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ABSTRACT. The main goal of this manuscript is to prove the existence of insensitizing controls for
the fourth-order dispersive nonlinear Schrodinger equation with cubic nonlinearity. To obtain the
main result we prove a null controllability property for a coupled fourth-order Schrédinger cascade
type system with zero-order coupling which is equivalent to the insensitizing control problem.
Precisely, employing a new Carleman estimate, we first obtain a null controllability result for the
linearized system around zero, and then the null controllability for the nonlinear case is extended
using an inverse mapping theorem.

1. INTRODUCTION

1.1. Setting of the problem. Inspired by the difficulties in finding data in distributed system
applications, Lions [28] introduced the topic of insensitizing controls. Precisely, this kind of problem
deals with the existence of controls making a functional (depending on the solution) insensible to
small perturbations of the initial data. Considering some particular functional, it has been proven
that this problem is equivalent to control properties of cascade systems [4, 20].

The insensitivity can be defined in two different ways: An approximate problem or an exact
problem. Approximate insensitivity is equivalent to the approximate controllability of the cascade
system, while exact insensitivity is equivalent to its null controllability. Before giving the reader
more details about it and a state-of-the-art related to these problems, let us introduce the model
we want to study.

In this article, we address the exact insensitizing problem for the cubic fourth-order Schrédinger
equation with mixed dispersion, the so-called fourth-order nonlinear Schrédinger system (4NLS)

(1.1) Ut + Upy — Uppgr = )\]u|2u,

where z,t € R and u(x,t) is a complex-valued function. Equation (1.1) has been introduced
by Karpman [24] and Karpman and Shagalov [25] to take into account the role of small fourth-
order dispersion terms in the propagation of intense laser beams in a bulk medium with Kerr
nonlinearity. Equation (1.1) arises in many scientific fields such as quantum mechanics, nonlinear
optics, and plasma physics, and has been intensively studied with fruitful references (see [3, 24, 31]
and references therein).

To introduce our problem, consider €2 := (0,L) C R be an interval and assume that 7" > 0.
We will use the following notations Q7 = Q x (0,7), ¥ = 092 x (0,T) and wr = w x (0,T"), where
w C € is the so-called control domain. Let us consider the system

iut + Uy — Uzzzs — C|u’2u = f + 1wh7 in QT7
(1.2) u(t,0) = u(t,L) = ugy(t,0) = ux(t,L) =0, on te(0,7),
u(0,2) = up(z) + 7o (x), in Q,
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2 CAPISTRANO-FILHO AND TANAKA

where ¢ € R, 7 is an unknown (small) real number, h stands for the control, u is the state function
and 7p(x) is an unknown function.
Let J : R x L?(gr) — R be a functional (called sentinel functional) defined by

(1.3) //O u(z, t; 7, h)[2dzdt,

where u = u(z, t; 7, h) is the corresponding solution of (1.2) associated to 7, h is the control function
and Op = O x (0,T), where O is the so-called observation domain. Thus, our objective can be
expressed in the definition below.

Definition 1 (Insensitizing controls). Let ug € L*(Q) and f € L*(Qr). We say that a control h
insensitizes the functional J, associated with the solution u(x,t;T,h) of (1.2), if

(1.4) 2J(T, h) =0, Ve L*Q) with 4ol r2() = 1-
or =0

The definition (1.3) above can be seen as this: the sentinel does not detect (small) variations
of the initial data uy provoked by the unknown (small) perturbation 7 in the observation domain
O when the system evolves from a time t = 0 to a time ¢t =T

It is important to point out that in [30] the authors discuss the motivation for insensitizing
controls considering linear and semilinear heat equations with partially unknown domains and state
that the existence of such controls is important for maintaining the stability of the solutions and
robustness against external variations and uncertainties. They suggest that it can ensure the system
evolution is unaffected by parameter perturbations, guaranteeing predictable and stable operation,
particularly in industrial and environmental contexts where conditions may vary.

Based on this motivation, we can also consider the general application of insensitizing controls
to the fourth order Schrédinger equation similarly since the existence of such controls aims to
ensure robustness against perturbations, precision in quantum experiments, and stability in open
systems. They may ensure that quantum systems maintain their desired properties and operate
predictably and stably, even amidst uncertainties and noise. Small variations in potentials or
boundary conditions can cause significant changes in system behavior in quantum systems like
atoms or molecules. In open systems interacting with external environments, smoothing noises and
decoherence effects preserve quantum state coherence. Quantum technologies, such as sensors and
atomic clocks, are extremely sensitive to external variations; thus, maintaining the precision and
reliability of these devices enhances their performance and applicability across various technological
fields.

Since the fourth-order Schroédinger equation incorporates phenomena with dispersion effects
and complex interactions, these controls can ensure precision and stability in materials with strong
spin-orbit interactions, exotic quantum systems, or advanced dispersion phenomena. It may be
applied in open systems to mitigate noise and decoherence effects, ensuring precision in sensitive
quantum technologies. Therefore, they are crucial for the robustness and accuracy of complex
quantum systems. Now, before presenting the results of our work, let us give some previous results
concerning the insensitizing control problems.

1.2. Insensitizing control problems for PDEs. As we have mentioned, the first time that
insensitizing problem was approached was in the early ’90s by Lions [28, 29], where the author
studied second and fourth-order parabolic equations in limited domains considering a functional
with the local L?—norm of the solution of a system with null initial data and where the control
domain (located internally) intersect the observation domain (the set where we want to analyze the
functional).

Since then, variations of this problem have been considered, i.e., to find controls that turn
a functional depending on the solution (or some derivative) insensitive to small perturbations
depending on the initial data. We will give a brief state of the art to the reader, precisely, we will
present a sample of the insensitizing problems for partial differential equations (PDEs) and some
control results to the system (1.1).
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The first mathematical results concerned the insensitivity of the L?—norm of the solution
restricted to a subdomain, called the observatory. In [11], the author proves that insensitizing
control problems cannot be solved for every initial data. Additionally, de Tereza [14] used a global
Carleman estimate approach to get the existence of exact insensitizing controls for a semilinear heat
equation. Still, concerning the semilinear heat equation, Bodart et al. [4, 5] proved the existence
of insensitizing controls for this system with nonlinear boundary Fourier conditions.

Concerning the variations of the sentinel functional, in [20], the author considers a functional
involving the gradient of the state for a linear heat system, in the same way, Guerrero [22] treated
the case of the sentinel with the curl of the solution of a Stokes system. About the wave equation,
Alabau-Boussouira [1], showed the exact controllability, by a reduced number of controls, of coupled
cascade systems of PDE’s and the existence of exact insensitizing controls for the scalar wave
equation. She gave a necessary and sufficient condition for the observability of abstract-coupled
cascade hyperbolic systems by a single observation, the observation operator being either bounded
or unbounded.

A variation of the (exact) control strategy was presented in [4], where the authors considered
an approximated insensitizing problem (called e—insensitizing control) for a nonhomogeneous heat
equation. We observe that by smoothing the control strategy it was possible to prove in [13] positive
results where the control domain and observation region do not intersect each other. Also in [10]
the author proved insensitizing control results on unbounded domains, in [30] the authors treated
insensitizing controls for both linear and semilinear heat equation but with a partially unknown
domain, finally see [33] for the semilinear parabolic equation with dynamic boundary conditions. It
is important to point out that in [23] the second author also treated it with a gradient-type sentinel
associated with the solutions of a nonlinear Ginzburg-Landau equation.

Concerning the structure/type of the equations/systems, many variations were considered. In
[8] the author treated insensitizing controls for the Boussinesq systems and in [7] the authors proved
a result for a phase field system. In [17] it is considered a Cahn-Hilliard equation of fourth order
with superlinear nonlinearity and in [16] the authors proved insensitizing (exact and approximated)
controls for a large-scale ocean circulation model.

To finalize this small sample of the state of the art, we cite Bodart et al. [5, 6] that studied
systems with nonlinearities with certain superlinear growth and nonlinear terms depending on the
state and its gradient. For a dispersive problem, we can cite Kumar and Chong [32] which worked
with the KdV-Burgers equation. Finally, let us mention a recent work due to Lopez-Garcia et
al. [12]. In this work, the authors presented a control problem for a cascade system of two linear
N —dimensional Schrodinger equations. They address the problem of null controllability using a
control supported in a region not satisfying the classical geometrical control condition. The proof
is based on the application of a Carleman estimate with degenerate weights to each one of the
equations and a careful analysis of the system to prove null controllability with only one control
force.

We caution that the literature is vast and one can see the references cited previously for the
existence of the insensitizing controls for other types of PDEs.

