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Abstract. The purpose of this article is the investigation of the global
control properties of a coupled nonlinear dispersive system posed in the
periodic domain T, a system with the structure of a nonlinear Schrédinger
equation and a nonlinear Korteweg-de Vries equation. Combining esti-
mates derived from Bourgain spaces and using microlocal analysis we
show that this system has global control properties. The main novelty
of this work is twofold. One is that the global results for the nonlinear
system are presented for the first time thanks to the propagation of sin-
gularities. The second one is that these propagation results are shown
to a coupled dispersive system with two equations defined by differential
operators with principal symbols of different orders.
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1. Introduction

1.1. Setting of the problem

Our work is related to the global control properties of a system composed of a
nonlinear Schrédinger equation and a nonlinear Korteweg-de Vries equation

i0pu + 02u = i0,v + Blul*u, (z,t) € T x Ry,
Qv+ 030+ 30, (V) + pdyv = Re (Gu), (z,t) € T x Ry, (1.1)
u(x,0) = up(x), v(x,0)=uvy(z), z e,

where u = u(z,t) is a complex valued function and v = v(z,t) is a real-valued
function. The nonlinear Schrodinger—Korteweg-de Vries system (NLS-KdV)
appears in the study of resonant interaction between short and long capillary-
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gravity waves on water of uniform finite depth, in plasma physics and in a
diatomic lattice system. Here, u represents the short wave, while v stands for
the long wave, see e.g. [1,2,4,14] and the references therein for more details
about the physical motivation for this system.

The first goal of the manuscript is to establish well-posedness results for
the system (1.1). To do so the main ingredient is a fixed point argument in the
Bourgain spaces associated with the linear Schrédinger and linear Korteweg-de
Vries equations. Once we have the global well-posedness of the NLS-KdV
system, we can consider the system (1.1) from a control point of view with
two forcing terms f and g added in each equation

i0yu + 02u = i0,v + Blul*u + f, (z,t) € T x (0,7),
v+ 03v + 50, (v?) + pdyv = Re (pu) + g, (x,t) € T x (0,T), (1.2)
U(.I‘,O) = UO('r)7 U(JI,O) = UO(J:)7 T e T)

where f and g are assumed to be supported in a non-empty subset w C T. Here,
the main point is to use microlocal analysis to prove results of propagation of
the singularities, which is the key point to proving global control results. The
main difficulty to prove these propagations is related to the fact that we have
a coupled system defined by two differential operators with principal symbols
of different orders.

To the authors’ best knowledge, no global control results for the nonlinear
NLS-KdV system (1.2) exist in the literature. However, for the linear system,
control problems are considered in [3]. Precisely, the authors treated a linear
Schrédinger—Korteweg-de Vries system

i0yw + 0%w = ayw + agy + hl, in Q

Oy + 3y + 0,(My) = Re (agw) + agy + 11, in Q
w(0,t) = w(l,t) =0 in (0,7),
y(O,t) = y(lvt) = azy(Lt) =0 in (03T)>
w(xa 0) = wO(x)a y(xv 0) = yO(x) in (07 1)

in a bounded domain Q:=(0,1) x (0,7) with a purely real or a purely imagi-
nary control h acting in the Schrédinger equation and the control [ acting in
the KdV equation. Thanks to the Carleman estimates they proved an observ-
ability inequality that helps them to achieve the result. However, the following
questions naturally arise:

Control problems: What can be said about the global controllability of the
system (1.2)? Could it be possible to find appropriate damping mechanisms
to stabilize this system?

In this way, our work will provide answers to these questions for the
nonlinear NLS-KdV system (1.2). Although these issues are typical in control
theory and have been the subject of study in several single equations over
the past 30 years, the controllability problems involving nonlinear coupled
dispersive systems are still not well understood.
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1.2. Known results for single equations

Let us present a review of the control and stabilization results for the KdV
and NLS equations. We caution that this is only a small sample of the extant
works on these equations.

