].

Due to this recent advance, previously mentioned, other issues for the study of the Kawahara equation appear. For
example, we can cite the control problems, which are our motivation. Precisely, we are interested in proving control results
for the Kawahara operator in an unbounded domain. It is well known that the first result with a “kind” of controllability
for the Kawahara equation

Up + Uy + Uy — Uyxxxx = f([’ x), (t,x)€ R* x (0, 00), 1.2)

was proposed recently by the authors in [7]. It is important to point out that in [7], the authors are not able to prove that
solutions of Equation (1.2) satisfy the exact controllability property

u(T,x) =ur x € (0,). (1.3)

Instead of this, they showed that solutions of the Kawahara equations satisfy an integral condition.

To fill this gap in providing a study of the exact boundary controllability of Equation (1.2) in an unbounded domain,
this paper aims to present a way that may be seen as a first step in the knowledge of control theory for the system (1.2) on
unbounded domains since the results proved in [7], cannot recover Equation (1.3). So, our aim in this paper is to present
an answer to the following question:

Problem A. Ts there a solution to the system (1.2) satisfying Equation (1.3)? Or, equivalently, Is the solution of the system
(1.2) exactly controllable in the unbounded domain (0, +0)?

1.2 | Historical background

Stabilization and control problems on the bounded domain have been studied in recent years for the Kawahara equation.
The first work concerning the stabilization property for the Kawahara equation in a bounded domain (0, T) X (0, L), is due
to Capistrano-Filho et al. in [1]. In this paper, the authors were able to introduce an internal feedback law and, considering
general nonlinearity uPu,, p € [1,4), instead of uu,., to show that under the effect of the damping mechanism the energy
associated with the solutions of the system decays exponentially.

Concerning the internal control problems we can cite pioneer works in the Zhang and Zhao articles [27, 28]. In both
works, the authors considered the Kawahara equation in a periodic domain T with a distributed control of the form

f(t,x) = (Gh)(t,x) 3=g(X)(h(t,X)—/g(y)h(t,y)dy),
T

where g € C*(T) supported in w C T and A is a control input. Still related to internal control issues, Chen [9] presented
results considering the Kawahara equation posed on a bounded interval with a distributed control f(t, x) and homoge-
neous boundary conditions. She showed the result by taking advantage of a Carleman estimate associated with the linear
operator of the Kawahara equation with an internal observation. With this in hand, she was able to get a null controllable
result when f is effective ina w C (0, L).

As the results obtained by Chen in [9] do not answer all the issues of internal controllability, in a recent article [5]
the authors closed some gaps left in [9]. Precisely, considering the Kawahara model with an internal control f(¢, x) and
homogeneous boundary conditions, the authors can show that the equation in consideration is exactly controllable in
L?-weighted Sobolev spaces and, additionally, the Kawahara equation is controllable by regions on L?-Sobolev space, for
details see [5].

Recently, a new tool to find control properties for the Kawahara operator was proposed in [6, 7]. First, in [6], the authors
showed a new type of controllability for a Kawahara equation, what they called the overdetermination control problem.
Precisely, they can find a control acting at the boundary that guarantees that the solution of the problem under consider-
ation satisfies an integral condition. In addition, when the control acts internally in the system, instead of the boundary,
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the authors proved that this condition is also satisfied. These problems give answers that were left open in [5] and present
a new way to prove boundary and internal controllability results for the Kawahara operator. After that, in [7], the authors
extend this idea to the internal control problem for the Kawahara equation on unbounded domains. Precisely, under cer-
tain hypotheses over the initial and boundary data, they can prove that an internal control input exists such that solutions
of the Kawahara equation satisfy an integral overdetermination condition considering the Kawahara equation posed in
the real line, left half-line, and right half-line.

1.3 | Main results

With this background in hand, as mentioned before, our main goal is to answer the Problem .A. To do that, we first prove
two main results which are the key to giving some position of the controllability properties for the Kawahara operator on
an unbounded domain.

Let us introduce some notations. For L > 0and T > 0let Q = {(x,t) € (=L, L) X (0, T) C R?}, be a bounded rectangle.
From now on, for the sake of brevity, we shall write P for the operator

P=0,+0,+0:-033 (1.4)

with domain
D(P) = L*(0,T; H*(-L,L) N H}(—L,L)) n H'(0, T; L*(—L, L)). (15)
Our first result is related to a Carleman estimate for the Kawahara operator being precise, for f € L?(0, T; L?>(~L, L)) and
qo € L*(—L, L), the operator Pq = f, where P is defined by Equation (1.4) with domain (1.5). So, the first result is devoted

to proving a global Carleman estimate.

Theorem 1.1. There exist constants sy = so(L, T) > 0 and C = C(L,T) > such that forany q € D(P) and all s > s,, one has

T L
/ / [(59)°1a12 + (59)71ax 12 + (59)1qx 12 + (59)*|rae  + 591 qena|2 Yo% dxdt
0 —L

T L
<C / / |f 12~ 25%dxdt.
0 —L

As a consequence of the previous Carleman estimate, the second main result of the manuscript gives us an approxima-
tion theorem, which is the key point to prove the exact controllability for the operator P posed on the unbounded domain
and, in this case, to answer the Problem A.

(1.6)

Theorem 1.2. Let n € N\{0, 1}, and t,,t,, and T real number such that 0 < t; < t, < T. Let us consider u € L*((0,T) X
(—n, n)) such that

Pu=0 in (0,T)X(—n,n),
with supp u C [ty,t,] X (=n,n). Let 0 < € < min(t,, T — t,), then there exists v € L>((0,T) X (—n — 1, n + 1)) satisfying

Pv=0in(0,T)X(—n—1,n+ 1), 1.7

supp v C [t; — €, t, + €l X (—n—1,n+ 1), (1.8)
and

lv = ullr2¢0,1)x(=n+1,n-1)) < E- 1.9)
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Finally, the previous result helps to show the third main result of the manuscript, giving a positive answer for the exact
controllability problem.