1.3. Main results. The main goal of this paper is to close the gap that was missing when discussing
the insensitizing control for the Schrédinger type equation. Here, we present the insensitizing control
for the Schrodinger type equation with mixed dispersion. Precisely, we are interested in proving
the existence of a control h which insensitizes the functional J defined by (1.3). The first result of
this article can be read as follows.

Theorem 1.1. Assume that wNO # () and ug = 0. There exists a constant C > 0 and 6 > 0 such
that for any f satisfying

”ec/tf”L2(QT) <0,

one can find a control h(z,t) =: h € L?(qr) which insensitizes the functional J defined by (1.3), in
the sense of Definition 1.
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As mentioned at the beginning of this work, the existence of insensitizing controls for (1.2) can
be defined equivalently by means of a null controllability problem for a cascade type system similar
to the initial (1.2). Indeed, this process can be systematized when, in defining the functional in
(1.3), we study the condition given by (1.4). Precisely, by calculating the derivative in the sense of
Gateaux for the functional .J restricted to 7 = 0 and given that the functional is the localized L2
norm in O of the solution u, the insensitizing condition (1.4) implies that we can reformulate this
by a null controllability problem for a coupled system which is (1.5). Through these calculations,
it can be proved that the left-hand side of the second equation in (1.5) is the adjoint state of the
derivative of (1.2) with respect to 7 (at 7 = 0). Thus, the right-hand side couples this last equation
with the localized state 1pu. We remark that different definitions for the functional also imply
different coupling terms (see [20], we also commented this in Section 4.3). After this, to ensure
that the insensitivity condition of the functional is satisfied, i.e., to ensure (1.4), it is sufficient to
ensure that v|—g = 0 in Q.

So, in this spirit, due to the choice of J, we will reformulate our goal as a partial null control-
lability problem to the nonlinear system of cascade type associated with (1.2). In other words:

Problem A: Can we find a control h(x,t) = h € L?(qr) such that the solutions (u,v) of the
following optimality coupled system

Wy + Ugy — Uggar — C’u|2u = f + 1wh7 n QT;
1t + Vgz — Vzgzz — Zﬂ2@ - 26’“‘27) = lou, in  Qr,

(1.5) u(t,0) = u(t,L) =v(t,0) =v(t,L) =0, on te(0,7T),
uz(t,0) = ug(t, L) = vy(t,0) = vy (t, L) =0, on te(0,7),
u(0,2) = up(z), v(T,z)=0, in  Q,

satisfies, in the time t =0, v|i—o = 07

The answer to such a question motivates the next theorem, which is the main result of this
paper.

Theorem 1.2. Assume that w N O # () and the initial data ug = 0. Then, there exists positive
constants C' and 9§, depending on w, 1, O, ¢ and T, such that for any f satisfying

1€ Fll L2y < 6,

there exists a control h € L*(qr) such that the corresponding solution (u,v,h) of (1.5) satisfies
V]t=p = 0 in Q.

Thus, to find controls insensitizing the functional J, that is, to prove Theorem 1.1, it is
sufficient to prove the partial null controllability result given in Theorem 1.2. Therefore, from now
on, we will concentrate on proving Theorem 1.2.

1.4. Heuristic and structure of the manuscript. Let us now explain the ideas to prove the
results introduced in the last subsection. The main strategy adopted is based on duality arguments
(see, e.g. [15, 27]). Roughly speaking, we prove suitable observability inequalities for the solutions
of an adjoint system, where the main tool is a new Carleman estimate. This Carleman estimate
with the right-hand side in weight Sobolev spaces will be the key point to deal with the coupling
terms of the linear system associated with (1.5).

In detail, to prove Theorem 1.2 we will first prove a null controllability result for the linearized
system associated with (1.5) around zero, which is given by

Ut + Ugy — Uggze = fo + 1uh, in  Qr,
Wt + Vg — Vzgze = fl + 10“7 in QT;

(1.6) u(t,0) = u(t,L) = v(t,0) = v(t,L) =0, on te(0,T),
uz(t,0) = ug(t, L) = v,(t,0) = v, (t, L) =0, on te€(0,T),
u(0,2) = up(z),v(T,z) =0, in Q.

1See [4, 28] for a rigorous deduction of this fact and [34] for an explicit computation to obtain the cascade system
with a general nonlinearity for a Ginzburg-Landau equation.
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Here, f° and f! are (small) source terms in appropriated LP-weighted spaces. In order to prove it,
we consider the adjoint system of (1.6), namely,

10t + Pog — Prras = 1O¢ + go, in Qp,
Wt + Yoz — Yazge = 91, in Qrp,

(1'7) (p(t,O) = (p(t,L) = @x(ta 0) = ‘px(ta L) =0, on te (O,T),
¢(t,0) = 1/)(@ L) = %(ta 0) = wx(tv L) =0, on te (O,T),
@(Tvx) =0, w(ovx) = ¢O(x)7 in Q.

With this in hand, we can prove an observability inequality, with aspects like the one below,

(18) // (1l + [)dedt < C // palPdudt + // p3(19° 2 + lg'1?)dudt,
Qr wr QT

where p;, i = 1,2,3, are appropriate weights functions. Then, by duality approach, the desired
partial null controllability property is a direct consequence of the (1.8) and can be read as follows.

Theorem 1.3. Assuming that wNO # 0 and the initial data ug = 0, there exists a positive constant
C, depending on §, w, Q, O and T, such that for f° and f', in suitable weighted spaces, one can
find a control h such that the associated solution (u,v) of (1.6) satisfies v|i—o = 0 in Q.

The last step is to use an inverse mapping theorem to extend the previous result to the
nonlinear system.

Remarks 1. Finally, the following comments are now given in order:

1. In the Definition 1, it is important to point out that the data ug will be taken conveniently,
precisely, will be taken such that the functional J, given by (1.3), is well-defined.

2. On the Theorem 1.2, the smallness of f is related to the fact that we will apply a local
version argument, that is, we first study this problem when a linearized form of equation
(1.5) is considered and then we apply a local inversion mapping theorem.

3. We claim that Theorem 1.1 is equivalent to Theorem 1.2. In fact, considering (u,v) solution
of (1.5) and using the boundary conditions of (1.5), a direct calculation leads us to the
following

(1.9) 2J(T, h))

= —Re [ 2aov(0)dz.

or r—0 R /Q 0v(0)
Therefore, we can conclude that the left-hand side of (1.9) is zero, for all Uy € L?*(Q) with
[toll2(0) = 1, if and only if, v(0) = 0 in Q.

4. It is worth mentioning that, in our work, we need a Carleman estimate with internal obser-
vation, differently from what was proven by Zheng [35]. Another interesting point is that in
Zheng’s work, he proved the regularity of the solution of the 4NLS in the class

CH([0, T1; L2(€2)) N C°([0, T1; H*(Q) N HE (%)),

which is also different in our case, we need more reqular solutions (see Section A) to help
us to use the inverse mapping theorem.

5. Finally, observe that our sentinel functional J is defined in the sense of L>—norm. If we
want to insensitize a functional with a norm greater than L?, for example, O%u, for n > 1,
then we need a system coupled in the second equation of (1.5) in the form 0} (1p0}w), this
means, the coupling has twice as many derivatives. More details about this kind of problem
will be given in Section 4.

Our work is outlined in the following way: Section 2 is devoted to presenting a new Carleman
estimate which will be the key to proving the main result of this manuscript. In Section 3, we
show the null controllability results, that is, the linear case (Theorem 1.3) and the nonlinear one
(Theorem 1.2). Section 4, we present further comments and some open problems that seem to be
of interest from the mathematical point of view. Finally, for completeness, at the end of this paper,
we have an Appendix A about the existence of solutions for the systems considered here.
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2. CARLEMAN ESTIMATES

In this section, we prove a new Carleman estimate to the fourth order Schrédinger operator

O%u — 0%u. For the sake of simplicity, we will consider the operator £ = dtu, that is, only with

the higher term. So, to derive this new Carleman, first, let us introduce the basic weight function
n(z) = (z — zo) with zop < 0. Now, for A > 1 and p > 1 we define the following
e3un(z) e3un(@) _ o5pllnlleo

(2.1) 0=¢, o) =gy ad Ube) =A——7—;

Our result will be derived from a previous result due to Zheng [35], which can be seen as follows.

