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ABSTRACT. Control properties of the Kawahara equation are considered when the equation
is posed on an unbounded domain. Precisely, the paper’s main results are related to an ap-
proximation theorem that ensures the exact (internal) controllability in (0, +00). Following
[23], the problem is reduced to prove an approximate theorem which is achieved thanks to
a global Carleman estimate for the Kawahara operator.

1. INTRODUCTION

1.1. Problem set. Our main focus in this work is to investigate the control property for
the Kawahara equation [13, 18]

(1.1) U + Uy + Upgy — Uppgpe + Uy = 0

which is a dispersive PDE describing numerous wave phenomena such as magneto-acoustic
waves in a cold plasma [19], the propagation of long waves in a shallow liquid beneath an
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ice sheet [16], gravity waves on the surface of a heavy liquid [10], etc. In the literature, this
equation is also referred to as the fifth-order KdV equation [4], or singularly perturbed KdV
equation [25].

Some valuable efforts in the last years focus on the analytical and numerical methods for
solving (1.1). These methods include the tanh-function method [2], extended tanh-function
method [3], sine-cosine method [26], Jacobi elliptic functions method [15], direct algebraic
method [24], decompositions methods [20], as well as the variational iterations and homotopy
perturbations methods [17].

Due to this recent advance, previously mentioned, other issues for the study of the
Kawahara equation appear. For example, we can cite the control problems, which is our
motivation. Precisely, we are interested in proving control results for the Kawahara operator
in an unbounded domain. It is well known that the first result with a “kind” of controllability
for the Kawahara equation

(1.2) Up + Up + Ugge — Ugzzze = f (6, 1), (t,) € RT x (0, 00),

was proposed recently by the authors in [7]. It is important to point out that in [7], the
authors are not able to prove that solutions of (1.2) satisfy the exact controllability property

(1.3) w(T,z) =ur xe€(0,0).

Instead of this, they showed that solutions of the Kawahara equations satisfy an integral
condition.

To fill this gap in providing a study of the exact boundary controllability of (1.2) in an
unbounded domain, this paper aims to present a way that may be seen as a first step in the
knowledge of control theory for the system (1.2) on unbounded domains since the results
proved in [7], can not recover (1.3). So, our aim in this manuscript is to present an answer
to the following question:

Problem A :Is there a solution to the system (1.2) satisfying (1.3)? Or, equivalently, Is the
solution of the system (1.2) exact controllable in the unbounded domain (0, +00)?

1.2. Historical background. Stabilization and control problems on the bounded domain
have been studied in recent years for the Kawahara equation. The first work concerning
the stabilization property for the Kawahara equation in a bounded domain (0,7") x (0, L),
is due to Capistrano—Filho et al. in [1]. In this article, the authors were able to introduce
an internal feedback law and, considering general nonlinearity u”u,, p € [1,4), instead of
uu,, to show that under the effect of the damping mechanism the energy associated with
the solutions of the system decays exponentially.

Concerning the internal control problems we can cite as pioneer works the Zhang and
Zhao articles [27, 28]. In both works the authors considered the Kawahara equation in a
periodic domain T with a distributed control of the form

f(t.x) = (Gh)(t, x) = gla)(ht, z) — j g(y)h(t,y)dy),

T

where g € C*(T) supported in w < T and h is a control input. Still related to internal
control issues, Chen [9] presented results considering the Kawahara equation posed on a
bounded interval with a distributed control f(¢,z) and homogeneous boundary conditions.
She showed the result by taking advantage of a Carleman estimate associated with the linear
operator of the Kawahara equation with an internal observation. With this in hand, she was
able to get a null controllable result when f is effective in a w < (0, L).

As the results obtained by Chen in [9] do not answer all the issues of internal controlla-
bility, in a recent article [5] the authors closed some gaps left in [9]. Precisely, considering the
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Kawahara model with an internal control f(¢,z) and homogeneous boundary conditions, the
authors can show that the equation in consideration is exactly controllable in L2-weighted
Sobolev spaces and, additionally, the Kawahara equation is controllable by regions on L*-
Sobolev space, for details see [5].

Recently, a new tool to find control properties for the Kawahara operator was proposed
in [6, 7]. First, in [6], the authors showed a new type of controllability for a Kawahara
equation, what they called the overdetermination control problem. Precisely, they can find
a control acting at the boundary that guarantees that the solution of the problem under
consideration satisfies an integral condition. In addition, when the control acts internally in
the system, instead of the boundary, the authors proved that this condition is also satisfied.
These problems give answers that were left open in [5] and present a new way to prove
boundary and internal controllability results for the Kawahara operator. After that, in [7],
the authors extend this idea for the internal control problem for the Kawahara equation
on unbounded domains. Precisely, under certain hypotheses over the initial and boundary
data, they can prove that an internal control input exists such that solutions of the Kawahara
equation satisfy an integral overdetermination condition considering the Kawahara equation
posed in the real line, left half-line, and right half-line.

1.3. Main results. With this background in hand, as mentioned before, our main goal is
to answer the Problem A. To do that, we first prove two main results which are the key
to giving some position of the controllability properties for the Kawahara operator on an
unbounded domain.

Let us introduce some notations. For L > 0 and T > 0 let Qr = {(x,t) € (=L, L) x
(0,T) < R?}, be a bounded rectangle. From now on, for the sake of brevity, we shall write
P for the operator

(1.4) P=0,+0,+0—0°
with domain
(1.5) D(P) = L*(0,T; H*(—~L,L) n H}(—L,L)) n H*(0,T; L*(~L, L)).