. . T 1
Theorem 1.3. Given T, ¢ and s real numbers with0 < € < 3 ands € (—E, 2) \ { > % } Letuy, ur € H*(0, +0), thus, there
exists a function

ue LIZOC([O, T] % (0, +)) N C([0,€]; H%(0, +0)) N C([T — ¢, T]; H%(0, +0)

solution of

{ut + Uy + Uyyy — Uygxxx =0 iR D/((O’ T) X (0: +°°)), (1 10)

u(0, x) = u, in (0, +c0),

satisfying u(T, x) = ur in (0, +o0).

1.4 | Final comments and paper’s outline

The results in this paper gave a necessary first step to the improvement of the control properties for the Kawahara operator.
Let us comment on this in the following remark.

Remarks. The following remarks are worth mentioning:

i. From our knowledge, our results are the first ones for the Kawahara operator posed on an unbounded domain.

ii. Note that the Carleman estimate proved in [9] is local which differs from the Carleman estimates shown in
Theorem 1.1.

iii. This work is the first one to prove an approximation theorem, that is, Theorem 1.2, for the Kawahara operator (1.4).

iv. In the context of the Kawahara operator, there is one work [7] which is limited from a control point of view since the
solutions satisfy an integral condition instead of Equation (1.3). Thus, Theorem 1.3 provides progress in the control
theory for this operator in an unbounded domain thanks to the fact that solutions of Equation (1.10) satisfy the exact
controllability condition (1.3).

v. It is important to point out that the strategy applied in our work was already applied for the Korteweg-de Vries
(KdV) equation [23] and the KdV-Burgers equation [12]. In both cases, a Carleman estimate is derived following
Fursikov-Imanuvilov’s approach [11].

vi. The Kawahara equation (1.10) is a higher-order KdV equation, here called the Kawahara equation or fifth-order KdV
equation. So, for this operator, some extra difficulties appear. The first main difficulty is to prove a Carleman estimate.
Note that we cannot directly apply the estimates proposed in [23, Proposition 3.1] or [12, Lemma 2.4], since we have
a fifth-order equation and more terms (included traces) need to be controlled (see Section 3).

vii. Concerning the exact controllability result, Theorem 1.3, note that the restriction in s for the space H® is required,
this is because the well-posedness on an unbounded domain for the system (1.10) follows if s € (—5, 2) \ { % % }
which not happens in [12, 23]. On the other hand, since we have a more strong well-posedness solution borrowed
from [8], we do not need the L? space with weight as in [23, Theorem 1.3] and [12, Theorem 1.2], for example.

viii. Summarizing, our result gives new results for the Kawahara operator (higher-order KdV equation) in the following
sense:
(1) New global Carleman estimate;

(2) Approximation theorem;
(3) Exact controllability in HS, when s € (—2, %) \ { % % }
The remainder of the paper is organized as follows. In Section 2, we present auxiliary results which are paramount to
show the main results of the paper. In Section 3, we present the global Carleman estimate, that is, we will show Theo-
rem 1.1. Section 4 is devoted to giving applications of the Carleman estimate, precisely, we will provide an approximation



CAPISTRANO-FILHO ET AL. MATHEMATISCHE 5
NACHRICHTEN

Theorem 1.2. Finally, in Section 5, we will answer the Problem .4 using the approximation theorem, that is, we present
the proof of Theorem 1.3.

2 | PRELIMINARIES
2.1 | Auxiliarylemma

In this subsection, we will prove an auxiliary result that will put us in a position to apply it to prove the main results of
the paper. For this propose, observe that the operator P generates a Cyp-semigroup of contractions Sy (f),,, on L*(-L,L)
(see, for instance, [1]) which be denoted now on by S (-). With this in hand, the next lemma holds.

Lemma 2.1. Consider l;,1,,L,t,,t, and T be number such that 0 < l; <1, <L and 0 < t; <t, <T. Let u € L*>((0,T) X
(=1,,1,)) be such that

Pu=0in(0,T) X (—=l,,,) and supp u C [t,t;] X (=L, 1).

Let > 0 and & > 0, with 26 < min(t;, T — t,) be given. Then, there exist vy, v, € L*(—L,L) and v € L*((0,T) X (=L, L))
such that

Pv=0in(0,T) X (-L,L), 2.1
U(t, ) = SL(t -t + 25)U1, for - 20 <t < t — 0, (22)
U(t, ) = SL([ —tH+ 5)U2, fOV t, + d<t< t, + 28 (23)

and

lo = ull2(,—26.6, 4 26)x(~11.1)) < -
Proof. Remember that Q = (0,T) X (=L, L), P is defined by Equations (1.4) and (1.5) and pick Qs = (t; — 26, t, + 28) X

(=1, 1;). By a smoothing process via convolution and multiplying the regularized function by a cut-off function of x, we
have a function v’ € D(R?), such that

supp u' C [t; — 8,t, — 8] X [, ],
Pu' =0in (0,T) X (-1;,1;), and (2.4)

lu' = wull 20,7y x (1, 1)) < g
Consider the following set:
& ={v € L*(Qy); 3 vy, v, € L?>(—L, L) such that Equations (2.1)-(2.3) hold true}.
Note that this lemma is proved if we may find v € £ such that
o= ull2igy < 2
It follows by the following trivial inequality:

I — ullr2eg,) <Ilv—u'llr2gy + lu' —ullr2oy

Ui
<|lv— u’||L2(Q5) + 5
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So, we achieve the proof if we prove that u’ € £ = (&1L, where the closure and the orthogonal complement are taken in
the space L?(Qs). For a fix function g € £ ¢ L?(Q;) we should prove that the following holds

W', )2, = 0. (2.5)
Before presenting the proof of Equation (2.5), we claim the following.