Proposition 2.1. There exists three constants pg > 1, Co > 0 and C' > 0 such that for all > po
and for all A > Co(T + T?),

// (A7u8§792\u|2 + A5u6§592‘uw|2 + )\3M45392|sz!2 + )\M2592\Umz|2) dudt

QT

(2.2) . :

<C (// wpu‘dedt—i- )\3M3/ ({302’1%35‘2)(157 L)dt + /\M/ (5(92‘113&3;‘2)(15, L)dt) ’
T 0 0

where Pu = iOyu + 02u.

With the previous theorem in hand, we are in a position to prove a new Carleman estimate
associated with the operator Lu. The result is stated in the following way.

Theorem 2.2. Let w,O C Q be open subsets such that w N O # (. Then, there exists a positive
constant py, such that for any p > p1, one can find two positive constants Ay and C' depending on
A, 1, Q, w such that for any A > A\ (T + T?) the following estimate for ¢ and v of (2.4) holds

J] TGP 4 NS P N6 raf? + MO ) d

T

(2.3) +//Q ()\7#85792|¢|2 +)\5M6§592|%‘2 +)\3M4§392Wm!2+)\M2§92\¢m\2) dadt
T

<C (// 0%(19°1> + |g*|?)dadt + /\,u,/ 502]cp\2da:dt> .
Qr wr

Before proving to prove this result, let us give the idea to derive (2.3). To do it, we split
the proof into several steps. The first one consists of applying the Carleman estimate given by
Proposition 2.1 for (¢, ) solutions of

10t + Pz — Przax = lo + go, in Qrp,
1t + Voo — Yrgex = gl, in Qp,

(24) 0(t,0) = (t, L) = ¢u(t,0) = ¢y (t,L) =0, on te(0,T),
Y(t,0) = (¢, L) = ¢ (t,0) = ¢ (t,L) =0, on te (0,7T),
@(Tvx) =0, ¢(07x) = o, in Q.

The second step concerns the estimate for a local integral term of ¢ in terms of a local integral of
¢ and global integral terms of ¢°, ¢!, ¢, ¥ and smaller order terms of v. Finally, we will estimate
integral terms on the border in terms of the global integral of ¢, 1, and smaller order integral
terms.

Proof of Theorem 2.2. In what follows, remember that {2 C R is a bounded domain whose boundary
01 is regular enough. Consider T' > 0, w and O to be two nonempty subsets of Q2. Additionally,
as defined at the beginning of this work Q7 = Q x (0,7T), wr = w x (0,7), X7 = 9Q x (0,7,
Or = O x (0,T) and denote by C a generic constant which can be different from one computation
to another. Thus, let us split the proof into three steps.

Step 1: Applying Carleman estimates (2.2).
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Thanks to (2.2) we have, for ¢ and v, solution of (2.4), that
S TGP 4 NS a4 N6 ral? + MO ) dnd
T
(2.5) <C </ 02|z |ddt —I—/ 62|g° | dxdt —I—/ 02| 2dadt
Qr Qr Or
T T
0 [ @Plpn Pt Lyt + o [ <se2|%m|2><t,1:>dt).
0 0
For A, u large enough, we obtain
S OTEETOPIoP 4 NS oa P N6 raf? + MO ) d
T
T
(2.6) <C (// 62|g° P dxdt + // 02| |2 dadt + A?’,ﬁ/ (€302 |z |?) (t, L)dt
Qr Or 0

T
[ <§e2mw|2><t,L>dt).

Now, applying (2.2) for v, we get that

S BTGP0 4 NGO nl? + X il + MiPEP o) st
Qr

02(1) | dd 02g 2 dxd 2dxd
27) sc(//QT " \xt+//QT 9] xt+//OTrw\ v
T T
AR / (€362 pua?) (1, L)t + s / (€02l pmanl2)(, L>dt) .
0 0

Again, by using (2.7) for A, u large enough we have the following:

S OGP0 4 NGO af? NGO a4 M€ o) st

Qr

(2.8) T T

<c (/ 92\g1|2dmdt+/\3,u3/ (302 aa ) (1, L)dt+/\u/ (592\%“\2)(@L)dt>.
Qr 0 0

Note that, putting together (2.6) and (2.8), we obtain the following estimate

J] TGP 4 NS P N af? + MO )
T

b [ TGO O 4 N ROl + N a4 M 10
Qr

<C (/ 62|¢°|?dxdt + // 0%|g*|?dxdt + // 0%|4p|>dxdt
Qr Qr Or

T T
+ NP /O (30%(|paal® + 1102 ?) (t, L)dt + A /0 (£0*(l@aan|® + [Vaaal®)) (¢, L)dt.

(2.9)

Step 2: Estimates for the local integral of .

In this step, let us estimate the last term in the right-hand side of (2.9), that is, the local
integral term of 1 in Op. Now, since w N O # (), there exists @y C w N O. From now on, take a
cut-off function n € C§°(w) such that n =1 in wp. Observe that

Y= =19t + Pze — Pozzr — 907 in Or,
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SO
/ 02|y dzdt < / / 002 2dadt = / / N0 npdadt
OT ‘:)T (:JT
(2'10) = Re //~ 7702@ (_i(pt + Pz — Prazz — go) dzdt
wr
4
= Z \Ijiu
=1

where ¥;, for i = 1,2, 3,4, are the integrals of the right-hand side of (2.10). We now estimate these

terms. For Uy, integrating by parts in ¢ we have that
¥, = Re // n0*(—ip;)dxdt = Re (( 0% ( —ip)) // GQw zgo)d:ndt)
T
< / / (n6°), ¥ (—ip)dxdt — / / n921/1t(—i<p)dxdt> .
wT U’:)T

(07)e| = 1(e™)el = €™ (ml)s] = [me™ (1)e] < mCATE 0™,
then, for m = 2, we get that |(n62);| < CA¢262, and by using Young inequality we obtain
(2.12)

Re< / / (n6°), ¥ ( w)dxdt) < CRe <)\ / ) 5292wgodxdt>
— Re ( / / (A% ,ﬁg%e@) (cx% M*‘*g*%go) da;dt)

< SATuB / 0% dadt + CAX P8 / 73| dadt.
Qr o

(2.11)

Since,

Combining (2.11) with (2.12), we get

Uy = Re <— / /w ) n92¢t(—w)dmt>

(2.13)
+ N8 / E0?|Y|2dxdt + CX P8 / £73 |2 dzdt.
Qr o

So, for ¢ small enough we can absorb the global integral term of (2.13) with the left-hand side
of (2.9). Due to the boundary conditions for ¢ and ¢ and since n has compact support on @ by
integrating by parts for space variable, we obtain

Uy = Re //@ 7702@g0mda;dt = Re <//& (7702E)m gadxdt)
(2.14) = Re < / /w ) (n6?)_ Podudt + 2 / /w ) (16%), Dpdadt + / /w ) 7792¢mgodxdt>
i=1

To bound each term of the right-hand side of (2.14) first observe that the following estimates, for
the derivative in space of the weight function 8, hold true

1(6),] = |(<*).

= [ (20), ] = 2[6%1,] < CAugo?
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and
10%),,] = | (%) | = |(*@ns) | =2](6%),]

< 4|0%2] + 207100 | < 46%|10]? + 207|144
< CON212E20% + CAuE?0? < CN2u2e%02.

Therefore, it yields that

Uy1 = Re ( / / (n6) ., ngoda;dt) < Re (C/\Q/ﬂ / 5202¢g0da;dt>
(IJT ‘:’T
(2.15) — Re ( / / (A% ;ﬁg%e@) (CA—% ;ﬂg—%ego) da:dt>
wr
< N8 / / 02| Pdxdt + CA 34 / £730%|p|* dxdt
Qr G
and
Wyo = 2Re ( / / (7792)11/)Ig0dxdt> < Re ((J)\M / / f@zwgpd:cdt>
QT wr
(2.16) — 9Re ( / / (A% ,ﬁg%e@gﬂ) (cx% ,u_zf_%&p) dxdt)
wr
<N 8 / / 502 |,|?dxdt + CAX 34 / £730%|p|* dxdt.
Qr o

Finally, W53 does not need to be estimated since we use it to obtain the equation for 1. Now,
combining (2.14), (2.15) and (2.16) we get

Uy < CA 32 / £730%|p|?dxdt
wr

+6(>\7u8 // 0% |Pdadt + N p® // 0P dadt + N p® // 57«92|¢m|2dmdt>.
Qr Qr Qr

For W3 we use the boundary conditions and integrate with respect to the space variable four
times to obtain

vy =pe [ ¥ pencytoat = re ([ (000, (oraar)
“re ([ ). Tttt [| ), Do [ ), 5 et
+ Re <4 / /w ) (n6°),, Vpputpddt + / /w ) 6% (— V) wdxdt>