Our first result is related to a Carleman estimate for the Kawahara operator being
precise, for f € L*(0,T;L*(—L,L)) and qo € L?*(—L, L), the operator Pq = f, where P
is defined by (1.4) with domain (1.5). So, the first result is devoted to proving a global
Carleman estimate.

Theorem 1.1. There exist constants sy = so(L,T) > 0 and C = C(L,T) > such that for
any q € D(P) and all s = sq, one has

T L
f J {(s0)°lal* + (50)"|gzl” + (59)°|@ual® + (50)°|Quwa|” + 50| Guaaal’ } € > dudt
0 —L

T (L
< C’J J |f|?e™2*¢dxdt.
0 J-r

As a consequence of the previous Carleman estimate, the second main result of the
manuscript gives us an approximation theorem, which is the key point to prove the exact

controllability for the operator P posed on unbounded domain and, in this case, to answer
the Problem A.

Theorem 1.2. Let n € N\{0,1}, and ti,ty and T real number such that 0 < t; < ty < T.
Let us consider u € L*((0,T) x (—n,n)) such that

Pu=0 in (0,7) % (—n,n),

(1.6)
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with supp w < [t1,ta] x (—n,n). Let 0 < e < min(t;, T —t;), then there exists v e L*((0,T) x
(—n — 1,n 4+ 1)) satisfying

(1.7)
(1.8)

and
(1.9)

Pv=01in (0,T) x (—n—1,n+ 1),

supp v C [t; —€,ta+ €] x (—n — 1,n + 1),

v — uf L2((0.1)x (=nt1,n-1)) < €

Finally, the previous result helps to show the third main result of the manuscript, giving
a positive answer for the exact controllability problem.

T

Theorem 1.3. Given T,¢e an s real numbers with 0 < e < = and s € (_4217 g)\{%, g} Let
ug, ur € H*(0,4+00), thus, there exists a function

2

u € L?OC([O,T] x (0,4000)) n C([0,€]; H*(0, +0)) n C([T — €, T]; H*(0, +00)

solution of

(1.10)

Ut + Uy + Uggy — Uggzae = 0 0 D'((0,T") x (0, +0)),
u(0,z) = ug in (0, 400),

satisfying u(T,x) = ur in (0, +00).

1.4. Final comments and paper’s outline. The results in this manuscript gave a neces-
sary first step to the improvement of the control properties for the Kawahara operator. Let
us comment on this in the following remark.

Remarks. The following remarks are worth mentioning:

1.

il.

iii.

1v.

V1.

vil.

From our knowledge, our results are the first ones for the Kawahara operator posed
on an unbounded domain.

Note that the Carleman estimate proved in [9] is local which differs from the Carleman
estimates shown in Theorem 1.1.

This work is the first one to prove an approximation theorem, that is, Theorem 1.2,
for the Kawahara operator (1.4).

In the context of the Kawahara operator, there is one work [7] which is limited from
a control point of view since the solutions satisfy an integral condition instead of
(1.3). Thus, Theorem 1.3 provides progress in the control theory for this operator
in an unbounded domain thanks to the fact that solutions of (1.10) satisfy the exact
controllability condition (1.3).

. It is important to point out that the strategy applied in our work was already applied

for the Korteweg—de Vries (KdV) equation [23] and the KdV-Burgers equation [12]. In
both cases, a Carleman estimate is derived following Fursikov—Imanuvilov’s approach
[11].

The Kawahara equation (1.10) is a higher-order KdV equation, here called the Kawa-
hara equation or fifth-order KdV equation. So, for this operator, some extra difficul-
ties appear. The first main difficulty is to prove a Carleman estimate. Note that we
can not directly apply the estimates proposed in [23, Proposition 3.1] or [12, Lemma
2.4], since we have a fifth-order equation and more terms (included traces) need to
be controlled (see Section 3).

Concerning the exact controllability result, Theorem 1.3, note that the restriction in
s for the space H® is required, this is because the well-posedness on an unbounded

domain for the system (1.10) follows if s € (—;Z, %) \{%,% , which not happens in
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[23, 12]. On the other hand, since we have a more strong well-posedness solution
borrowed from [8], we do not need the L? space with weight as in [23, Theorem 1.3]
and [12, Theorem 1.2}, for example.

viii. Summarizing, our result gives new results for the Kawahara operator (higher-order
KdV equation) in the following sense:
(1) New global Carleman estimate;
(2) Approximation theorem;

(3) Exact controllability in H*, when s € (—Z,3)\ {1, 3},

The remainder of the paper is organized as follows. In Section 2, we present auxiliary
results which are paramount to show the main results of the article. In Section 3, we present
the global Carleman estimate, that is, we will show Theorem 1.1. Section 4 is devoted to
giving applications of the Carleman estimate, precisely, we will provide an approximation
Theorem 1.2. Finally, in Section 5, we will answer the Problem A using the approximation
theorem, i.e., we present the proof of Theorem 1.3.

2. PRELIMINARIES

2.1. Auxiliary lemma. In this subsection, we will prove an auxiliary result that will put
us in a position to apply it to prove the main results of the article. For this propose, observe
that the operator P generates a Cy-semigroup of contractions Sy (t),., on L*(—L, L) (see for
instance [1]) which be denoted now on by Sp(-). With this in hand, the next lemma holds.