Claim1. Let T = {p € C®(R?);supp ¢ C [t; — J,, + 8] X R}. So, there exists C > 0 such that

1(@, @120 < ClIPPIIr2(0,)s (2.6)

forallp e T.
In fact, pick ¢ € 7 and define

t
B0 = / St — 5)Pp(s)ds,
0

for 0 <t < T, that s, 9 is strong solution of the boundary initial-value problem

Py =0, in Qr,

Ip(t, _L) = "p(t,L), sz(t’ _L) = pr(taL)a z;bxx(t’ _L) = szx(t’L)a te [05 T]a
szxx(t: -L)= zpxxx(t,L)a lpxxxx(t: -L)= zpxxxx(t:L): te[0,T],
lp((), ) =0, in[-L,L].

Thanks to this fact, v =) — ¢ € &, observe that Equations (2.2) and (2.3) are verified with v; = 0 and v, = ¥(¢t, + 6),
hence

(0, 8)1205) = @ — ¢, @)r2Qs) = O-

On the other hand, we have

1ONlz2(-1.) < IPPllLr01512(-1,0)) < \EIIPfPIlH(QT)),
forall t € [0, T], and therefore

(@, @)r2005) = 1@, 1205 < TGl 20 1P NL20;)>
showing Claim 1. We also need the following claim.
Claim 2. There exists a function w € L?(Qr) such that

(®, 812005 = (PP, 0)12(0;)» (2.7)

forallp e T.
Indeed, let Z = {(Pgo)|Q;go € 7'} and define the map A : Z — Rby

A = (&, 8)12(05)-

First, note that for any { € Z,if ¢ = (Pg,)| op = (Pq02)|QT, for two functions @1, ¢, € T, we have using claim 1 that ¢; —

@, € &, hence (91 — 92, 8)r2(Qs) = 0- Thus, A is well defined. Consider H the closure of Z in L*(Q). Due to Equation (2.6),
using the Hahn-Banach theorem, we may extend A to H in such way that A is a continuous linear form on H. Thus, it
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follows from the Riesz representation theorem that there exists w € H such that
A = (€, wi2,) ¥¢ € H,
and so Equation (2.7) follows, and the proof of Claim 2 is finished.
Finally, let us prove Equation (2.5). To do it, consider the extensions of g and w in R? given by
&(t,x) =0, for (t,x) € R>\Qy
and
a(t,x) = 0, for (t,x) € R*\Qr,
respectively. Taking Q = (t; — 5,1, — ) X R, let ¢ € D(Q) C T . So, we have that
(@, 81205 = (@, D12 and (P, w)r20,) = (PP, D)r2(0)s
therefore, using Equation (2.7), we get
(P*(@), P)pr(),p) = (& P)p/(), D)
so P*(®@) = g in D'(Q) and
P*(@) =0, fort; —d<t<t,+dand |x| > L.
Since
a(t,x)=0, fort; —d<t<t,—6and |x| > L,
Holmgren’s uniqueness theorem (see, e.g., [14, Theorem 8.6.8]) ensures that
@(t,x)=0, fort; —d <t <t,+dand |x| > L.
Lastly, due to Equations (2.7) and (2.4), we conclude that
(W, 8)12(05) = (PU, )r2() = (PU', @)r2((t, - 6,65+ 8)x (<11, 1)) = 05

finishing the proof. O

2.2 | Observability inequality via Ingham inequality

Given a family Q = (w)kex := {wy : k € K}of real numbers, we consider functions of the form }7, - crel“k! with square
summable complex coefficients (¢, )rex := {cx : k € K}, and we investigate the relationship between the quantities

J

where I is some given bounded interval. In this work, the following version of the Ingham-type theorem will be used.

2
dt and ) lel’,
keKk

2 ckeiwkt

kek
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Theorem 2.2. Let {1} be a family of real numbers, satisfying the uniform gap condition

y=inf 4 —4,] >0
llcnl k nI
and set

'=s inf |A,—24,|>0
14 Alég k,neK\AI k= Anl

where A rums over the finite subsets of K. If I is a bounded interval of length |I| > 2—7,{, then there exist positive constants A and
4
B such that

AY lal < [1fOPd <5 T o
1

kekK kekK

for all functions given by the sum f(t) = 3, ek cie' ! with square-summable complex coefficients cy.
Proof. See [22, Theorem 4.6]. O
Now on, consider the operator A : D(A) C L>(—L,L) — L*(—L, L), defined by A(u) = —u, — Uyry + Uyyryy, With
D(A) = {v € H>(=L,L); u(=L) = v(L), 0x(=L) = x(L), ., Vxxexx (L) = Ve (L)}

In what follows S; will denote the unitary group in L>(—L, L) generated by the operator A, using the Stone theorem. With

this in hand, pick e,, = L " forne z So, e, is an eigenvector for A associated with the eigenvalue w,, = id,, with

VL
5 3
a= (" 4 (nm) _nm
= (%) () -F

If uy € L*(—L, L) is any complex function, we decomposed as uy = Y. _ c,e,, so we have for every t € R

neZ

Sp(Oug = Z eltnic,e,.
nez

We are now in a position to prove an observability result.