1.2.1. KdV equation. Russell and Zhang are the pioneers in the study of con-
trol problems for the KdV equation [25,26]. They treated the following KdV
system

Up + Uy + Uggr = [, (1.3)

with periodic boundary conditions and an internal control f. Since then, both
controllability and stabilization problems have been intensively studied. We
can cite, for instance, the exact boundary controllability of KAV on a bounded
domain [12,13,16,23,28] and the internal control problem [10], among others.

It is well known that the KAV system (1.3) has at least the following
conserved integral quantities

I(t) :/Tu(x,t)dx, Ix(t) :/Tuz(z,t)dx and

I3(t) = /T (ui(m,t) - ;u3(x7t)) da.

From the historical origins of the KdV equation involving the behavior of
water waves in a shallow channel, it is natural to think that I; and I express
conservation of volume (or mass) and energy, respectively.

The pioneer work in the periodic case is due to Russel and Zhang [25]
and is purely linear. After some years and the discovery of a subtle smoothing
property of solutions of the KdV equation due to Bourgain [7], the authors
were able to extend their results to the nonlinear system [26]. Precisely, the
authors studied the equation (1.3) assuming f supported in a given open set
w C T and taking the control input f(z,t) as follows

F (2,t) = [GH] (1) =g (2) (h @ — [ 9 h dy) L

where h is considered as a new control input, and g(x) is a given non-negative
smooth function such that {g > 0} = w and

27 [g] :/Tg(x)dle.

For the chosen g, it is easy to see that

4 u(x,t)da:z/f(x,t)dsz,

for any ¢ € R and for any solution u = u(z,t) of the system
Uy + Uty + Uppy = Gh. (1.5)

Thus, the mass of the system is indeed conserved. With this in hand, Russell
and Zhang were able to show the local exact controllability and local expo-
nential stabilizability for the system (1.5). Indeed, the results presented in [26]
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are essentially linear; they are more or less small perturbations of the linear
results. However, Laurent et al. in [19] showed global results for the system
(1.5). The global control results are established with the aid of certain pro-
perties of propagation of compactness and regularity in Bourgain spaces.

1.2.2. NLS equation. Consider the following equation
i0pu + Au = Mul*u, (z,t) € M xR. (1.6)

The first results for the system (1.6), when M is a compact Riemannian
manifold of dimension two without boundary, is due to Dehman et al. in [15].
The authors considered the stabilization and exact controllability problem for
NLS. Precisely, to prove the control properties, the authors were able to prove
the propagation results in M. However, these properties are shown considering
w be an open subset of M and the following two assumptions:

(A) w geometrically controls M; i.e. there exists Ty > 0, such that every
geodesic of M traveling with speed 1 and issued at t = 0, enters the set
w in a time t < Tj.

(B) For every T > 0, the only solution lying in the space C[0,T], H*(M)) of
the system

10w+ Au + by (x,t)u + bo(x, t)u, (x,t) € M x (0,T),
u =0, (x,t) € wx (0,7),

where by(t,z) and by(t,z) € L>*(0,T,LP(M)) for some p > 0 large
enough, is the trivial one u = 0.

Considering the NLS on a periodic domain T with Dirichlet or Neumann
boundary conditions, Laurent [18] applied the method introduced by Dehman
et al. to prove that this system is globally internally controllable.

When a compact Riemannian manifold of dimension d > 3 is considered,
Strichartz estimates do not yield uniform well-posedness results at the energy
level for the NLS equation, a property which seems to be very important to
prove controllability results. In this way, Burq et al. in two works [8,9] managed
to introduce the Bourgain spaces X *? on certain manifolds without boundary
where the bilinear Strichartz estimates can be shown and, consequently, they
get the uniform well-posedness for the NLS equation. Taking advantage of
these results, Laurent [17] proved that the geometric control condition (A) is
sufficient to prove the exact controllability for the NLS in X spaces on some
three-dimensional Riemannian compact manifolds. Similarly in this work, we
mention [24] and [18] where controllability results were studied for the NLS in
FEuclidean and periodic domains, respectively, relying on the properties of the
Bourgain spaces.