Lemma 2.1. Consider ly,ly, L, t1,t5 and T be number such that 0 < l; < ly < L and
0<ty<ty<T. Let ue L*((0,T) x (—ly,13)) be such that

Pu=0in (0,T) x (=ls,l) and supp u < [t1,ta] x (—l3,1s).

Letn >0 and § > 0, with 20 < min(ty, T —t5) be given. Then there exist vy, vy € L*(—L, L)
and v e L*((0,T) x (=L, L)) such that

(2.1) Pv=01in(0,T) x (=L, L),

(22) U(t, ) = SL(t — 11+ 25)1}1, fOT t1 — 20 <t < t1 — (5,
(23) ’U(t, ) = SL(t — o + 5)1)2, fO’/’ to+0 <t<ty+20
and

HU - u”LQ((t1_257t2+25)X(_llyll)) <1

Proof. Remember that Qr = (0,T) x (=L, L), P is defined by (1.4)-(1.5) and pick Qs =
(t1 — 20,19 + 20) x (—I1,11). By a smoothing process via convolution and multiplying the
regularized function by a cut-off function of z, we have a function v’ € D(R?), such that

supp o' < [t; — 0,t9 — 0] x [—la, l2],
(2.4) Pu' =0in (0,T) x (—l1,l1), and
[o" = ulezom)<(-t10)) < 3-
Consider the following set
& ={ve L*(Qr);3 vi,vs € L*(—L, L) such that (2.1),(2.2) and (2.3) hold true}.

Note that this lemma is proved if we may find v € € such that

Ui
HU — UIHL2(Q5) < 5
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It follows by the following trivial inequality
[v—ulz2qs) <v— |2y + |0 — ulr2(qy)

Ui
<[ =120 + 5-

So we achieve the proof if we prove that v’ € & = (é+)*, where the closure and the orthogonal
complement are taken in the space L?(Qs). For a fix function g € €+ = L?*(Qs) we should
prove that the following holds

(25) (u’, g)LQ(Qé) = 0.
Before presenting the proof of (2.5), we claim the following.

Claim 1. Let T = {p € C°(R?);supp ¢ < [t; — d,ts + 6] x R}. So, there exists C' > 0 such
that

(2.6) (0, 92l < ClPel 2,
for all p € T.
In fact, pick ¢ € T and define
t
0lt) = | Sult = )Pe(s)ds,

0
for 0 <t < T, that is, ¥ is strong solution of the boundary initial-value problem

P?ﬂ = O, in QT;
¢(f7 _L) = ¢(t7 L)? %(ta _L> = wr(tv L): ¢xw(tv _L> = lpxx(ta L), te [07 T]?
w:pxx(ta _L) = wmzx(ta L)a wa?:m:x(t: _L> = wxzxx@a L)7 te [07 T]>
¥(0,-) =0, in [-L, L].

Thanks to this fact, v = 1) — p € &, observe that (2.2) and (2.3) is verified with v; = 0 and
vy = P(ts + 9), hence

(U79>L2(Q5 (¢ 2%l )L2 (Qs) = 0.
On the other hand, we have
[0 r2-r.0) < 1Pelrrourzroy < VTPl 2@,
for all ¢t € [0, T], and therefore
(0 9)r2@n| = 1, 9) 2| < Tlglz@o [ Pelz2@n,

showing Claim 1. We also need the following claim.

Claim 2. There exists a function w € L?*(Qr) such that

(2.7) (0, 9)r2(Qs) = (P, w)r2(@r),
for all p € T.
Indeed, let Z = {(Pyp)

QiPE T} and define the map A : Z — R by

A(C) = (€, 9) r2(@y)-

First, note that for any ¢ € Z, if { = (Py1) ‘Q (Pys) |Q , for two functions @1, s € T, we

have using claim 1 that ¢ — ¢ € €, hence (p1 — @2, 9)12(g,) = 0. Thus, A is well defined.
Consider H the closure of Z in L2(Q). Due to (2.6), using the Hahn-Banach theorem, we
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may extend A to H in such way that A is a continuous linear form on H. Thus, it follows
from Riesz representation theorem that there exists w € H such that

A(C) = (Caw)LQ(QT)a VC € H7
and so (2.7) follows, and the proof of Claim 2 is finished.
Finally, let us prove (2.5). To do it, consider the extensions of g and w in R? given by

g(t,z) =0, for (t,z) e R*\Qs
and
(’Z}(ta .Z') =0, for (t>$) € R2\QT:
respectively. Taking 2 = (t; — d,t2 — ) x R, let p € D(Q) < T. So, we have that
(@ 91200 = (9, 92y and (P, w)r2op) = (P, @) 2@,
therefore, using (2.7), we get
(P*(@), p)pre)n@) = (G ©)/(0),09)

so P*(w) = g in D'(Q2) and

P*(@) =0, fort; —6 <t <ty + 0 and |z| > [;.
Since

O(t,z) =0, fort; —0 <t <ty —9 and |z| > L,
Holmgren’s uniqueness theorem (see e. g. [14, Theorem 8.6.8]) ensures that

O(t,z) =0, fort; —d <t <ty +dand |z] > .
Lastly, due to (2.7) and (2.4), we conclude that

(W' 9)r2(@s) = (P, w)12(Q) = (P, @) 12((-5124+8)x (-t11)) = 0;
finishing the proof. 0
2.2. Observability inequality via Ingham inequality. Given a family Q = (wy)rex =
{wp : k € K} of real numbers, we consider functions of the form >, _, cxe™*" with square
summable complex coefficients (cx)rex 1= {cx : k € K}, and we investigate the relationship
between the quantities
2
J Z cre™ | dt and Z E

I'lkek keK

where [ is some given bounded interval. In this work, the following version of the Ingham-
type theorem will be used.