Proposition 2.3. Let [, L, and T be positive number such that | < L. Then, there exists a constant positive C such that for
every uy € L*(—L, L), denoting u = Sy (.)u,, we get

lluollr2—r.y < Cllull 2o, r)x(~L1)- (2.8)
Therefore,
llwell 20, myx(=L.L)) < VTC 1wl 220, myx(=L1))- (2.9)
Proof. Pick T” € (0, g) andy > % Let N € N such that
AN—A_y=2Ay=2yand(n € Z,[n|>N)=> 1,1 — 1, >7.

By Ingham’s inequality, see Theorem 2.2, there exists a constant C7» > 0 such that for every sequence (a,,)|, -y of complex
numbers, with a,, = 0, for all n € Z; |n| < N, the following inequality is verified

21!
2 lagl’ <Cr / 2 e
0

[n|>N [n|>N

2
dt (2.10)
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Let Z, = Span(e,) forn € Z and Z = @,z Z,, C L*(—L, L). Let us now define the following seminorm p in Z by

! :
p(u) = </ |u(x)|2dx> dt, Yu € Z.
-1

In this case, p is a norm in each Z,,. By other hand, ifu, € Zn (®|n|<NZ)L, we can rewrite u, in the following way:
Uy = Z Cnén,
|n|>N

[on ei(/ln T +n % X)
L

with ¢, = 0 for |n| large enough. Thus, applying Equation (2.10) with a, = and integrating in (—I, 1) we

get

2
dtdx.

2l Z |cn|2
2L

1 .21
S CT’ / /
In|>N -1J0

Therefore, Fubini’s theorem ensures that

Z emntcnen(x)

|n|>N

21!
L
lluollzz—r,r) < TCT’/ p(S(Hug)?dt.
0

Finally, for u, € L?(—L, L), we have

21’
/ p(SL(t)uO)Zdt < ”SL(')uO ”iz((o 2T"x(~L,L)) = 2T’ ||u0||L2(—L,L)'
0 s >

Thanks to the fact that 2T’ < T, follows from [21, Theorem 5.2] that there exists a positive constant, still denoted by C,
such that Equation (2.8) is verified for all z, € Z and the general case, that is, for all u, € L?>(—L, L), follows by a density
argument, showing the result. O

3 | GLOBAL CARLEMAN ESTIMATE

Consider T and L > 0 to be positive numbers. Pick any function ¢ € C8[—L, L] with

% >0in[-L,L]l; ¥'(-L)>0; 3'(L)>0,9" <0 and |¢,|>0in[-L,L]. 3.1)
Letu = e%%q, w = e ?P(e’Pu) and p(t, x) = % Straightforward computations show that
w = L(u) + Ly(w), (32)
with
Li(u) = Au + Ciuyy + Euyy,
Ly(u) = Buy + Cyuty, + Dty + Uy — Usy,.
Here,

A= S(qD[ + Px + Pyxx — (pr) - Sz(loqoquoxxx - 3¢x¢xx + 5¢x§04x)

- 33(15§0x¢)2cx + 10@)2c§0xxx - q’?c) - S410¢)3c§0xx - SS@;SC’
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B = +S(3¢xx - 5§04x) - 32(15¢)2cx + 20¢x¢xxx - 3(P)2c) - S330§0)2c§0xx - S45§0;‘c’

C = S(?’qox - 1Oqoxxx) - S310§0)3c
C,=C= _5230¢’x¢’xx
D = —s10¢,, — s*10¢2,

E = —s5¢,.

On the other hand, [|w||? = IL;@)]I> + ILyG)II + 2 (L (), Ly(w)), where

T L
(u,v) = / / uvdxdt
o J-L

and ||w||? = (w, w). With this in hand, we can prove a global Carleman estimate for the Kawahara equation

U + Uy + Uy — Uyxxxx =0 (x,1) € Qr,
u(—=L,t) =u(L,t) = u (=L, t) = uy(L,t) = u (L,t) =0 t€(0,7),
u(x,0) = up(x) x € (0,L).

We cite to the reader that the well-posedness theory for this system can be found in [1].

3.1 | Proofof Theorem 1.1

We split the proof into two steps. The first one provides an exact computation of the inner product (L, (u), L,(u)), whereas
the second step gives the estimates obtained thanks to the pseudoconvexity conditions (3.1).

Step 1. Exact computation of the scalar product 2(L,(u), L,(u)).

First, let us compute the following:

T /L
/ / (Au + Cluxx + Euxxxx)Lz(u)dxdt =. Jl + ]2 + J3
0 0

To do that, observe that u belongs to D(P), thus, we infer by integrating by parts, that
1Tt
=3 [ 1A= As = (AC) + (AB), + (AD) e
0 J-L

T L
- % / / (54, — 3(AD), + 2(AC,)u2dxdt (3.3)
0 —L

s [T L
+3 / / A u2, dxdt,
0o J-L

T L
]2 = / -/ CluXX[Bux + C2uxx + Duxxx - uxxxxx]dth
0 —L

(34)
T L
+/ / Cruyudxdt :=1; + I,.
0o J-L
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and

J3= / / Etyyxx[Buy + Cothyy + Dy — Uyyxxxldxdt
0o J-L

35
. 3.5)
+ / / Euxxxxu[dxdt = I3 + 14.
0o J-L
Let us now treat I;, for i = 1,2, 3,4. Note that I, is equivalent to
h=-1 / / (CB)dxdt — & / / [(C1D), = 2AC1Cs) = Craee i dxcl
(3.6)
- —/ / 3C U2, dxdt.
By other hand, by the definition of w, see Equation (3.2), for I, we have that
1Tt T L
I, = ——/ / (ACy,)uldxdt —/ / (Cr U2, dxdt
2)o J1 0o J-L
1Tt
-3 [ [ e+ e - oei.,
0 J-L
+ (Eclx)xxx - Clx + (Cl)xxxxx]u)zcdxdt (3-7)