1.3. Main results

Note that to deal with the nonlinearity associated with the KdV part in (1.2),
we must use appropriated estimates which requires that the mean value of v
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satisfying
1
2w

[v] =
If we set fi:=[vg], we get from the second equation in (1.2) that
1 1
[1:=[vg] = — 0)dx t)dz, Yt>0.
=] = 5= [ o@.0)de = o= [ oo vt >

Thus it is convenient to set ¥ = v — i and to study the following equivalent
system

v(x,t)de =0, Vi>0.
T

i0pu + 02u = 10,0 + Blul?u + f, (z,t) € T x (0,7),
@5+@5+%@@ﬂ+WM+M@5=RM@W+WJ t) €T x (0,7T),
u(z,0) = uo(z), v(,0) ="7o(z), T,

where 1 € R is a constant.
Now consider a € L>(T) a real valued function such that

a(x)? >n >0, (1.7)

in some non-empty open set w C T and the operator G defined as in [25], for
some g € C°°(T) real valued function such that ¢ > 0 in w C T, as

Gh(a, t):=g(z) (h(m) -/ g(y)h(wt)dy) , (1.8)

where h is any function considered as a control input. In order to stabilize
our system we have chosen f:= —ia(x)?u and 7:=Gh, with h = —G*¥, so the
following closed-loop system reads

i0pu + 02u = 10,0 + Blul*u — ia(m)2u (z,t) e T x Ry,
00+ 030 + 20, (02) + (u + [1)0,0 = Re (0u) — GG*, ( t) e T x Ry,
u(z,0) =wup(x), 0(x,0)=0(x), T.

(1.9)

In this case we can define the energy of the system as
B(t):=[lu®)lZ2(ry + 190172 r)

and L3(T) = {w € L*(T); [w] = 0}. So, multiplying the first equation of (1.9)
by u, the second one by ¥ and integrating by parts we can obtain'

9 B(0) = 2 (JaOu(®) 3 + 1600w ) 0. (110)

This indicates that the controls play the role of two damping mechanisms.
So, our result establishes that the system (1.9) is asymptotically exponentially
stable. Precisely, we provide a positive answer to the global stabilization ques-
tion already mentioned at the beginning of the introduction.

I Actually, by (1.8) and Fubini’s theorem, G is self-adjoint (i.e. G* = G), so we shall keep
the notation for the feedback h = —G*v = —G? throughout.
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Theorem 1.1. Assume that a € L>®(T) satisfies the conditions (1.7) and Gh
given by (1.8). Then, for every Ry > 0, there exist C:=C(Ry) > 0 and v > 0
such that the following inequality holds

[[(w, ©) ()| L2y x 22 () < Ce ([ (uo, o)l 2(myxp3(my, V£ >0, (1.11)

for every solution (u,?) of the system (1.9) with initial data (ug,vo) € L*(T) x
L3(T) satisfying ||(uo, %)l r2(ryxr2(1) < Ro-

Once we have established the global stabilization result, the answer for
the global exact controllability problem will be a consequence of the following
local null controllability theorem.

Theorem 1.2. Let w be any nonempty set of T. Then there exist 6 > 0 and T >
0 such that for every (uo,vo) € L*(T) x L§(T) with ||(uo,%0)llr2(1yx£2(1) < 0,
we can find f € C([0,T); L*(T)) and h € C([0,T); L*(T)), f and h compactly
supported in |0, T[xw, such that, the unique solution (u,v) € C([0,T]; L?(T) x
L2(T)) of the system (1.9) satisfies (u,?)(x,T) = (0,0).

Finally, with the previous local controllability result in hand, combining
it with the global stabilization result we get the global controllability result,
which can be read as follows.

Theorem 1.3. Let w C T be a nonempty open set and Ry > 0. Then, there exist
T:=T(Rp) > 0 such that, for every (ug,vo), (u1,v1) € L*(T) x L*(T) with

(w0, vo)llz2(myxz2(my < Ro and  ||(u1,v1)| r2(ryx£2(T) < Ro,

and [vo] = [v1] one can find control inputs f € C([0,T]; L*(T)) and h €
C([0,T); L3(T)), with f and h supported in wx (0,T), such that the unique solu-
twn( v) € C([0,T); L?(T) x L*(T)) of the system (1.2) satisfies (u,v)(x,T) =
(ur(z),v1(2)).