Now our task is to estimate these terms. Observe that we have the following estimates in space
variable for k—th order derivative in space variable for the weight function 6,

(2.17)

(2.18)

7)1 =20 (vatet)

thus
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V31 = Re (//QT (7792)mm szdwdt)

< Re (CX*,# / 54021/1<,od1:dt>
wr

— Re < / / (A%,ﬁg%@) (cxégéew) dxdt)

< N8 / / 702 |Y|?dxdt + CX / £0%|p|dadt,
Qr @

V3o = Re (4 // (7792)90“ wxgod:cdt>
wr

< ReX3u? < / 5392%@@&)
wr

— Re ( / / <)\%p,3§%0@$> (C’)\%{%Hcp) dxdt)

< oAb // 5502]1/1z|2da:dt+0)\// £6°||*dadt,
Qr wr

W33 = Re <6 / /w (n6°),., wmdxdt)

< Re <C>\2u2 / 5292wmda:dt>
wr

— Re ( / / (A%ﬁg%e@m) (CA%§%9¢> dxdt)

< oAt // 53«92|¢m|2da:dt+(])\/ £6° || *dadt
Qr wr

Vs34 = Re (4 // (nﬁz)xwxmgodxdt>
wr

Chu / 562wmwdxdt>
wr

//w ()\%M%@@mx) (C)\%g%&p) dxdt)

< o2 / /Q 02|t |2 ddt + CN / 0%|p|*dudt.
T wr

(2.19)

(2.20)

(2.21)

and

< Re
(2.22)
= Re

N N

We do not estimate W35 since we use this term to obtain the equation for ¢. By putting (2.19),
(2.20), (2.21) and (2.22) in (2.18), we conclude

U3 < Re < / / 7792¢mm<pdxdt> +C / 62| | *dadt
wr wr

(2.23)
45 ( / / INTISEG2 02 + N L0 a2 + NS €307 b 2 + Ma2E0% e ] dxdt> |
Qr
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Finally, for ¥, we get

U, = Re / / n6*¢ (—¢°) dudt
wr

(2.24)
< AT B / / 0% Pdadt + CA T8 / / £770%¢° 2 dadt.
Qr Qr

Combining (2.10), (2.13), (2.17), (2.23) and (2.24) we get

// 02 |¢|? dxdt
Or

< C( / 0% p2dxdt + X\ 73 —4/ 5_392|gp|2dxdt+)\_5,u_8/
wr T woT

+ Re (// 779 @ Zwt + wxa: - wxxx;v) d-%'dt) + C\™ 7 -8 // €7702‘g0’2d1}dt
wr Qr

s ( / / INTIBETP P2 + N6 o2 4 N3 i + Mi2E0 o] dwdt) |
Qr

5_3|<,0|2d1‘dt)
(2.25)

Since we get l% + @zm - Emmmm = — i)t + Vow — Vozez = E in Qr and

(2.26) Re <// nﬁzapgldxdt) < ONT 8// £702||Pdaxdt + CN" T8 // £770% g1 dxdt,
wr T Qr

then, putting together (2.25) and (2.26), yields that

// 0|y [dedt < CA™Tp~® // 707 (191 + 19" 1?) dwdt + oA // £760%|p|*dadt

OT QT
(2.27) +C( / £0%|pdadt + N~ 3u—4/ £7302|p|?dxdt + X Op8 // 5_3g0|2da:dt>
wT ‘:}T
w8 ([ TR + XSO 0+ N ol + M2 i) dat )
Qr
Combining (2.9) with (2.27) we obtain the following

S TGO 4 NS a4 NG raf? + MO ) dnd
Qr

[ TGP 4 NPl + AL a4 M 1o ) s
T

< C(// 0% (1°)* + |g" %) dwdt + X7 8// &% (16°)2 + 19" %) dxdt)
QT

+C< / 02| |2 dadt + N3 4/ E730% g dudt + X" // 3|2 d:z:dt)
wr

+4 ( / / [INTEBETO? (|02 + [¥]?) + NP0 1| * + N3t €202 |9hga | + Mi*E0° thpa|] dmdt)
T

T
+C (A 5302 (Iwal? + [Yae]?)) (£, L)dt + Au/o (€0° (Iwaal® + [Yaaal?)) (&, L)dt> :



12 CAPISTRANO-FILHO AND TANAKA

Then, for A, 1 large enough and ¢ small enough we get
// (A0 o + MU0 pal” + N 0% |pual” + M”87 | prra|*) davdlt
T
b [ BTGRP+ NGOl + XA a4 NP 1) s
T
@28 <c (//Q 6 (|9 + 19'[?) dedt + /\/ ~ 502]g0|2d:cdt>
T wr

T T
+ A /0 (€0 (|paal” + |t *)) (¢, L)t + CAp /0 (€0° ([aaal + [touzal®)) (£, L)t
=7+ Bi + Bs.

Step 3: Estimates of the boundary terms.

Now, we will find an estimate for the boundary term on the right-hand side of (2.28), precisely,
B and Bs. Using trace Theorem (note that 5/2 < 7/2) we have

By = OX*p/° /O ' (€20 (Jpwal® + [92al?)) (¢, L)dt
(2:29) <ov | S () (Hson;g on T2 (&T)) dt
<o | (@) (Hson;; B (@T)) t
and
By = CA\u /OT (€07 (lpaaal® + [V2aal?)) (¢, L)dt

T 2
. CA3u3/O (€367 (¢, L) (II@HHg( gl L P >> o

So, putting together (2.29) and (2.30), yields that

(2.30)

T
(231) Bty < 0% [ @000 (Il + 1005, ) d
0 (
Using interpolation in the Sobolev spaces H*(2), for s > 0, yields that
By + By < oA /0 €0 DIy 1l d
O / (€0 (L L)y 10l
0 H3 (or) T
3 3 T 255 189 86 21
= oyt [ (B BoBo E) ey el @
0
T
votyd [ (B BoBoB) (n ol Il @
0 H3 (or
T
< 0 [ €000, 1) oy 4 N0 / (5072 (D) ol y e
0 0 H'S (@r)
66T25586 2T7@72 2
+ C [ (E50) (01) oyt + 32 [ (02 (D) IR

0

)
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or equivalently,

T
By + By < CAS,0 /0 (€2596%9) (1, L) )2

T
e [ E0) 0 el y

(2.32) ‘
O /O (576 (¢, L) 32 dt
2 9 T 99—2 2
rean i [0 D iy
::Il+IQ+I3+I47

for some positive constant C..
At this moment, our goal is to prove integrals Z;, for ¢ = 1,2,3, can be absolved by the
left-hand side of (2.28). Let us start with the analysis of Zy, precisely the quantity

T
9972) (t, L) ||l dt.
[ e wniaty,,,
Consider ¢1(t,x) := &1(t)p(t, x) with

SIOE s
Then ¢ satisfies the system

—1P1¢ + Plze — Plezer = fi1:= &1, in Qr,
(233) ng(t, 0) = (Pl(ta L) = (Plib(t> O) = le(ta L) =0, on (07 T)?
ng(T,.CL‘) =0, in Q.

Now, observe that, since ¢, (¢,0) = 0 and |£1¢] < C’)\§%9_1, we have
||f1H%2(QT) < C//Q 0720263 p|2ddt
T

(2.34)
<O [[[ DRI+ Nt 4 Ml 3 ) 0
Qr

for some constant C' > 0 and all s > s9. Moreover, thanks to Section A, ¢ € L?(0,T; H*(Q)) N
C([0,T); L?(R2)). Then, interpolating between L2(0,T; H?(2)) and L>(0,T; L*(Q2)), we infer that
@1 € L*(0,T; HY3(Q)) and
(2.35) ||901||L2(0,T;H5/3(Q)) <C ||f1||L2(QT) :
Let @o(t, x) := & (t)p(t, x) with
=07¢7.
Then vy satisfies system (2.33) with f; replaced by
fo = Eaé7 1.
Observe that ‘Hgtﬁfl‘ < C\. Thus, we obtain

(2.36) 12\l 2071573 02)) < CM ol 20,1 m52(02)) -

Now, by using that ¢ belongs to L? (O,T; H4(Q)) and L™ (O,T; HQ(Q)), thanks to (A.4), and
interpolating these two spaces, we have that

p2 € LA(0, T HY3(Q)) N L=(0, T; H¥ ()
with

(2.37) o2l 220,701 3 )AL (0,133 () < C 2l 20750573 () -
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Thus we infer from (2.35)—(2.37), the following
2
||()02HL2(07T;H11/3(Q)) < Ol)\||f1||%2(QT)