Theorem 2.2. Let {\;} be a family of real numbers, satisfying the uniform gap condition
v =inf Ay — A\p| >0
k#n

and set
"= inf [N\ —A\,| >0
Uil o Wl
where A rums over the finite subsets of K. If I is a bounded interval of length |I| > %/—7, then
there exist positive constants A and B such that

AY ol < [ 17OPd<B Y laf
keK I ke K
for all functions given by the sum f(t) = >, cre™

cients cy,.

with square-summable complex coeffi-
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Proof. See [22, Theorem 4.6]. O
Now on, consider the operator A : D(A) < L?>(—L,L) — L*(—L, L), defined by

A(u) = Uy — Ugzg T Uzgzaa, with
D(A) = {ve H*(—L,L);v(—L) = v(L),v,(=L) = vz(L), ..., Vowza(—L) = Vawaaa(L)}.

In what follows Sy will denote the unitary group in L?(—L, L) generated by the operator

A, using Stone theorem. With this in hand, pick e, = \/%ei"%z for n € Z. So, e, is an

eigenvector for A associated with the eigenvalue w, = i\,, with

N AN A N,
"\ L L L’

If ug € L*(—L, L) is any complex function, we decomposed as uy = Y,
for every t € R

ez, Cn€n, SO We have

SL(t)ug = 2 eMtenen.
nez
We are now in a position to prove an observability result.

Proposition 2.3. Let [, L, and T be positive number such that | < L. Then there exists a
constant positive C' such that for every ug € L*(—L, L), denoting u = Sg(.)ug, we get

(2.8) HuoHLZ(—L,L) < CHUHLQ((O,T)X(—U))'
Therefore,
(2.9) lull r2(0.myx (—1,0)) < VTC ] 220 % (~11))-

Proof. Pick T" € (0,%) and v > Z. Let N € N such that

» 2
AN—ANnN=2\y=vand (neZ,|n| = N)= \pt1— N\ = 7.
By Ingham’s inequality, see Theorem 2.2, there exists a constant C7» > 0 such that for every

sequence (ap )=y of complex numbers, with a, = 0, for all n € Z;|n| < N, the following
inequality is verified

(2.10) 3 Jaf < O |

In|=N 0

2
dt

27"

Z anez)\nt

In|=N

Let Z,, = Span(e,) for n € Z and Z = @nezZ, < L*(—L, L). Let us now define the following
seminorm p in Z by

plu) = ( fll |u(x)|2dx>%dt, Vu e Z.

In this case, p is a norm in each Z,. By other hand, if ug € Z N (®}n<nZ)*, we can rewrite
ug in the following way
Uy = 2 Cn€n,

|n|>N
with ¢, = 0 for |n| large enough. Thus, applying (2.10) with a, = \;T”Tei(’\”T”“”%m) and
integrating in (—[, 1) we get

|c |2 1 2T
21 < CT/J J
Z 2L 21 Jo

In|=N

2
dtdzx.

Z etenen ()

n|=N
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Therefore, Fubini’s theorem ensures that

L 27"

Juolia-r.1y < 7 Cr J P(Sy(t)uo)?dt.
0

Finally, for ug € L*(—L, L), we have

27"
L P(SL(t)UO)th < HSL(‘)UOH%Q((O,ZT’)><(—L,L)) = 2T/HU0HL2(7L,L)‘

Thanks to the fact that 27" < T, follows from [21, Theorem 5.2] that there exists a positive
constant, still denoted by C', such that (2.8) is verified for all zy € Z and the general case,
that is, for all ug € L?(—L, L), follows by a density argument, showing the result. O

3. GLOBAL CARLEMAN ESTIMATE

Consider T and L > 0 to be positive numbers. Pick any function ¢ € C®[—L, L] with
(3.1) ¢>0in[-L,L]; ¢'(-L)>0; ¢'(L)>0,¢" <0 and | >0in[-L,L].

Let u = e™*¢q, w = e *?P(e*?u) and p(t,x) = t(wT(f)t). Straightforward computations show
that

(32) W = Ll(U) + LQ(U),

with

Li(u) = Au + Crug, + Fuy,,
Ly(u) = Bug + Cottgy + Dy + Uy — Usy.
Here
A =5(01 + Pu + Prae — P52) — 5 (10000Paza — 302Par + DPoPuz)
— 5% (150,03, + 1002 00ee — 93) — ' 100500 — 8”03,
B =+ 5(30ps — 504z) — 52(1502, + 2000 Puwe — 302) — 53002 00 — s*52,
C1 =530y — 1004, ) — 52102
Co =Cy = —52309%9%1
D = — 510, — s*10¢2,
E = —sbp,.

On the other hand |w|? = | Ly (u)|® + | La(w)[* + 2 (L1 (u), La(u)) where

T rL
(u,v) = f f wv dx dt
0o J-r

and |w|? = (w,w). With this in hand, we can prove a global Carleman estimate for the
Kawahara equation

Up + Uy + Ugzr — Uzzzes = 0 (Z’, t) € QT>
u(—L,t) =u(L,t) = uy (—L,t) = uy (L,t) = uyge (L,t) =0 te(0,7),
u(x,0) = ug () ze(0,L).