1.4. Heuristic and outline of the manuscript

In this work, global control results are proved by combining estimates derived
from Bourgain spaces and using microlocal analysis. To our knowledge, this is
the first time that this method is used in a coupled dispersive system with two
equations defined by differential operators with principal symbols of different
orders and more importantly, a key feature in this contribution is that we
are able to prove global control results for the nonlinear system in a bounded
domain. This represents an improvement with respect to the previous paper
[3] where the control problem, for the linear system, is considered. The key
ingredients of this work are:

e Strichartz, bilinear and multilinear estimates associated to the solution
of the problem under consideration;

e Microlocal analysis to prove propagation of the reqularity and compact-
ness for two equations defined by differential operators with principal
symbols of different orders;

o Unique continuation property which is a consequence of the Carleman
estimates for each equation, KdV and Schrédinger equations.
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The proof of the Theorem 1.1 is equivalent to proving an observability
inequality, which one, by using contradiction arguments, relies on to prove a
unique continuation property for the system (1.9). This property is achieved
thanks to the propagation results using the smooth properties of the Bour-
gain spaces. The main difficulty to prove the propagation results arises from
the fact that the system (1.9) is defined by two differential operators with
principal symbols of different orders. To overcome this difficulty we employ
the estimates, proved in Sect. 2, for the solution of our problem in Bourgain
spaces.

The strategy to prove Theorem 1.2 is to consider the control operator for
the nonlinear problem as a perturbation of the control operator for the linear
system associated with (1.9), the perturbation argument is due to Zuazua
[29]. Additionally, the control result for large data (Theorem 1.3) will be a
combination of a global stabilization result (Theorem 1.1) and the local control
result (Theorem 1.2), as is usual in control theory.

It is important to point out that the dissipation laws in (1.9) are intrin-
sically linked with the physical problems modeled by the Schrodinger and the
KdV equations. For these equations, the same dissipation laws were
already considered in [18,24], for the NLS equation, and in [19,26], for the
KdV equation.

Lastly, since we are working with a coupled system with the structure of
the nonlinear Schrédinger equation and nonlinear Korteweg-de Vries equation
it is natural to adapt the approach introduced by [18,19], however, a direct
application of these results is not enough to get the main results of our article.
The first novelty of this manuscript is to deal with the coupled terms, here it
is necessary estimates these terms in the Bourgain spaces (see Lemma 2.5 and
Proposition 2.6) to be able to perform with the fixed point argument, which
is necessary to prove the well-posedness and the controllability results for the
nonlinear system. A second and important point is to treat the nonlinear
case, instead of the linear one (see [3]), to deal with a nonlinear problem it is
necessary to prove propagation of compactness and regularity results, and also,
a unique continuation property for the solution of the system (1.2). This was
achieved thanks to the estimates in the Bourgain spaces, which are paramount
and the key to dealing with the nonlinear terms.

Our manuscript is outlined as follows. Section 2 is to establish estimates
needed in our analysis, Strichartz, bilinear and multilinear estimates. With
these estimates, we are can prove the existence of solutions for the nonlinear
NLS-KdV system with source and damping terms in Sect.3. Next, Sects. 4
and 5, are aimed to present the proof of the stabilization and controllability
theorems, respectively. We also present in Sect. 6 concluding remarks and open
problems. Finally, Appendixes A and B are devoted to proving the propagation
results and the unique continuation property, respectively.

2. Fourier transform restriction

In this section, we present definitions, some properties of the Bourgain spaces
associated with the system (1.1), and estimates which will be essential to
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prove our main results. It is well known that Bourgain [6] discovered a subtle
smoothing property of solutions of the Schréodinger and KdV equations in R
and T.