(2.38) )
< Cz/Q (>\3§3|¢,2 + Al + N2 ua|? + | pane|?) O 2dadt.
T

Hence, replacing @9 = H_qu% in (2.38), for some constant C3 > 0, yields that

T
| €80 el ey
(2.39)
< Cs / (WE Lol + Nul® + Xlual* + [waal?) 0~ dadt.
Qr

Note that analogously we can infer the same relation for ¢, that is,

T
/0 (€902 (8, L) 100t ) Ppuajo ey

< Oy [ U+ N2 Nl + i) 0

T

Therefore, adding (2.39) and (2.40), putting in (2.32) and, finally, comparing with (2.28), for A and
w large enough, yields that,

S OO 4 NS pa P N6 ral? + N0 ) d
Qr

(2.40)

(2.41) + // (NP0 [ + MO0 [ |* + N u 0% [Yua] + M2 €0% Y0 |*) ddt
T

< C(// 92(|go|2+|gl|2)dxdt+A/ 592|go|2dazdt>,
QT @T

since |(£2999%6)(t, L)| is bounded in terms of ¢ € [0, T] due to the choices in (2.1), what guarantees
(2.3), and so the Carleman is shown. O

3. NULL CONTROLLABILITY RESULTS

In this section, we prove the existence of insensitizing controls for the linearized system (1.6).
First, we need to obtain an estimate as in Theorem 2.2, with weights that remain bounded as
t — T, i.e., have blow-up only in ¢ = 0. For this purpose we introduce the new weights

e31m(z) e3un(z) _ o5ulnlleo
o=¢e",  v(tz) = and m(t,z) =\ ,
) () v(t)
(3.1) o =¢e", v(t) =minv(z,t) and m*(t) = minv(z,t),
. HISY) €
g=¢", D(t) =maxv(z,t) and m(t) =maxv(z,t),
€N z€Q
where v is given by
[ HT—t), 0<t<T/2,
(3.2) () = { T2/4,  T/2<t<T.

Combining Carleman estimate (2.3) with classical energy estimates for the fourth order Schrédinger
system, satisfied by ¢ and 9, we can prove the following result.

Proposition 3.1. With the hypothesis of Proposition 2.2 the solution (p,v) of (2.4) satisfies the
following

[l 2 (r/2,mie2Q)) + ezl L2(r/2,mr20)) + @zl L2(7/2,m502(0)
< (e, W)l r2cryarsarz@e + 1190% 9 2rj2mr2 )2
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and
[l L2(ry2,m,r2)) + |Vl L2 (/2,02 0)) + W2zl L2(r/2,m:02(0)
< Nl r2rjary2rz@) + 19 2 /o2 ) -
Proof. Let us consider x € C'([0,T]) such that

(o0, iftelo,T/4],
1, ifte[T/2,T).

Note that if (¢, ) is a solution for (2.4) , so (k¢, k1)) satisfies the following system

i(kp)t + (K@) zz — (KQ)zazz = 1(9(’€'¢) + KJQO + 1K, in Qr,
{ /ﬁ/})t + (H¢)II - (ﬁ¢)xxxx = Iig + 'L'/{ﬂ/}, in QT,
(33) (k)(t,0) = (kp)(¢, L ) on te(0,T),

K ) = (kp)a(t,0) = (kp)a(t, L) =
¥(t,0) = (k) (L, L) = (k1)) (,0) = (Kt))s (t,L):O on te€(0,7),
( (T,z) =0, in Q.

Now, since K, Kt € C([O,T]) and C([0,T]) < L*®(0,T), moreover, ki, k3p € L(0,T; H3(2)).
Then, for g* € L?(0,T; H3(9)) we get that x1) to satisfy a fourth-order Schrodinger system equation
with null data and right-hand side in L%(0,T; H3((2)). Therefore, we get that

/|K |dx+// \wx|dmdt+// | Kty dazdt
<C<//Q \/fgl|dxdt+//Q \mtw\dxdt)

Multiplying the first equation of (3.3) by ke and integrating over {2 we obtain, after taking
the real part and using Young inequality for the integral term of 1pkikp, that

2 2
95 11 x d xT d
st | IRORF + [ IrPdat [ rper s
< C(/ |/€go|2d1‘+/ |/£tcp|2dx—|—/ |/<a1b|2drv> +(5/ |k da.
@

Finally, integrating (3.5) in [t,T], combining with (3.4) and taking ¢ small enough, we get

<C <// \/ﬁ|2(90|2 + |91’)2dxdt—|— // ‘Ht|2(90’2 + ’w‘z)d.ﬁdt) .
Qr Or

Therefore, Proposition 3.1 is a consequence of equations (3.4) and (3.6). O

(3.4)

(3.5)

(3.6)

As a consequence of the previous result, and due to the definition of (3.1), the following
Carleman estimate, with new weight functions o and v, can be obtained.

Proposition 3.2. There exists a constant C(s,A) := C > 0, such that every solution (¢,v) of
(2.4) satisfies

[ O 4 N0 P N0 ) s
T

(3.7) +// (AT 0|9 + NP e + NP0 [1hee| ) dadt
T

<C <// 2(16°1% + |g*| )dxdt+)\// vo?|pl? d:cdt)
o
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Proof. The result is consequence of Proposition 3.1. Indeed, noting that £ = v and | = m, for
t € [0,7/2], and since [ is constant in [T'/2, T}, yields that

/T/2/ (NS 0?02 + N ubrP0? |, |? + N ptvPo?|ue|?) dadt
0 Q
T/2
+/ / ()\7;4 v a?|9)? + N pbvSa? i, |2 + N3 utvPo? |1, ) dadt
0 Q
T/2
= [ [ TR 4 NP puf? N ) dnd
0 Q
T/2
_|_/ /()‘7”85792’w‘2+)‘5/‘L6£502|¢x|2+)\3M4£302|¢1x|2) daxdt.
0 Q
Additionally, for ¢ € [T/2,T], we have that
T
/m/ﬂ (WK + X002 pul + Nt E20% | pus|?) dadt

T
[ NEGTOROR NGOl X ) dd
T/2JQ

T
(3.9) <C (/ /(!s&l2 + |02l + |0zl + [0 + |1a]® + |wm|2)d:rdt>
T/2JQ

T/2 T
c / / (Iol? + [ ?)dedt + / / (16 + Ig"[?)dudt
/4 JQ T/2 JQ
T/2 T
<c / / EO (ol + o2 ddt + / / o2(|g°P + |g")dadt )
T/4 JQ T/2 JQ

thanks to Proposition 3.1.
Finally, we note that

/ 0%(19°|2 +|gl|2)dgcdt+A/~ 02| dadt

wT

<C (// (1% + |9 )dxdt—i—)\// vo?|pl? dxdt)
o

Thus, the result follows from (2.3), (3.8), (3.9) and (3.10). O

IN

(3.10)

Remark 3.1. We point out that Proposition 3.1 holds by taking the minimum of the weights on
the left-hand side and maximum of the weights on the right-hand side of (3.4).

3.1. Null controllability: Linear case. In what follows we use (3.7), from Proposition 3.2, to
deduce the desired null controllability property. Denote £ = L* = i0; + Ozy — Opzzz and introduce
the following space

€ ={ (w0, ); (6)u € L2(Qr), (6)"'v € LX(0,T; H(@), () #(5)"'h € L¥(gr),

7

(V)72 (") "N (Lu — 1uh) € LX(Qr), (") "3 (0™) " (LM — lou) € L*(0,T; H3()),

(9) 726 u € L2(0,T; H*(Q)) N L>(0,T; HX()),

(0) 267w € L*(0,T; HF(22)) N L™®(0,T; L*()), v|e=r = 0in Q} .
Remark 3.2. It is important to observe that C is a Banach space endowed with its natural norm.
Additionally, as consequence from the definition of the set C, an element (u,v,h) € C is such that

v]i=0 = 0 in Q. This holds since (0)~26~ v belongs to L>(0,T; L*(Q)) and ()26~ blow-up only
att = 0.
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We are now in a position to prove the null controllability property for solutions of (1.6). The
result can be read as follows.

Theorem 3.3. Assume the same hypothesis of Proposition 3.2. Additionally, consider

(3.11) W)72(6) 0 € LA(Qr) and (v)"3(6)7Lft € L2(0, T H2(Q).