- _/ / [(ZDclx) 3(EC1x)x 4C1xxx]uxdedt

/ / Ciuywdxdt,

where we have used that u belongs to D(P) and u;—y = u;—r = 0. Now, using the same strategy as before, that is,
integration by parts, u belongs to D(P) and u;—y = u;—r = 0 ensures that

1 T L 1 T L
I=—1 (EB)yrxti2dxdt + = [3(EB), + (ECy)x luz dxdt
2Jo Jo 2o Jou

1 T L 1 T L
-3 / / [(ED), + 2(EC,)u?, dxdt + 3 / / E.u?, . dxdt,
0 —L 0 —L

(3.8)

and

T L
14:/ / E  usuy, dxdt —2 / / (Exyy)yUedxdt + = / / E— u Ldxdt
0 J-L
T L 1
—/ / Exxuxxutdxdt—z/ / Exuxxxutdxdt——/ / Eu2, dxdt (3.9)
0o J-L 0o J-L 2Jy Joo
T L 1 /Tt
——/ / [Exxuxx+2Exuxxx]u,dxdt—5/ / Eu2, dxdt =: Is + I,
0 J-L 0 J-L
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Note that I5 can be seen as

T L
1
Is = 5 / / [(ExxA)xx - Z(ExA)xxx]udedt
0 -L
1 T L
+ 5 / / [_2(ExxA) - (BExx)x + 6(ExA)x + Z(ExB)xx]u)zcdxdt
0 -L
1 T L
+ z / / [2(Exxc) - (ExxD)x + (ExxE)xx + Exxxxx - 4(ExB) - 2(CEx)x]u)2cdedt
0 -L

T L
1
+ z / / [_2(ExxxE) - 7Exxx + 4(ExD) - 2(EEx)x]u)2cxdedt
0 —-L

T L T L
+ / / E.u?, . dxdt — / / (Eyxlyy + 2E Uy )0dxdt,
0o J-L 0o J-rL

thanks to Equation (3.2). So, putting the previous equality into Equation (3.9) we get,
1 /Tt
Iy = 5/ / [(ExxA)xx — Z(ExA)xxx]uzdxdt
0 J-L
1 /Tt
+ 5 / / [_Z(ExxA) - (BExx)x + (ExA)x + Z(ExB)xx]quchdt
0 J-L
1 /Tt
+ 5 / / [2(Exxc) - (ExxD)x + (ExxE)xx + Exxxxx - 4(ExB) - Et - Z(CEx)x]u)zcdedt (3'10)
0 J-L

T L
1
+ 5 / / [_Z(ExxxE) - 7Exxx + 4(ExD) - Z(EEx)x]uyzcxdedt
0 -L

T L T L
+ / / Eu2, . dxdt — / / (Eyyxlyy + 2E Uy )odxdt.
0o J-r 0o J-r

Putting together Equations (3.6) and (3.7) in Equations (3.4), (3.8), and (3.10) into (3.5), and adding the result quantities
with Equation (3.3), we have that the scalar product 2(L; (u), L,(u)) is given by

T L T ,L
2/ / Li(w)Ly(uw)dxdt = —/ / (ExxUyy + 2E Uy Jodxdt
0o J-L 0 J-L

T L T L
—2/ /(cuClx)uxdxdt+/ / Mu?dxdt
0o J-L 0o J-L
T L T L
+/ / Nufcdxdt+/ / Ou2, dxdt
0o J-L 0o J-L
T L T L
+/ / Ru)zcxxdxdt+/ / Su dxdt,
0o J-L 0o J-L

(3.11)

where
M= _(AB)x - At + ASx + (ACZ)xx - (AD)xxx - (Aclx)x + (ExxA)xx - 2(ExA)xxx
N = 3(AD), — 2(AC;) — (C1B)x + (BC1x) + C1x — (CCry)x + (DCx)xx — 5Axxx

- (Eclx)xxx - Cle - (EB)xxx - 2'(ExxA) - (BExx)x + 6(ExA)x + 2(ExB)xx
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O0=5A,—- (CID)x - 2(Dclx) + 3(EB)x + 2(C1C2) - 4(ExB) + 5C xxx + 3(Eclx)x

+ 2(Exxc) + (ECZ)xx - (ExxD)x + (ExxE)xx + ESx - Et - 2(CE)c)x
R = —5Cy — (ED)y + 4(ExD) — 2(EC;) — 2(ExxxE) — TExxx — 2(EEy)y
S =3E,
Now, note that

T /L

2 /0 ' /_ iLl(u)Lz(u)dxdts /0 ' /_ i (Ly(w) + Lo(w) dxdt < /0 /_ e

we have due to Equation (3.11) that

T L T L T L T L
/ / Muzdxdt+/ / Nuidxdt+/ / Oufcxdxdt+/ / Ru2, .dxdt
0o J-L o J-L 0o J-L 0o J-L
T L T L T L
+/ / Suixxxdxdt—Z/ / (cuClx)uxdxdt—/ / (ExxUyy + 2E Uy, )Jodxdt (3.12)
0o J-r o J-L 0o J-L