2.1. Definitions and notations

Let us now define the Bourgain spaces X*° and Y associated with the
linear operators of the Schrédinger and KdV equations, respectively. For given
k,b,s € R, functions v : TXR — C and v : TxR — R, in S(T x R), and
1 € R define the quantities

1/2
e = (Z | ey f<n,r>|2dr)
nez

and

[[o]

1/2
w—(Z/ (v "+ )’ |g<m>|2dT> ,
ne”Z

where f is the Fourier transform of f with respect to the variables x and ¢,

with (-) = \/1+] - |>. The Bourgain spaces X** and Y*? associated with
Schrédinger and KdV operators are the completion of the Schwartz space
S (T x R) under the norm ||u|| v and |[v||y .., respectively.

Considering the time interval I C R, we define X**(I) and Y*°(I) as
the restriction spaces of X** and Y*?, respectively, to the interval I with the
norm

Iflxeon = inf [Fllxee  and  liglyoo = inf [gllyer.  (21)
fl,=f glr=g

‘1_

We shall also consider the smaller spaces X* and Y* defined by the norms

ol =l s + [[ () Ei(n, 7)o 0

and [[v]|g.:=[vlly<a/z + [{0)*0(n, 7)1 11 (2.2)

and the restriction spaces X*(I) and Y*(I) as in (2.1). The companion spaces
will be defined as Z* and W* via the norms

(nYka(n, )
ullge = |ul xr—1/2 + || ———22
H ||Z’c || HX’f 1/2 ’ <7+n2> T
and
(n)$0(n, )
v s = ||V s, — + || ——
” ||” H |Y 1/2 ‘<7__n3 un) L}_l%7

respectively.
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2.1.1. Notations. If I = (0,7T), we denote X*(I) (resp. Y*(I), X*b(I)
and Y*0(I)) by X5" (resp. V', X&" and Y;"). Denote from now on ¢ €
C§°(R) a non-negative function supported in [—2,2] with ¢» =1 on [—1, 1] and
Ys(t):=1 (t/9), for any § > 0. We also denote

H{(T) ={u € H*(T);[u] =0} and L§(T) = {u € L*(T); [u] = 0}.

Finally, for any a € R, a+ (resp. a—) is a number shghtly larger (resp. smaller)
than a, more precisely, a+ = a + ¢, for some ¢ > 0 as small as we want. We
shall also denote by D" the operator defined on D'(T) by

i - {0 120 =

The following properties of Xéi’b and Y;’b, k,s,b € R, can be verified.
(i) X5" and V" are Hilbert spaces.

(ii) Let 0,91 > 0, then X;?J”S’b”l is continuously embedded in X%b and if
6 > 0 and d; > 0 we have a compact embedding. Similar result holds for
Y;’b spaces.

(iii) The spaces X% and Y are continuously embedded in C([0, T]; H*(T))
and C([0,T]; H*(T)), respectively.

2.2. Overview of the estimates

This part of the work is dedicated to present estimates for the linear group
associated with Schrodinger and KdV equations. Additionally, we will present
the trilinear and bilinear estimates associated with the nonlinearities involved
in our problem, which are the key to proving the global control results in this
manuscript. These results will be borrowed from [2,18,19].

Let U(t) = €/ and V (t) = e~ 192 +10:) he the unitary groups associated
to the linear Schrodinger and the Airy equations, respectively. So, the following
linear estimates are verified and the proofs were made in [2, Lemma 4.1.], [19,
Lemma 3.4.] and [18, Lemma 1.2.], respectively, so we will omit them.

Proposition 2.1. Let ug € H*(T) and vy € H*(T), then
(i) lr ()" uollxro < Cluoll e and

t
br(t) / (=992 p (¢
0
(i) (61 ()= @0 g |y < Clopll and
t
0

(iii) Let —1 < b < 1, s € R and ¢ € C®(T). Then, for every u € Y*?,
s— |b\b

, S ClIF ] zx-
xh2

, < ClGlws.

Y2

o(z)u e Yo~ LY Similarly, the multiplication ¢ maps Yy  into Y-

(iv) Let =1 < b <1,k € R and p € C(T). Then, for every u € X*?,

o(x)u € XFIPLb Similarly, the multiplication ¢ maps X;f nto Xk lel.b
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The next proposition, shown in [2, Lemma 4.2.] and [19, Lemma 3.3.],
concerns the trilinear estimates for the term |u|?u and bilinear estimates for
the term 0,v2, respectively.