We cite to the reader that the well-posedness theory for this system can be found in [1].
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3.1. Proof of Theorem 1.1. We split the proof in two steps. The first one provides an
exact computation of the inner product (Ly(u), Lo(u)), whereas the second step gives the
estimates obtained thanks to the pseudoconvexity conditions (3.1).

Step 1. Exact computation of the scalar product 2(L;(u), La(u)).

First, let us compute the following

T ,L
J J (Au + Crugy + Eugpey)Lo(u)dzdt =: J; + Jo + J3
o Jo

To do that, observe that u belongs to D(P), thus, we infer by integrating by parts, that

1 rT L
Ji=— §J [At — Asy — (AO2)M + (AB)w + (AD)fCﬂ?ﬂﬁ]quxdt
0 J-L
1 rT L
(3.3) -3 [5A000 — 3(AD), + 2(AC,) Judxdt
2Jo JoL
5 rT L
+ _J Agu? dxdt,
2Jo Jor
T rL
0 J-L
(3-4) T L
+ f J Crugpudrdt := 11 + Io.
0 J-L
and
L
(3.5) 0t

L
+ J J Fugppouidadt := I + 1y.
0 J-L

Let us now treat [;, for i = 1,2,3,4. Note that [; is equivalent to

= _— —J J Cl mu 2 dxdt — —J f C1 — 2(0102) Clmcc]ui:cdmdt

——J J 3Cu2,, drdt.

By other hand, by the definition of w, see (3.2), for I, we have that

:_% f f (ACy,) u’dadt — f J (Cra)us, dudt

1
_5 f f 2(BCh,) + (CC)s — (DCia)an

(3.6)

0 J-L

T oL
— f J Chpuzwdxdt,
0 J-L
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where we have used that u belongs to D(P) and u—o = up—r = 0. Now, using the same
strategy as before, that is, integration by parts, v belongs to D(P) and up—g = up—p = 0
ensures that

- —J J (EB)ppuddt + = J J 3(EB), + (ECY) po|u? dxdt
(3.8)

——f J [(ED)x+2(EC’2)]uf,md:cdt—|——f J Exuimxdq:dt,
2J)o JoL 2)o Joi

and

1 —J f o uugdedt — f J (Eptyy ) updxdt + = J f E tumdxdt
(3.9) = — J J E, vy udadt — 2J J E ugpoupdrdt — — J f B2, dxdt
0 Jor 0 J-r 2Jo Joz

L 1 (T L
— J J [Erptize + 2E U0y Jugdxdt — = J J B2 drdt =: I5 + .
0 J-L 2J)o Jt

Note that I5 can be seen as

Is == J f [(BrpA) e — 2(EA) per |Ju’dadt

§L ). [—2(EyA) — (BEus)s + 6(EpA)y + 2(EyB) e ] wydadt

1 T L
+ —f J [2(E.C) — (EpeD)y + (Epe B) 2w + Erveew — 4(E.B) — 2(CE,),Ju?, dvdt

0 J-L

mcz

i j f[ XBpaF) — TFery + A(E,D) — 2(BE,) 2, dudt

f f Eu?,, dxdt —J J Epptize + 2B U0, )wdxdt,

thanks to (3.2). So, putting the previous equality into (3.9) we get,
(3.10)
J J [(BurA)ns — 2By A) s Judardt

+ —_
; L J
1 T L
t3 f ] [2(EaC) = (EraD)s + (EawE)aw + Erzaza — 4 EeB) — By — 2(CE, ), Jul, dudt
0
1 T
EINE

[~2(Buur E) = TEpas + 4(E,D) — 2(EE,),|u?, dzdt

I‘I$

f f Bl dxdt —J J Epptiyy + 2E, Uy, )wdzdt.
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Putting together (3.6) and (3.7) in (3.4), (3.8) and (3.10) into (3.5), and adding the result
quantities with (3.3), we have that the scalar product 2(L;(u), Lo(u)) is given by

J J Lyi(u)Lo(u)dxdt = f f (Erptiye + 2B Upyy )wdxdt
—QJ f (wChy) uﬁxdt—%[ J Mu?dxdt
f f Nu dxdt—i—f f Ou? dxdt
+f f Ru?, dxdt + f f Suj,dxdt,
0 J-L 0 J-L
where

M = — (AB)y — A + Asz + (AC2)ae — (AD)aze — (AC1)z + (EazA)ze — 2(E2A)ara
N = 3(AD), — 2(ACy) — (C1B), + (BC1,) + Cra — (CCha)e + (DC12)we — 5Asas
— (EC12)aze — Cise — (EB)aze — 2(EpzA) — (BEpy)e + 6(EpA)y + 2(EyB) s
O =54, — (C1D), — 2(DChz) + 3(EB); + 2(C1C2) — 4(EyB) + 5C1400 + 3(EC1)s
+ 2(EpC) + (ECY) sy — (Epa D)y + (EppE)ze + Esp — By — 2(CEL),
R=—5Cy, — (ED), + 4(E,D) — 2(ECy) — 2(Ep2e E) — TEype — 2(EE,),
S = 3E,

Now, note that

2JOT JLL L () Lo () ddt < L ' JLL (Li(w) + Lo(u))? dedt < f J A,

we have due to (3.11) that

J J Mu*dxdt +J J Nu?dxdt +J J Ou? dxdt +J J Ru?, dxdt
(3.12) J J Su? . drdt — f J (WO )ugdrdt — J J Epptizy + 2E Uy, )wdxdt
< J f widxdt.
0o J-r