Therefore, we can find a control h(xz,t) = h such that the associated solution (u,v) of
WUt + Ugy — Ugzgs = fO + 1yh, in  Qr,
1t + Vg — Vzgze = fl + lou, in  Qr,

(3.12) u(t,0) = u(t,L) = v(t,0) = v(t, L) =0, on te(0,7),
u:v(t¢0) = um(tv L) = Ux(t70) = U:B(ta L) =0, on te (OaT)v
U(O,{L‘) = Uo(l'),U(T, x) =0, in S,

satisfies (u,v,h) € C. In particular, v|i=o = 0 in .
Proof. We introduce the following spaces
Ry = {u € H3(Q); Ugeae € Hi(Q)},
Yo = C([0,T]; HY(Q)) n C([0, T]; H5 ()
and
Y1 = C((0,T]; H3(Q)) N C([0, T); H™*(2)).
Also, let us consider

Py = {(gO,”Lﬂ)) ceY1 xYy: LY — lou € L2(QT)}

Thanks to Theorem A.2, Py is nonempty. Moreover, from now on we will use £ instead of L*, since
both are equal.
Now, define the bilinear form a : Py x Py — R by

a((3,), (¢, ) = Re ( /[ @ (@65~ 10%) (T~ Tov)dadt + / / Ew)(ﬁw)dmdt>

+ Re <// ) cpgod:vdt)
@r

and the linear form G : Py — R given by

T
G lo0)i=Be [ [ Ppdnies [ (515 ar
Qr 0
where (-, -) denotes the duality between H~2(2) and HZ(f2). Thanks to Proposition 3.2, the bilinear
form over Py x P, is sesquilinear, positive, and coercive. Let P be the completion of Py with the
norm induced by a(-,-), in this case, P is a Hilbert space and af(-, ) is well-defined, continuous and

coercive bilinear form on P x P. Now, by assumption (3.11) and also by Carleman estimate in
Proposition 3.2, note that for all (¢, 1) € Py we have

T
(G, (p,0)) = Re/ focpdmdt—i—/o <f1,@> dt

(//T ) (el* + [ )da;dt) v
(// , S P dedt + / T(u*>—7<a*>—2||f1||%,z(g)dt>

< Cal(e, ¥), (0,1))? ( / / )21 P dadt

+/O )0 R )1/2,

1/2
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where we use Young inequality on the first inequality. Hence, GG is a bounded functional on Py
and we can extend it continuously to a bounded functional on P due to the Hahn-Banach theorem.
Therefore, from the fact that G is a bounded functional on Py and a(+, -) is a well-defined, continuous,
and coercive bilinear form on P x P, we can use the Lax-Milgram’s lemma to conclude that the
following variational problem

(3.13) a((@,9), (9.9)) = (G.(p.¥)), Y(p,¥) € P
has a unique solution (¢ ,1/3) € PxP.
Let us define (a, v, h) by
i=(6)*(Lp — lo¥), inQr,
(3.14) b = ()L, in Qr,
= —0(6)*¢, in Qr,
remembering that £* = £. Thanks to (3.13) and (3.14), we have that
S @7 (8 1 @) dede = a (6.9, (6.) < o0
Considering (%, ) be a weak solution of
WUt + Ugy — Uggze = fo + 1wiL7 in QTa
10t + Vg — Vzgze = fl + lou, in  Qr,
(3.15) a(t,0) = a(t,L) = o(t,0) =o(¢t, L) =0, on te(0,T),
ﬂm(tvo) = az(ta L) = f}w(tao) = 'Dm(tvL) =0, on te (OaT)a
w(0,z) = 0,0(T,x) =0, in €,

with control A = h and source terms f% and f*, since heL? (qr), we have, from well-posed result
given by Theorem A.2, that (@, 0) are well defined. In the following, we prove that the weak solution
(@, @) is a solution by transposition. In fact, for every (¢,v) € Py, it holds from (3.13) and (3.14)
that

T
Re / Podaedt + / (7' 0) sy it + Re / / hpdwdt
Qr 0 o

e ff (Ep ~ To)dadt + /0 (0. Ty

From (3.16), we get that

T
Aio ~ 1
Re//Tug d:ndt—l—/o <v,g >H e dt = Re/ h«pdazdt

+Re/ f%dde/ <f1,E>H_2ng dt,
Qr 0

for all (g%, ¢g') € L?(0,T; H}(Q)), that is, (4,9) = (4, 17)
Now on, we prove that solutions @ and ¥ of (3.15) are, in fact, more regular. Let us start
defining the functions

(3.16)

wei= (0)726) M, .= (0)72(6) s
£=@)7@) 7 (0 + hl) and fi = (2)7%(6) M
It follows, from (3.12), that wu., v, f} and f2 satisfies the following system
()t + (Us)ae — (Us)azaa = [+ ((0)72(6)71), @, in Qr,
(317) i(U*)t + (U*):m: - (U*)mzx:p = fi + 1(’)”* +1 ((79)_2(6)_1)15'[)7 in QT?
Uy = Vs = 0, in X,

(u*)tzo = 0, (U*)‘t:T = 0, in €.



INSENSITIZING CONTROLS FOR 4NLS 19

< CT?s(6)7! we get that f0 + i((ﬁ)_Q(ﬁ)_l)t@ € L?*(Q) and also
L%(0,T; H2(Q)). Now, using the results of Section A, for (3.17), we

obtain
uy € L2(0,T; HY(Q)) N L™=(0,T; H(R))
and
ve € L2(0,T; H*(Q)) N L>(0,T; L*(Q)).
This finishes the proof of Theorem 3.3. ]

3.2. Null controllability: Nonlinear case. In this section, we use an inverse mapping theorem
to obtain the existence of insensitizing controls for the fourth-order nonlinear Schrédinger equation
(1.5). We invite the reader to see the result below as well as additional comments on [2].

Theorem 3.4 (Inverse mapping theorem). Let By and Bg be two Banach spaces and let
Y:B — B
satisfying Y € C1(By, Bs). Assume that by € By, Y(b1) = by and
V'(b1): By — Bsy
is surjective. Then, there exists § > 0 such that, for every b € By satisfying
16" = ball B, <6,
there exists a solution of the equation
Yb) =1V, be B.
Finally, we will give the proof of the main result of this manuscript.
Proof of Theorem 1.2. Consider, in Theorem 3.4, the following
By =C and By = L*((#)7%(6)73(0,T); L*()) x L*((#)"%(6)73(0,T); H2(Q)).
Define the operator
Y:B — B
such that
V(u,v,h) = (Lu — C|ul*u — 1,h, Lv — (T — (|ul*v — 1ou).
Claim 1. Operator Y belongs to Cl(Bl, By).

Indeed, first note that all terms of ) are linear except: |u|?u, w*v and |u|?v. So, the Claim 1
is equivalent to prove that the trilinear operator given by

(318) ((u17 U1, hl)? (u27 V2, h2)7 (U3, U3, h3)) = U1U2V3
and
(3.19) (w1, v1, h1), (u2, v2, he), (us, v3, hy)) — uiugvs

are continuous maps from C3 to L?((#)75(6)~1(0,T); L?(2)). However, (u;,v;, h;) € C, thus we get
that
(2)72(6) " i € L2(0, 75 HY((€2)) N L%(0, T3 H3 () = L°(Qr)
and
(2)72(6) " v € L2(0, T3 H((Q)) N L*(0, T3 L*(9) = L(Qr),
since we are working on an unidimensional case. At this point, we have fixed A and p such that
By € L((v")3(o") 7 (0, T): L2(Q)) x L2((v") 2 (0%) (0, 7); H ()
holds. Therefore, note first that

2Note that if necessary we could have taken A and u large enough in such a way that this inclusion is still satisfied.

(9)"(6) P uruaus|| o g, = [(2)726) () 2(6) " (9)2(6) M uruus|| o g -
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Thus, putting together each (#)~2(6)~! with each u;, for i = 1,2, 3, thanks to the previous equality
and the Holder inequality, we get that

(3.20) }

3 3
(9)7°(6) Puruaus|| 2,y < C T 1) 26) il o < € TT 01, 20)lle
k=1 h=1

and analogously, we have

(2)7%(8) Puruzvs|| o, ) < CH (s, 03, 20) |l »

this proves that both (3.18) and (3.19) trlhnear maps are continuous maps from
C3 to L*((9)~%(6)~1(0,T); L*(€2)), which is equivalent to ) be a differentiable map from B; to
Bs, showing the Claim 1.

Claim 2. Y'(0,0,0) is surjective.