Proposition 2.2. The following estimates hold true.
(i) For any k > 0,
[V(O)uwvw] 71 S [l xrs/slloll xroslwllxeas. (2.4)

(ii) For any s >0, T € (0,1) and vy,vy € Y52 z-periodic functions having
zero z-mean for all t, that is [v1] = [v2] = 0, there exist two constants
0 >0 and C > 0, such that

[ (£ (v102)llyy. < CT [Jon

where C' is independent of T', v1 and vs.

yeurz [vallysne (2.5)

At this point, we present an elementary lemma concerning the stability
of Bourgain’s spaces with respect to time localization which was proved in
[2, Lemma 4.4.].

Proposition 2.3. Let Xf_ﬁh(g):: {f (1 — R(ENY(E)|f(,6)| € LQ}, Then,

t s, < s,
@ Fllxzr, o Swelfllxee,

J;lor any x,b € R. Furthermore, if—% <V <b< %, then for any 0 < T < 1 we
ave

t NV 7o .
b ( )fllx;gh(é) Seb b £l e

Finally, to end this subsection, we invoke the following result related to
the linear system associated with the KdV equation. Precisely, we present
below the following Strichartz estimate for the KdV equation shown in [19,
Lemma 3.2.].

Proposition 2.4. Let T > 0. The following estimate is verified

[Vl 2o, mszemy) < Cllvll oy -
T

1
In other words, Y:,E)“ is continuously embedded in L*(0,T; L*(T)).

2.3. Auxiliary estimates
The next auxiliary lemma helps us to prove the necessary estimates for the
following derivative terms d,u and J,v in lef and Z%, k,s € R, respectively.

Lemma 2.5. Lete >0 and H : Z X R — R such that
n|
(1 —n3+ pn) 2~ (1 +n2) 2
then there exists a constant C > 0 such that
H(n,7) <C, V¥Y(n,7)€ZxR.

H(n,7)= , (n,7)€Z xR,
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Proof. Tt is enough to prove that, for every (n,7) € Z x R, with |n| large
enough, there exist @ > 0 and Cy > 0 such that

(1 —n3 4+ un)(r +n) > Co|n|*, (2.6)
with (% — 6) o> 1.
Indeed, let us assume that (2.6) is verified. We then split the analysis

into two cases, |n| < C, for some C > 0 large enough, and |n| > C. For the
first case, note that considering a fixed ng € 7Z, we get

H(ng,7) = [0l — < |ngl, (2.7)

1_
(1 —nd +pno)® " (7 +nj

for all 7 € R. On the other hand, (2.6) asserts that there exist Cp > 0 and
a > 0 such that

| 1
H(TL,T) S 1 S ~
Coln|(3=9 ~ Co

for every (n,7) € Z x R, with |n| > C. So, by (2.6) and (2.7),

1
H(n,T) SmaX{C,C}, V(n,7) € Z X R,
0

and the lemma is proved.
Now, to prove (2.6) we start by observing that

[

(r—n®+pun)(r+n?) = (1 + |7 —n? +;m\2)% (14 |7 +n?)

1
> (L4 |r =0’ + ) (1 + |7+ n?))
1 ]
> 5 (17 =n® + | + |7 +n?))
1
> In® = n? — pnl
1
> 7 (Inf? = [n? + pn))

1 1
= §|”|3 + 5\“|3 — [n® + pn|

1 1 1 1
> g|”|3 + g\“|3 - sz - E\MHW

1 1 1
Since we have that lim (8|n|3 - Z|n|2 - 4|u|n|) = 00, (2.6) is verified.

[n|—o0

O

We are in position to prove the last linear estimates.

1 1
Proposition 2.6. Let T > 0. Ifu € X;’z and v € YTS’Z , for ks € R, we have

10zullwy S llull vy (2.8)

k
T
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and

\»—l

—~
N
=)
~—

10zl 25 < lloll .