Let us put each common term of the previous inequality together. To do that, note that
using Young inequality, for € € (0,1) we get

T AL T Lo, )
QJ f (wWCp ) ugdrdt = QJ f (ei(]lxux e‘%u) dxdt
0o J-L 0 J-L

T
ef J C?uidrdt + e f J w?dzdt.
0 —L .y
In an analogous way,

¢ (T (L T
J J Erptizy + 2B, Uy, )wdxdt < 3 J E2 w2 dvdt + EJ f E2u?, dvdt
—L —L

0 J-L

3 L
+ —¢ ! f f Widzdt.
2 0o J-L

(3.11)
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So, we have that

T oL T L
(3.13) —EJ J C? uidxdt — f Widrdt < f J (WO )ugdadt
0 J-L

0 J-L

€ T T rL
—= J f E? u? dxdt — EJ J E*u? dvdt — —6 f J widxdt
2 Jo 0 J-L

T
— J f (Epptizy + 2B, Uy, )wdxdt.

Replacing (3.13) and (3.14) into (3.12) yields that

J f Mquacdt—i—J J —eCt,) dedt—kf J u Ldxdt
JJ R — €¢E?) mmdmdt—kff SuZ, . drdt < <1+—e )JJ w?dxdt.

Step 2. Estimation of each term of the left hand side of (3.15).

and

(3.14)

The estimates are given in a series of claims.

Claim 1. There exist some constants s; > 0 and C > 1 such that for all s > s1, we have

T (L T (L
f Mu?dxdt = C;* f J (sp)’u*dxdt.
0 J-L 0 J-L

O (s®)

Observe that

O (s%) O O (s%)

M =—(AB); + ———— = —458%08 0, + ———— = —455°
(AB)e + =7 — s S Waar T IST e ST =19 BT =1
We infer from (3.1) that for some k; > 0 and all s > 0, large enough, we have
9
S
M=k
Y(T — t)°

Claim 1 follows then for all s > s;, with s; large enough and some C > 1.

Claim 2. There exist some constants s, > 0 and C'y > 1 such that for all s > s9, we have

T (L
J f — €C}) uidzdt > Cz_lf f (s) uidxdt.
0o J-L

Noting that

O (s%)
2
N — ECIJB 23(14D)z — 2(1402) - (OlB)x + (BC'LT) + m
O (s°) (¥")y" O (s°)
= — 508" P8y + ot = —50s"
S WaPar 4G )6 G T
and using again that (3.1) holds, we get for some ko > 0 and all s > 0, large enough, that

7
5 s

N — ECI.T 2 k’gm

and Claim 2 follows then for all s > s, with s, large enough and some Cy > 1.

Claim 3. There exist some constants s3 > 0 and C'5 > 1 such that for all s > s3, we have
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T rL
J J O - u Jdrdt = O3 J J (5p)°u? dxdt.
0 J-L

First, see that

€ 9 O(s")

O = 3 = 54 = (C1D) = 2ADCh) + EB), + 2(C1Co) = AEB) + m— s
O(sh) s ()" O (s!)

AT -0t VT g AT -

= — 2505° 2t pe +

Next, using (3.1) we have that for some k3 > 0 and all s > 0, large enough,

85

2 —
0O-‘p BT 1)

29636/

ks

is verified, so Claim 3 holds true for all s > s3, with s3 large enough and some C5 > 1.

Claim 4. There exist some constants s, > 0 and Cy > 1 such that for all s > s4, we have

T L
f f — eE2) ul, dudt > ;lf f (sp)?u?, dxdt.
0o J-L

As the previous Claims, thanks to (3.1) and

R —¢€E? = - 50, — (ED), + 4(E,D) — 2(EC,) + 0(s)
v ’ ! ’ (T —t)
O (s%) (¥)*" O (s%)
_ 3,2 — 10053
100575 gz + 2T —1)? 00s BT — 1) + 2T =12

we can find some constant k4 > 0 and all s > 0, large enough, such that

83

B2z kg
b= b

follows and Claim 4 is verified for all s > s4, with s4 large enough and some Cy > 1.

Claim 5. There exist some constants s; > 0 and C5 > 1 such that for all s > s4, we have

T oL T rL
J J Su?,, drdt > C5! J J (s)u2,, drdt.
0 J-L 0 J-L

This is also a direct consequence of the fact that S = —sby,, and (3.1) holds. Therefore,
Claim 5 is verified.

We infer from Steps 1 and 2, that for some positive constants sg, C, and all s > sy, we
have

T L
f f ((50)°Tul® + (50) ol + (59) ttnal? + (59)[ttnan® + 5|ttnesel?} dedt
0 —L

T L
C’J f |w|*dxdt.
0o J-r

Replacing u by e *%q yields (1.6). O
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4. APPROXIMATION THEOREM

This section is devoted to presenting an application of the Carleman estimate shown
in Section 3 for the Kawahara operator P defined by (1.4)-(1.5). First, we prove a result
which is the key to proving the approximation Theorem 1.2. We have the following as a
consequence of the Theorem 1.1.