First, note that Y(0,0,0) = (0,0). By the other hand, observe that }’(0,0,0) : By — By is

given by

yl((), 07 O)(ua v, h) = (iut + Uypy — Uggze — 1wh> Wi + Vpg — Vggas — 1Ou)a
for (u,v,h) € By. Invoking the null controllability result for linear system (1.6), that is, thanks to
Theorem 3.3, )’(0,0,0) is surjective, proving the Claim 2.

Finally, by taking b; = (0,0,0), bo = (0,0) and using Theorem 3.4, there exists 6 > 0 such
that if ||(f°, f1)||B, < §, then we can find a control h such that the triple (u,v,h) € Bj satisfies
Y(u,v,h) = (f9, ). By a particular choice of f* = f € L*((?)7%(6)71(0,T); L?(?)) and f! =
Theorem 1.2 is showed since a triple (u, v, h) € Bj satisfies v(0) = 0 in © and solves (1.5). O

4. FURTHER COMMENTS AND OPEN ISSUES

To our knowledge, these results in this article are the first concerning the existence of in-
sensitizing controls for the fourth-order Schrodinger equation, in this way, we believe that this
manuscript can open a series of questions, which are discussed now.

4.1. Null condition of the initial data. In this point, we discuss the necessity to assume the
null condition of the initial data in Theorem 1.2. In [11], the author proves that under some
suitable conditions, the existence of insensitizing controls may or may not hold, which indicates
that this kind of problem cannot be solved for every initial data. In this way, we also have the same
drawback in our result. To overcome this difficulty, we believe that the techniques used for the
Heat equation, due to De Tereza [11], can be adapted for our case. Precisely, the idea consists of
using the fundamental solution to construct an explicit solution where the observability inequality
does not hold.

4.2. About the nonlinear terms. Note that if we change the cubic term |u|?u by a more general
term |u[P~2u, with p > 3, then one must prove a partial null controllability for the following system

Z.ut + Uge — Uggzr — C’u‘pr,u = f + 1wha in Qv
iV + Vaw — Vazze — (PP — (p+ 1)C|ulP~20 = lou, in Q,
u(t,0) = u(t,L) = v(t,0) = v(t,L) =0, on te(0,7),
uw(t7 O) = um(tv L) = Ux(t70) = Uw(ta L) =0, on te (07T)a
u(0,z) = up(z),v(T,x) =0, in Q.

If the structure of the problem is still the same and we only change the nonlinearity, the main
difficulty here is to obtain well-posedness results which gives enough regularity for the solutions to
obtain the analogous Holder estimate as in (3.20). In fact, to solve it one must have valid embedding
from the state spaces into L?~2(Q), for p > 3, which is possible since the following estimate holds

H|u|p 2“HH< = CH“HHS(Q

when s > % and p > 3, see [26] for well-posedness of the general nonlinear problem.
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Additionally, if we change to a general type nonlinearity g, we obtain the following optimal
system

1t + Ugy — Uggze + g(u) = [+ 1uh, in @,
Wt + Vg — Vzgza + gl(u)v = lou, in @,
u(t,0) = u(t,L) = v(t,0) =v(t,L) =0, on te(0,7),
Uz (t,0) = ug(t, L) = v5(t,0) = vy(t, L) =0, on te(0,T),
u(0,z) = up(z),v(T,z) =0, in Q.

It is expected that most of these problems have no solution, i.e., it is not possible to insensitize
the functional unless we impose some conditions on g. To exemplify the comments above, some of
these issues were already considered for the case of nonlinearities with superlinear growth at infinity.
In [5], the authors dealing with a semilinear heat equation proved positive result of existence of
insensitizing controls considering g € C! a nonlinear function verifying ¢” € L (R), g(0) = 0 and

loc
g'(s)
|s|—o0 In(1 + |s|)

)

furthermore, the result is also valid for nonlinearities g of the form

l9(s)| = lp1(s)[ (1 + |pa(s))),

for all |s| > sp > 0, with @ € [0,1) and p;, i = 1,2, are affine functions. Moreover, they proved
negative results of existence considering a nonlinearity g verifying the conditions above, that is,
taking g as

Isl
g(s) = / In®(1 + |o|?)do, for all s € R,
0

but choosing o > 2. Similar results are proved in [34] for a class of nonlinear Ginzburg-Landau
equation.

Thus, in the case of the fourth-order nonlinear Schrédinger equation, this kind of situation,
that is, introducing a function g with certain properties and proving the existence of insensitizing
controls is still an open issue.

4.3. About the sentinel functional. One way to solve the problems of nonlinearity is to change
the structure of the functional. Due to the lack of regularity of the characteristic function, if we
change it to a more regular function then one can still prove the result for more general nonlinearity
|u|P~2u, with p > 3, considering a functional of the form

J(r,h) = % / [ R@)uta et

where R € C*°(Q) is a smooth function with supp(R) C O.

We note that there exists uncountable insensitizing control problems as we change the sentinel
functional. In fact, by the equivalent formulation in a cascade system with double the equations of
the original system, controllability problems with fewer control forces than equations are not fully
understood in PDEs, so they can also be interesting from the control theory point of view. Some
of the motivations for these problems arise from physical phenomena, thus typically we focus our
attention on functionals that have “physical” meanings: If the functional is the local L?—norm of
the solution then we are looking for controls that locally preserve the energy (kinetic or potential,
depending on the modeling) of the system, and if we change to a first derivative (or gradient in
the N—dimensional case) the problem consists in finding controls that locally preserves the mean
value of the energy.

In this perspective, let D be a derivative operator such as Du = u, or Du = ugz,. An
interesting — and difficult — problem is to analyze the existence of insensitizing controls when the
sentinel functional takes the form

J(r,h) = ;//T Dua, ) 2dudt.
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In such, the optimal system become

iUt + Ugz — Ugger — CluPu = f+ 14, in Qr,

iV + Vog — Vpzze — CU20 — 2(|ul>v = D(1oDu), in  Qr,
u(t,0) = u(t,L) = v(t,0) =v(t,L) =0, on te(0,7),
Ua:(ta O) = ux(tv L) = Ux(t70) = U:v(ta L) =0, on te (O,T),
u(0,z) = up(z),v(T,x) =0, in Q.

Again, it is not expected to obtain positive results of the existence of insensitizing controls for every
differential operator D in virtue of the lack of regularity provoked by coupling term D(1p Du), since
(again) the characteristic function is not regular. Despite that, Guerrero [20] dealt with a parabolic
equation. The author proved a positive result of existence considering a functional depending on
the gradient of the solution. Since the equation was linear, with constant coefficients, the argument
consisted of considering a global Carleman estimate with different exponents, not for the equation,
but for the equation satisfied by the Laplacian of the solutions to then recover information using
the equation with the coupling. This is not the case when dealing with a nonlinear problem since
deriving the equation would give us many other terms. In [22], the same author proved a similar
result considering a linear Stokes equation with constant coefficients but with for the curl of the
solution. Finally, we cite the work of the second author [23], where the authors proved positive
results of insensitizing controls considering a functional depending on the gradient of the solution
for the cubic nonlinear Ginzburg-Landau equation. The result arose by proving a new suitable
Carleman estimate for the Ginzburg-Landau equation.

In this spirit, there are many alternatives to define the sentinel functional related to the
insensitizing control problems for 4ANLS. Thus, we expect that these three works together with the
results in this paper, open prospects to prove similar results considering a sentinel functional with
the gradient of the solution. Moreover, since the Carleman estimate (2.3) has third-order terms,
maybe it is possible, at some point, to adapt the arguments to consider a functional with the
Laplacian of the solution of the 4NLS, but clearly, to prove it is necessary new arguments of those
that were applied here, at least proving a new Carleman estimate for the fourth-order Schrodinger
equation, as was done in [18, Theorem 1.1] for the Cahn-Hilliard type equation and as in [19] where
a Carleman estimate for stochastic fourth order Schrédinger equation is showed. The readers are
invited to read the recent and interesting work by Imanuvilov and Yamamoto [21], which proves a
Carleman estimate for a fourth-order parabolic equation in general dimensions.

4.4. N—dimensional case. Zheng and Zhou [35] studied the boundary controllability of the 4NLS
in a bounded domain Q C R”. Using a L?—Neumann boundary control, the authors proved that
the solution of 4NLS is exactly controllable in H~2(f2) using the Hilbert Uniqueness Method and
multiplier techniques. In the sense of the existence of insensitizing controls, we conjecture that the
Carleman inequality shown here can be extended to the N-dimensional case. Thus, if we consider
the sentinel functional as defined in (1.3), our result remains valid, for this case. However, the main
issue here is when we consider a functional like the one mentioned in Subsection 4.3 or other types
of functional associated with the nonlinear problem. This type of problem looks interesting and
still is open for the fourth-order nonlinear Schrédinger equation.