T

2

Proof. We start observing that

i e n)*d,u(n, 1)
Ouullw = | (7 = : (n)0, {m Oeulm 7)
|| uHWk <T n” + /M’l> <n> u 22 <7_ —n3+ /~Ln> L

Since @(n, 7) = inu(n,7) and
1 1
1 S 1
(r— Pyt (T -+ )

—€’
for any € > 0, we have that

n n)*

—€

<
212~

(1= n®+ pn) =2 (n)* O,
H (T—n3+,un>% L2]2

Thanks to the Lemma 2.5 and using duality argument, follows that

i n)*a

—€

(r =+ pm)} Lo

S [ i " _
= sup / — (nY*u(n, 7)p(n, 7)dr
el <1 £t on (7 — 8+ )=

= sup / H(n,T T+n) ~n > u(n, 7)p(n, 7)dr
H‘PI'L212<1n€Z

<C s Y[ e p i

el 2,2<1  2p v/ —

1_ ~
<O sup [[(r+n%)2 7 n) |2 ol 2
lell 22 <1

< Cllull oy

(2.10)

Finally, using the Cauchy—Schwarz inequality we get

(n)*8zu(n, 1)
(T —n3 + pn)

1 —

IN

s | (m =S 4 um) 2T — 0 ) s

1

o
—(n)"Ogu(n, T
e )

<

—€

L212

<llull oy s

where the last inequality holds using (2.10). So, (2.8) is verified.
Analogously, we can prove (2.9). In fact, observing that

N (ORRICRY

10, e

20 = 10.]

xo-d T

Li2
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and
(”)Sé;\l’(”vT) || .
T T = T Ite 2 T (n)"o(n,7)
(T +n?) Lz (T +n2)2T (1 +n2)2 L
< %(msﬁ(mﬂ
(T +n2): L2

_ In] 3 e
- (T4+n2)27 (1 —nB + pn)z ¢ <T_n +Mn> (n)"o(n, 1) )

L212
T'n

we conclude the proof of (2.9) arguing by duality as in (2.10) and so the lemma
is proved. O

3. Existence of solutions for the NLS-KdV system

In this section, we are can prove that the following system

i0ru + 02u + ip(t)a(x)?u = i0,v + Blul*u, (z,t) € T x Ry,
Qv+ 030+ 30, (vV?) + pdyv = Re(dyu) — GG*v, (z,t) € T x Ry,
u(z,0) = up(z), v(z,0)=vo(z), zeT,

(3.1)

where a(z) satisfies (1.7) and Guv is defined in (1.8), is well-posed in H?, for
s > 0. Precisely, we prove the result for X% and Y7}, defined by (2.2). So, the
result of well-posedness can be read as follows.

Theorem 3.1. Let T > 0, s € Ry, B, p € R, a € C®(T) and ¢ € C§°(R)
taking real values. For a given (ug,vo) € H*(T) x H§(T) there exists a unique
solution (u,v) € )Z'% X (}77‘3 N L2(0,T; L%(']I‘))) of (3.1) and the same result is
valid for s =0 if a € L*°(T). Additionally, the flow map
F: L*(T) x L3(T) — X% x Y2
(ug,vo) — F(ug,vo) = (u,v) (3.2)
s Lipschitz on every bounded set.

Proof. We split the proof into three parts. Precisely, first, we prove the exis-
tence and uniqueness of a local solution. After that, we prove that the solution
of (3.1) is globally defined. Finally, we are able to derive that the flow map
(3.2) is Lipschitz. The idea of the proof is to follow the approach of [18,19]
which was inspired by Bourgain [6,7]. A main difference here is the necessity
of Proposition 2.6 which is essential for the proof of the fixed point theorem.
For the sake of completeness let us present the details of the proof.

(a) Existence and uniqueness of local solution.
Let T > 0 to be determined later and ¢ € [0,T7], system (3.1) is equivalent to
the following Duhamel integral equations

2

¢
u(t) = e uy — z/ ei(t=); {io,o(t') + BlulPu(t') — ip(t')*a(z)?u(t’) }dt’
0
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and

t
u(t) :e—t(aiwaz)vo_,_/ e—(t—t’)(af;waw)
0

{Re(@xu)(t') _ GG — ;896(112)(16’)} .