Proposition 4.1. For L > 0 and f = f(t,x) a function in L*(R x (=L, L)) with supp f <
([t1,t2] x (=L, L)), where —oo < t; < ty < 00, we have that for every ¢ > 0 there exist a
positive number C' = C(L,t1,ty,€) (C does not depend on f) and a function v € L*(R x
(=L, L)) such that

Ut + Vg + Uggr — Vpgaae = f 10 D'(R x (=L, L)),
{supp v [ty — €ty —€] x (=L, L)
and
o] L2@x(~r,2)) < C|l fllz2@x(~1.L))-
Proof. By a change of variable, if necessary, and without loss of generality, we may assume
that 0 = t; —e < t; <ty <ty —e = T. Thanks to the Calerman estimate (1.6), we have that

(4.1) f f |q|?e “ e drdt < le f q)|*dzdt,

for some k > 0, C; > 0 and any ¢ € Z. Here, the operator P is defined by (1.4). Therefore,
we have that F': Z x Z — R defined by

f f @) dudt

is a scalar product in Z. Now, let us consider H the completion of Z for (-,-). Note that
|q|26_t<Tk—t> is integrable on Qr if ¢ € H and (4.1) holds true. By the other hand, we claim
that T': H — R defined by

J f f(t, x)q(x)dxdt,

is well-defined on H. In fact, due the hypotheses, that is, supp f < ([t1,t2] x (=L, L)), and
thanks to Holder inequality and the relation (4.1), we have

w\»—t

f f t LIZ’ ’d&?dt f f t .T ‘dl’dt CHf(t,l’)HLQ((tLtQ)X( ))(q q)
—L —L

for some constant positive C'.
Thus, it follows from the Riesz representation theorem that there exists a unique u € H
such that

(4.3) F(uq)zT() Vge H.
Pick v := P(u) € L*((0,T) x (—L, L)), so have that

(P*(v), @) =(v, P(q)) = f L vP(q)dxdt = J L q)dxdt
=F(u,q) =T(q) = —L f_L fadzdt = {(~f,q),
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where (-, -) denotes the duality pairing -, )»/(@.):n(@y) and P* = —P, hence
Pv = fin D'(Qr).
Finally, observe that v € H'((0,T); H>(—L, L)), since we have
Ve = f + Vawoww — Veww — Ve € L2(0,T; H®(—L, L)),
thus v(0, -) and v(T, -) make sense in H°(—L, L). Now, let ¢ € H'(0,T; H3}(—L, L)), follows

by (4.3) that
T

[ saeii =~ [ [ gadaate + ot a0

t=0
where (-, -) denotes the duality pairing (, )5 1);53(—L,1)- Since gli—o and gl;—r are arbi-
trarily in D(—L, L), we infer that v(T,-) = v(0,-) = 0 in H°(—L, L). Therefore, the result
follows extending v by setting v(¢,x) = 0 for (¢,z) ¢ Q7. O

Now, we are in a position to prove Theorem 1.2.

Proof of Theorem 1.2. Pick n > 0, to be chosen later. Thanks to the Lemma 2.1, applied
for L=n+1, 1 =n—1,l=n, 2§ = §, there exists v € L*((0,T) x (—n — 1,n + 1)) such
that

Po=0in (0,7) x (—n —1,n +1).

(44) ?j(t, ) = Sn+1(t -t + E)’Uh for t1 — E <t <t — E
2 2 4

and

(4.5) (t,.) = Spir(t —ts — i)w, for t, + i <t<ty+ %

for some (v, v) € L*((t1 — 5,12 + 5) x (—=n + 1,n — 1)) and

o — UHLQ((tl—é,tﬁ%)X(—n+1v”_1)) =

So that (1.8) be fulfilled, we multiply © by a cut-off function. Now on, consider ¢ € D(0,T)
be such that 0 < ¢ <1, ¢(t) = 1, for all t € [t; — §,t2 + §] and supp ¢ < [t; — 5,2 + 5]
Picking o(t, x) = ¢(t)o(t, z), we get
supp U < [t; — %,tg + %] X (—n—1,n+1).
Therefore,
10— ul 201y x (~n+1m-1)) <P = ullL2(ts— & o4 )% (—nr10-1)
+ H((p - 1)6“L2((t1—§,t2+§)><(—n+1,n—1))'
Since supp u < [t1,t2] x (—n,n) and ¢(t) = 1, for t; — § <t <ty + {, we have
~112 ~112
H(SO - 1>UHL2((t1—§,t2+§)x(—n+1,n—1)) <Hv”LQ({(tl—%,tl—i)u(t2+§,t2+§)}><(—n+1,n—1))
- 2
(4.6) =|lv - U’HLQ({(tl7§,tlfi)u(t2+i,t2+§)}><(fn+1,n71))
<[v - UH%Q((tl—g,tg—&-%)x(—n—i—l,n—l))
<’
Hence,

(4-7) ”@ - UHLQ((O,T)X(—n-i-l,n—l)) < 27,
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where we have used the fact that supp u < [t1,t2] x (—n,n). Finally,

d
P = d—f{; i (0,7) x (—n—1,n +1)

SO

dy 2
— (12 ~12
HPU”L2((0,T)X(—n—1,n+1)) < HEHLOO(QT)HvHL2({(tl—g,tl—i)u(t2+i,t2+%)}><(—n—l,n+1))

thanks to the fact that () = 1in [t; — {,%; + §]. On the other hand, since (4.4) and (4.5)
holds, we infer by the observability result, that is, by Lemma 2.3, that there exists a constant
C = C(n,€) > 0 such that