T L
< / / w?dxdt.
0o Jor

Let us put each common term of the previous inequality together. To do that, note that using Young inequality, fore € (0, 1)

we get
T L T L, .
2/ / (wCiudxdt = 2/ / <€5C1xux> <€_5w>dxdt
o J-r o J-r
T L T L
< e/ / Cfxufcdxdt+e_1/ / w’dxdt.
0 J-L 0o J-L

In an analogous way,

L

T L T L T
€
/ / (Eyxlyy + 2E Uy )odxdt < 5 / / E2 u? dxdt + e/ / E2u? dxdt
0o J-L 0o Jor 0o J-orL

3 T L
+ —e_l/ / w?dxdt.
2 0o J-L

So, we have that
T L T L

T L
—e/ / Cfxuﬁdxdt—e_l/ / w’dxdt < —2/ / (wCiy)u,dxdt (3.13)
0 J-L 0o J-L 0o J-L

and

T /L

T L 3 T L
/ / E2, u? dxdt — e/ / E2u?, dxdt — =¢7! / / w?dxdt
o J-L 0 J-L 2 0o J-L

T L
<- / / (ExxUyx + 2E Uyy )odxdt.
0o J-r

€
2
(3.14)
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Replacing Equations (3.13) and (3.14) into Equation (3.12) yields that

T L T L

//Muzdxdt+/ /( N —¢C} ) 2dxdt+// ——E2 uxdxdt

o J-L 0o J-L

// —€E}) xxxdxdt+/ / Suxxxxdxdt< 1+—e // w?dxdt.

Step 2. Estimation of each term of the left-hand side of Equation (3.15).
The estimates are given in a series of claims.

(3.15)

Claim 1. There exist some constants s; > 0 and C; > 1 such that for all s > s;, we have

T L T L
/ / Mu?dxdt > C;! / / (sp)’udxdt.
o JorL o J-oL

Observe that

O) o . OB @y O)

M = —(AB —— L =45 =
(AB)y + t8(T — t)8 S PxPrx ¥ t8(T — t)8 t9(T —1)°  t3(T —¢t)8

We infer from Equation (3.1) that for some k; > 0 and all s > 0, large enough, we have

S9

M>ki——
=ho(T = 1)

Claim 1 follows then for all s > s;, with s; large enough and some C; > 1.

Claim 2. There exist some constants s, > 0 and C, > 1 such that for all s > s,, we have

T L
/ / —eC? Juidxdt > Cz_l/ / (sp) uZdxdt.
o JoL

Noting that
X O(s%)
N —¢Cy, = 3(AD), — 2(AC;) — (C1B), + (BCyy) + £6(T — £)6
0(s°) @)y O(s°)
= —50s57® —— 7 = _50¢7 >
S PxPxx + tG(T _ t)6 t7(T _ t)7 + tﬁ(T — t)6

and using again that Equation (3.1) holds, we get for some k, > 0 and all s > 0, large enough, that

2 s7
—eC —-—
1x 2 k2 t7(T — t)7

and Claim 2 follows then for all s > s,, with s, large enough and some C, > 1.

Claim 3. There exist some constants s; > 0 and C3 > 1 such that for all s > s3, we have

// ——E2 uxdxdtZC;/ /(sga)su2 dxdt.
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First, see that

O(s*)
€
0 - §E>2cx = 5A, — (C;D), — 2(DCyy) + 3(EB), + 2(C,C;,) — 4(EB) + m
o(s* N4 oO(s*
= —2505°Q5 @y + L = —250s° W)y () .
tH(T —t)* t5(T —t)5 4T —t)*
Next, using Equation (3.1) we have that for some k; > 0 and all s > 0, large enough,
5
€ 5 s
- = >ky—
0= 3Buzks t5(T — 1)5
is verified, so Claim 3 holds true for all s > s3, with 53 large enough and some C5 > 1.
Claim 4. There exist some constants s, > 0 and C, > 1 such that for all s > s,, we have
T L T L
/ / (R — €E3)u dxdt > C;* / / (sp)*u?, dxdt.
0o J-L 0o J-L
As the previous claims, thanks to Equation (3.1) and
) 0(s?)
R —¢E{ = -5C;, — (ED), + 4(E,.D) — 2(EC,) + m
O(s? N2, O(s?
= —100s°¢p2p,, + L = —100s> W)y + () ,
t2(T —t)2 t3(T—1t) 2T —1t)?

we can find some constant k, > 0 and all s > 0, large enough, such that

3

N
R—eE2>kj—
X =TT — )3

follows and Claim 4 is verified for all s > s,, with s, large enough and some C, > 1.

Claim 5. There exist some constants ss > 0 and Cs > 1 such that for all s > 54, we have

T L T L
/ / Suz cdxdt > C5* / / (s@)u, . dxdt.
0 J-L 0o J-L

This is also a direct consequence of the fact that S = —s5¢,,, and Equation (3.1) holds. Therefore, Claim 5 is verified.

We infer from Steps 1 and 2, that for some positive constants s, C, and all s > s, we have

T L
/ / (@)l + (50) 2 + (59) a4+ (590t l? + 5@ lttyrn]? }dxdt
0 —L

T L
< C/ / |w|>dxdt.
o J-L

Replacing u by e q yields Equation (1.6).
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4 | APPROXIMATION THEOREM

This section is devoted to presenting an application of the Carleman estimate shown in Section 3 for the Kawahara operator
P defined by Equations (1.4) and (1.5). First, we prove a result which is the key to proving the approximation Theorem 1.2.
We have the following as a consequence of Theorem 1.1.