Acknowledgments. The authors are grateful to the anonymous referees for the constructive com-
ments that improved this work.

APPENDIX A. WELL-POSEDNESS

In this section, we will show some results about the existence of a solution for the system

Z.ut + Ugy — Uggzr = FO: in QT?
ivt + Vpx — Vzzax = Fl + 1(9“7 in QT7
(A.1) u(t,0) = u(t,L) = uy(t,0) = ugy(t, L) =

0, on te(0,7),
v(t,0) = v(t,L) = vy(t,0) = v, (t, L) =0, on te(0,7T),

U(O,.%') = Uo(fI?),U(T,I') - 07 in Q7



INSENSITIZING CONTROLS FOR 4NLS 23

for given ug and (F°, F'). The proofs here can be adapted to prove the existence of solutions for
systems (1.6) and (2.4).

A.1. The linearized system. We first consider the simplest linear equation with null boundary
conditions which is a linearized version of (1.2) around zero. More precisely, we consider the
following

Wy + Ugy — Uggzs = fa in QTa
(A.2) u(t,0) = u(t,L) = uy(t,0) = uy(t,L) =0, on (0,7,
u(0,x) = up(z), in Q.

The first result is a consequence of the semigroup theory. Before presenting it, let us consider the
differential operator A : D(A) C L?(Q)) — L?(f2) given by

Au = tUgy — MWUpgaa,

with domain D(A) = H*(Q) N HZ(Q). Thus, the nonhomogeneous linear system (A.2) takes the
form

(A.3) {u (t) = Au(t) +if(t). te€[0,T],

u(0) = uo.

The following proposition guarantees some properties for the operator A. Precisely, the result
ensures the existence of regular solutions for the system (A.2).

Proposition A.1. Let f € C*([0,T); L*(Q?)) and ug € D(A), then (A.2) has a unique solution
(A.4) u € O([0, T]; HA(Q) N Hi (@) N ([0, T]; L*(%)).

Proof. Consider the linear operator defined by A. This allows us to rewrite (A.2) in the abstract
form (A.3). We have that A is skew-adjoint operator and A is m-dissipative. Indeed, first, is not
difficult to see that

(Auvv)Lz(Q) = _(U>AU)L2(Q)7

for all u,v € D(A). That is, A is symmetric. Additionally, D(A*) = D(A), so A is skew-adjoint.
Finally, we have

(Au,u)r2(q) = Re <z/(um - umm)uda:) = Re (z/ ~(Jug|* + um|2)dx> =0,
Q Q

for any u € D(A), and then A is dissipative. Therefore, A is an m-dissipative operator (e.g. [9,
Corollary 2.4.8]) and by the Hille-Yosida—Phillips theorem (e.g. [9, Theorem 3.4.4]) we obtain that
A is a generator of a contraction semigroup in L?(£2). Thus, if ug € D(A) and f € C1([0,T]; L*(Q)),
then equation (A.2) has solutions u with the regularity (A.4). (e.g. [9, Proposition 4.1.6]). O

A.2. The coupled linearized system. We are now concerned with the existence of solutions
for the coupled linearized system. More precisely, we will prove the well-posedness results to the
system (A.1). First, consider the linear unbounded operator A defined in the previous subsection
and
{ ALt = —iUgy + 1Ugpze € H2(Q),
D(A;) = H3(Q).

Both operators are m-dissipative with dense domains; therefore, they generate the Cy semigroups
of contractions Sy and Sy, respectively. Now, consider the following spaces:

Yo = ([0, T]; D(A)) N C([0, T]; L*(€2))

and
Y1 = C([0,T]; D(A1)) n C'([0,T]; H2(92)).

The next result is dedicated to proving the existence of regular solutions for (A.1)
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Theorem A.2 (Regular solutions). Assume that ug € D (A),
FYe C([0,7), H*(Q) N H3 () n W (0,T; HY(Q) N HE ()
and
FleC (0,7, H Q) nWh(0,T; H*(Q)).
Then, problem (A.1) has a unique regular solution in the sense that

(u,v) € Yy x Y1,

. + . _ FO

LUt Ugy Ugrze )

Z‘vt + Vpx — Vzzzz = Fl + 1(9'&,
uly—g = wo, v|;—r = 0.

Proof. Note that, thanks to [9, Proposition 4.1.6], we get that the mild solution

t
u(t) = So(t)uo + / So(t — s)F°(s)ds € Yy
0
verifies

(A5) {iut + Upy — Uppzz = FO,

ul—g = uo-
Now, it is not difficult to see that
T
/ l(ulp) (s)||§172(9) ds < sup / / lu| - cdadt < // ul? dadt,
0 CEH ||C||H2(SZ)_1
and hence ulp € C ([O,T], H*2(Q)) nwhi (O,T; H*2(Q)) . Then, applying again [9, Proposition
4.1.6], and we get that the mild solution

t) = /tTSl(s —t) (F' + lou) (s)ds € V1

satisfies
(AG) 1t + Vg — Vzgza = F'+ lou,
vl = 0.
Thus, Theorem A.2 is achieved putting together (u,v) satisfying (A.5) and (A.6). O

A.3. Transposition solutions. In what follows, we will talk about transposition solutions that
are of particular interest for the purposes of this paper.

Definition 2. Let ug € L*(Q) and (F°, F') € [L2(0,T; H=2(Q))]2. We say that a pair
(u,v) € L*(0,T; H3 () x L*(Qr)

is a solution in the transposition sense of (A.1), if it satisfies

T T
/0 <907U>H—2Hg dt:Re/Qcp(O)uodx—l—/O <F0’@>H—2H§ dt

T T
Re // g odzdt = Re/ / w - Ydxdt + / <F1, ¢>H*2H2 dt
T 0o Jo 0 0

for every (go,gl) e L? (O,T; H*2(Q)) x L2 (Qr), where (-,-) denotes the duality between H~2(
and HZ (), and (p,1) is the solution of

(A7)

i(pt + Yzz — Prazz = g ) in QT7
iwt + waz:c wx:cxz = g ) in QT7

(A.8) ©(t,0) = p(t, L) = ¢z(t,0) = @x(t,L) =0, on te(0,T),
w(tv 0) = 1/J(t7 L) = %(tﬁ) = %(E L) =0, on te (O,T),

(T, ) = 0,1(0,2) = 0, )
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We have the following result about the existence and uniqueness of transposition solutions.

Theorem A.3. Forug € L*(Q) and (F°,F') € [L*(0,T; H‘2(Q))]2, there exists a unique (u,v) €
(L% (0,T; Hg(Q))]2 satisfying (A.7) for every (g% ¢*) € L* (0,T; H~%(2)) x L* (Qr), where (¢, 1)
is solution of (A.8).

Proof. Let Wy : L*(0,T; H3(2)) — R the operator defined by

T
Ty (h0) = Re/ﬂgo(O)uoda: +/ (F°, g0>H_2H§ dt,
where ¢ satisfies the first equation of (A.8) for ¢° := hY, .. € L*(0,T; H=%(Q)). From the energy
estimates, it is easy to see the continuity of Wy. Then, thanks to the Lax-Milgram theorem, there
exists u € L?(0,T; HZ(2)) such that

T
/wahﬂ%ﬁ:m%/h%mMﬁ:%m%
0 Qr

for every ¢ € H=2(Q), with ¢° = hY, ... Analogously, we have the existence of v € L*(Qr)

satisfying the second equation of (A.7), since the linear form

M/t/u¢Mﬁ+/<FWM4Wﬁ
0
is continuous in L?(Q7).

Claim: We have that v belongs to L?(0,T; H3(f2)).

Indeed, first, we take sequences of regular data such that ufj — uo in L*(Q2) and (FY, Fj1) —
(F°,F') in L? (0,T; H () x L*(Qr). We show that the regular solutions (uy,v,) for (A.1)
(whose existence is given in Theorem A.2) with initial data u( and (Ffl) ,Fﬂlj) on the right-hand
side, are also a solution in the transposition sense; moreover, it is bounded in [L2 (O, T; Hg(Q))]Q
Hence, in the limit, we obtain that (u,v) € [LQ (0, T; HS(Q))]2

Finally, for uniqueness, suppose that (u,?) is another solution of (A.1). Thus,

Re/ <g u— u>H 2H2dt—0 and Re// v—vd:z:dt Re// ) - abdxdt,
0 QT

for all ¢° € L?(0,T; H2(2)) and g' € L? (Q7) . Hence, y = § and z = 2. O
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