19l z2((t1— &.01 - ) x (mn-1m21)) < 0] 2((01 - £.11— ) x (~nt1.0-1))
and also
19 L2 (bt £ 2+ ) x (—n-1m41)) < OO L2((t2 4 £ 114 ) x (~nt1.0-1))
or equivalently,
”17HLQ({(tl*%ﬂfri)U(tﬁi,tﬁ%)}X(fnfl,nﬂ)) < O”ﬁHLQ({(tlf%,t1*§)u(t2+i,t2+§))><(fn+1,n71))-

Thus, combining the last inequality with (4.6) yields that

_ dp
(4.8) | PO 20,1y x (-n—1,n0+1)) < C Hgﬂmmn

Now, to finish the proof, we use Proposition 4.1, to ensure the existence of a constant
C = C'(n,ty,ty,¢) >0 and a function w € L*((0,T) x (—n — 1,n + 1)) such that

(4.9) Pw=Poin (0,T) x (—n —1,n + 1),

' supp w C [t —€,ta+ €] x (—n—1,n + 1),
and
(4.10) w220, x (=n—1,n+1)) < C"| PO 12((0,1) % (—n—1,n+1))-

Consequently, setting v =7 — w we get (1.7) and (1.8) by using (4.9). Moreover, thanks to
(4.7), (4.8) and (4.10), we get that

d
Jv = ull 201y (-nt1n-1)) < (2+ OC,”d_f”LOO(O,T))n’

Now, choosing 7 small enough, we have shown (1.9) and so the result is shown. U

Finally, as a consequence of Theorem 1.2, we prove the next result that gives us infor-
mation to prove the third main result of the article in the next section.

Corollary 4.2. Let ty, ty, T real numbers such thar 0 < t; <ty < T and f = f(t,z) be a
function in L3 (R?) such that

supp f < [t1,t2] x R.
Let € € (0,min(ty, T —ts)), then there exists u € L} (R?) such that

loc
Wt + Wy + Wage — Weggaer = f in ‘D/(RQ)

and

supp w < [t —€,ta + €] x R.
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Proof. Consider two sequences of number denoted by {t!'},>2 and {t5},>2 such that for all
n = 2 we have

(4.11) t—e<ti™ <t <ty <ty <th <th™ <ty +e
We construct by induction over n a sequence {u,},>2 of function such that, for every n > 2

u, € L*((0,T) x (—=n,n)),
(4.12) supp u, < [t t5] x (—n,n),
Pu, = fin (0,T) x (—n,n),

and, if n > 2

- 1
(4.13) |, — unfl”LQ((O7T)><(—n+27n—2)) < on
Here, ug is given by Proposition 4.1. Now on, let us assume, for n > 2, that ug, -+ ,u,

satisfies (4.12) and (4.13). By Proposition 4.1, there exists w € L?((0,T) x (—n — 1,n + 1))
such that

supp w < [,8] x (—n—1n + 1)
and

Pw=fin (0,T) x (—n —1,n+1).
As we have P(u, —w) =01in (0,7) x (—n,n) and

sSupp (un - CU) < [ 7ll>tg] X (_n7n)

with 771 < 17 < 8 < #3™. So, using Theorem 1.2, there exists a function v € L2((0,7T) x
(—mn — 1,n + 1)) such that

supp v < [ttt ] x (~=n—1,n+ 1), Pv=0in (0,T) x (—n —1,n + 1)
and
1
on—1°
Thus, picking u,.; = v + w, we get that wu,,; satisfies (4.12) and (4.12). Extending the

sequence {uy, }n>2 by u,(t,z) = 0 for (t,7) € R*\(0,7) x (—n,n), we deduce, thanks to (4.13)
that

v — (un — M)HLQ((O,T)X(—n+1,n71)) <

{u'fl}’RZQ —u in LIQOC(R2>
with
supp u < [t; —€,ta + €] x R

due to the fact (4.11). Additionally, Pu = f in R? by the third equation of (4.12). Thus,
the proof is finished. 0

5. APPROXIMATION THEOREM APPLIED IN CONTROL PROBLEM

In this section, we present a direct application of the approximation Theorem 1.2, which
ensures the proof of Theorem 1.3.
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5.1. Proof of Theorem 1.3. As is well know, see [§], that there exist u; and wuy in a
class C'(0,7; H*(0,+0), for s € (—%, g) \{%, %}, solutions of (without specification of the
boundary conditions)

U1t + U1y + Uzzr — UWzzzzr = O in (07 T) X <Oa +OO)>

u1(0, ) = ug in (0, +0)
and
Uy + Uy + Uggar — Udgpaze = 0 in (0,7) x (0, 400),
u2(0,z) = ur in (0, 400),
respectively, for s € (—LZL, g) Now, consider uy(t,z) = ug(t — T, x). We have that Puy = 0

in [0, 7] x (0, 490). Now, pick any € € (¢, %) and consider the function ¢ € C*(0,T)) defined
by
1, iftel0,€]

1) =
PO =0 itre[r—e1]

Note that the change of variable

u(t,z) = p(t)yu(t, ) + (1 = @(t))a(t, v) + w(t, ),
transforms (1.10) in

Wt + Wy + Wepr — Wrzaer = %SD({LQ - ul) in ®/((07T) X (Oa +OO))7
w(0,z) =w(T,x) =0 in (0, +0).

The proof is finished taking into account the Corollary 4.2 with f = (Z—f(ﬂg —Uuyp). U
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