Proposition 4.1. For L > 0 and f = f(t,x) a function in L*(R x (=L, L)) with supp f C ([t;,t,] X (=L, L)), where —co <

t; < t, < oo, we have that for every € > 0 there exist a positive number C = C(L,t;,t,,€) (C does not depend on f) and a
function v € L*(R x (=L, L)) such that

U + Uy + Uxxx = Uxxxxx = fi0 D/(R x (=L, L)),
supp v C [t; —€,t, —€] X (=L,L)

and
ol r2rx(=L,Ly) < Cllfl2@x(=L,L))-

Proof. By a change of variable, if necessary, and without loss of generality, we may assume that 0 =t; —€ <t; <, <
t, — € = T. Thanks to the Calerman estimate (1.6), we have that

T L Lk T L
/ / Iql*e 1<T—f>dxdt§C1/ / |P(q)|*dxdt, (4.1)
0 J-L 0 J-L

for some k > 0, C; > 0 and any q € Z. Here, the operator P is defined by Equation (1.4). Therefore, we have that F :
Z X Z — R defined by

T L
F(p.q) = / / PP
0 _

k
is a scalar product in Z. Now, let us consider H the completion of Z for (-, -). Note that |g|?e -0 is integrable on Qr if

g € H and Equation (4.1) holds true. By the other hand, we claim that T : H — R defined by

T L
Q) = - / / (. x)q0o)dxdt,
0 —L

is well-defined on H. In fact, due the hypotheses, that is, supp f C ([t;,¢,] X (—L, L)), and thanks to Holder inequality
and the relation (4.1), we have

T L t, oL .
/ / £t (o) ldxdr < / / £t 20qGOldxdt < CILFC 2t (@ D)7 “2)
0o J-L n JoL

for some constant positive C.
Thus, it follows from the Riesz representation theorem that there exists a unique u € H such that

F(u,q) =T(q), YVq € H. 4.3)

Pick v := P(u) € L*>((0,T) X (—L, L)), so have that
T L T L
(P*(0),q) = (v, P()) = / / vP(g)dxdt = / / PP(q)dxdt
0 J-L 0o J-L

T L
— Fu,q)=T(q) = — / / fadxdt = (—f,q),
0 —L



CAPISTRANO-FILHO ET AL. MATHEMATISCHE 17
NACHRICHTEN

where (-, -) denotes the duality pairing (-, -)(0,):p(0,) @and P* = —P, hence
Pv = finD'(Qp).
Finally, observe that v € H'((0,T); H~>(-L, L)), since we have
U = [+ Uyyooex — Uxxx — Uy € L?(0, T; H>(=L, L)),

thus v(0, ) and v(T, -) make sense in H—>(—L, L). Now, let g € H'(0, T;HS(—L, L)), follows by Equation (4.3) that

T L T L T
—/O /_L fqdxdt = —/0 /_L fqdxdtt + (v(t, x),q(t, x)) =

where (-, -) denotes the duality pairing (-, -) H-5(—L,L;H(~L,L)" Since ql;—¢ and q|,—7 are arbitrarily in D(—L, L), we infer
that v(T,-) = v(0,-) = 0in H~>(—L, L). Therefore, the result follows extending v by setting v(t, x) = 0 for (¢t,x) & Qr. [

Now, we are in a position to prove Theorem 1.2.

Proof of Theorem 1.2. Pick ) > 0, to be chosen later. Thanks to Lemma 2.1, appliedfor L=n+1, Iy =n—-1, 1, =n, 28 =
%, there exists U € L>((0,T) X (—n — 1,n + 1)) such that

Po=0in(0,T)X(—n—1,n+1).

€ € €
0(t,) = Sy (t—t1+—>vl, fort;— S <t<t;—< (4.4)
2 2 4
and
- € € €
U(t,.)=Sn+1 <t—[2—z)l)2, f0rt2+z<t<t2+§, (45)

for some (Ul, UZ) = Lz((t] — %’ l’2 + %) X (—n + 1, n-— 1))2 and
[0 — u”LZ((tl—g,tz+;)X(—"‘H’”_l)) <7

So that Equation (1.8) be fulfilled, we multiply 0 by a cut-off function. Now on, consider ¢ € D(0, T) be such that0 < ¢ <
1, p(t) =1, forallt € [t; — i, t, + %] and supp ¢ C [t; — % t, + %]. Picking v(¢, x) = @(t)0(¢, x), we get

supp v C [t; — %,tz + %] X(-n—=1,n+1).
Therefore,

lo = wllz20,)x(=nt1,n-1)) SN0 = UIILz((,l_g,[ﬁg)x(_nﬂ,n_l))
+ (e - 1)‘5||L2((t1—§,z2+§)><(—n+1,n—1))-

Since supp u C [t;,t,] X (—n,n) and ¢(t) = 1, for t; — Z <t<t+ %, we have

—Doll? < 5112
<2 )U”Lz((tl—%,12+§)><(—n+1,n—1)) = “v”LZ({(tl—g,tl—i)U(tz+§,12+§)}><(—n+1,n—1))
=llo— u“iZ({(r —E =50+ S+ Ix(—n+1,n—1))
1—3h=y 2t phats n+l,n (4.6)
< |lo—ull?

L2((tl—§,t2+%)x(—n+1,n—1))

<’
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Hence,

o — wll L2(0.1)%(=nt1,n—-1)) < 275 (4.7
where we have used the fact that supp u C [t;,t,] X (—n, n). Finally,

_d
Pv=d—qt06 in (0,T)X(-n—-1,n+1)

SO

IIPoI?

do -
L(O.T)x(-n-1n+1)) = ”d_ ol

2
t“L""(O’T) L2({(1 =5 1= DU(ta+ 5 o+ PX(=n=1,n+1)

thanks to the fact that ¢(¢t) = 1in [¢; — %, t + Z]. On the other hand, since Equations (4.4) and (4.5) hold, we infer by the
observability result, that is, by Lemma 2.3, that there exists a constant C = C(n,€) > 0 such that

”ﬁ”LZ((tl—g,tl—i)x(—n—l,n+1)) < C”U”LZ((II—%,tl—i)x(—n+1,n—1))
and also

”ﬁ”Lz((tz+i,t2+§)><(—n—1,n+1)) < C”6“L2((t2+i,t1+§)x(—n+1,n—1))’
or equivalently,

O L2, -2 - S0ttt pxn—tn41)) S CNON L2, 11— 00024 4 SpxntLn-1):
Thus, combining the last inequality with Equation (4.6) yields that
_ do
1P 20, 1)x(=n—1,n41)) < C| a I L) (4.8)

Now, to finish the proof, we use Proposition 4.1, to ensure the existence of a constant C = C’'(n, t1,1,,€) > 0 and a
function w € L*((0, T) X (—n — 1, n + 1)) such that

Pw=Pvin(0,T)X(—n—1,n+1), 49)
supp w C [t; —¢,t, + €] X (—n—1,n + 1), '
and
lwll 20, )x(=n—1,n+1)) < C" POl 12((0,1)%(=n—1,n-+1))- (4.10)

Consequently, setting v =v —w we get Equations (1.7) and (1.8) by using Equation (4.9). Moreover, thanks to
Equations (4.7), (4.8), and (4.10), we get that

< (240 %
o = ullz2go.rx-ns1n-1) < { 2+ CC" |25l ooy ) 7-
Now, choosing 7 small enough, we have shown Equation (1.9) and so the result is shown. O

Finally, as a consequence of Theorem 1.2, we prove the next result that gives us information to prove the third main
result of the paper in the next section.
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Corollary 4.2. Let t1, t,, T real numbers such that 0 < t; < t, < T and f = f(t,x) be a function in LIZOC(IRZ) such that

supp f C [t 6] X R.
Lete € (0, min(t,, T — t,)), then there exists u € LIZOC(RZ) such that
@ + Wy + Wy — Wyxrxx = f in D'(R?)
and
supp @ C [t; —€, b, + €] X R.
Proof. Consider two sequences of number denoted by {t{'},>> and {t}},>, such that for all n > 2 we have

n+1

h—e<tM << <<t <ti <t +e (4.11)

We construct by induction over n a sequence {u,},>, of function such that, for every n > 2

u, € L>((0,T) x (—n, n)),
supp u, C [t},t}] X (=n,n), (4.12)
Pu, = fin(0,T) X (—n,n),

and, ifn > 2

. 1
1%, — up—1ll22¢0,1)x(=n+2,n—2)) < o (4.13)

Here, u, is given by Proposition 4.1. Now on, let us assume, for n > 2, that u,, ..., u,, satisfies Equations (4.12) and (4.13).
By Proposition 4.1, there exists w € L*((0,T) X (—n — 1, n + 1)) such that

supp @ C [t3,5] X (—n—1,n+1)
and
Pw=fin(0,T)X(—n—1,n+1).
As we have P(u,, —w) = 0in (0,T) X (—n, n) and
supp (u, — ) C [¢], 5] X (—=n, n)
with 71 < % < 7 < )1, So, using Theorem 1.2, there exists a function v € L*((0, T) X (—n — 1,n + 1)) such that
supp v C [t'f“,t”“] Xx(-n—1,n+1), Pv=0in(0,T)X(-n—1,n+1)

and

1
o = (u, — )l L2¢0,1)x(=n+1,n—1)) < Py

Thus, picking u,,; = v + w, we get that u,,, satisfies Equations (4.12) and (4.12). Extending the sequence {u,},>, by
u,(t,x) = 0 for (t,x) € R?\ (0, T) X (—n, n), we deduce, thanks to Equation (4.13) that

{un}nzz_)u in LIZOC(RZ)
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with
supp u C [t; —¢,t, + €| XR

due to the fact Equation (4.11). Additionally, Pu = f in R? by the third equation of Equation (4.12). Thus, the proof is
finished. O

5 | APPROXIMATION THEOREM APPLIED IN CONTROL PROBLEM

In this section, we present a direct application of the approximation Theorem 1.2, which ensures the proof of Theorem 1.3.

5.1 | Proofoftheorem 1.3

s

As is well known, see [8], that there exist u; and u, in a class C(0,T; H5(0, +0), for s € (—%, g) \ {
(without specification of the boundary conditions)

N W

}, solutions of

N =

Uy + Upye + Upex — Ulexxxx =0 0 (0,T) X (0, +00),
uy(0,x) = uy in (0, +o0)

and

Uyt + Upy + Uy — Unyxxxx =0 10 (0,T) X (0, +00),
u5(0,x) = up in (0, +00),

respectively, for s € <—%, %) Now, consider #i,(t, x) = u,(t — T, x). We have that Pii, = 0 in [0, T] X (0, +0). Now, pick

any ¢’ € (e, g) and consider the function ¢ € C*(0, T) defined by

1, ifre[0,¢]
p(t) = . ,
0, ifte[T—-¢€,T].

Note that the change of variable

u(t, x) = e(Ou (¢, x) + (1 — p(6))dx(t, X) + a(t, Xx),

transforms Equation (1.10) in

d - .
W + Wy + Dxxx — Dxxxxx = qu(uZ - ul) m D,((O, T) % (0, +0)),
w(0,x) =w(T,x)=0 in (0, +00).

The proof is finished taking into account Corollary 4.2 with f = Z—f(ﬁz —Up).
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