Therefore, to find a solution to the system (3.1) in the class )?51 X ()N/jf N L2(0,T;
L3(T))) is equivalent to proving the existence of a fixed point to the map
Di=(®1,®) : K5 x (V7 0 L0, T3 L3(T))) — Xi x (Vi 0 L2(0, T L3(T)))
where

Oy (u,v) = Py — i /O " itt-92 {i0,0(t") + Blul>u(t’) — ip(t')2a(z)?u(t)
and

t
(I)Q(U,U) = eit(ag+ﬂaz)’00 +/ ef(tft/)(52+ltaz)
0

{Re(@mu)(t’) - %Bi(UQ)(t’) - GG*v(t’)} d’.

Our aim is to prove that @ is a contraction in some ball of )?% X (1773 N L0, T;
L3(T))). To do so, observe that item (i) of Proposition 2.1, inequalities (2.4)
and (2.5), Proposition 2.3, and estimate (2.8) give us

121(u v)ll 5, S ol + 110:0llzg + llul*ullzs. + li(t)*a(z)ul 2,

S ol +10a0ll ooy + ull? g + llie() a(2)*ull
T

s,%
T T

S Bl +7%% (Holl oy + Tl -+l )
T T

and, similarly,

_ <0 O, ~ 2 12
[91(0:0) = @10, £ Tl g (1 Dl 42, )

+ T |[o - 35,

(3.4)

for every (u,v),(ii,0) € X5 x ()7; N L%(0,T; L%(T)). On the other hand,
observe that

Oyt + Ozu

| Re (D) :

_ S 0zul
v

1775:‘ Yo
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then using items (i¢) and (iv) of Proposition 2.1, estimates (2.5) and (2.9), we

have the following

@2, )5 < Mlvollms + [Ozullws + 102 (v)llws + IGGTv]lw;

2, > (3.5)

. (3.6)
. ;) [ —2llg,

5nmfn+T“<w| s+l

and similarly we get that,
1®2(u,v) = @2(@,0) 5, £ TF flu—all,

10 (lol, .y + 10,
T T

for every (u,v), (4,0) € )Z'% X (?75 N L2(0,T; L3 (T)) We conclude from these
estimates that if we take 7' > 0 small enough, the map & is a contraction in
some suitable ball of X3 x (}N/’qf N L*0,T; L%(T)), then it has a fixed point.

Now, we prove the uniqueness in the class )Z% X )77§ for the integral
equation ®; and P5. Set

w :m’?iu i te(tt) idyv (¢ wl2u (t) —i ’ZaxQ’u’ /
(0 = %o =i [ 0% {0 () 4 Bluult) — 1o (¢ aleu )}

z(t) = eft(aer”az)vo

te*(t*t’)(a'i 10:) [ Re (8o0) () — GG o (¢ — L0, (02) (¢ /
+/0 i {R (Opu) (') — GG o (1) Qaz(z)(t)}dt.

_1 _1
Observe that, 8lul?u,d,v € X7 2 and 10,(v?), 0,u € Y, 2, hence we infer
that,

t
6t(/ —it'0; = {i0,v + Blul*u — ip®a(z)*u}
0

(') dt') = e~ 1% (10,0 + Blul*u — ip*a’u)

and
t
Oy </ et (92+nd:) {Re (0pu) — GG*v — %090 (UQ)} (t") dt/)
0
— o HO3+00) <Re (8pu) — GG*v — %az (1)2)> ’

in the distributional sense. This implies that (w, z) is a solution of

i0pw + 02w = i0,v + Blul?u — ip?a(-)?u, (z,t) € T x Ry,
sz + 032 + 10pz = Re (Opu) — GG*v — 78 (v?), (z,t) € T x Ry.

Therefore, it follows that, r1(t) = e~ (u—w) and ro(t) = e~ {0 H10:) (y — 2)
is a solution of dyry = dyro = 0 and r1(t) = ro(t) = 0. Thus r; = ro = 0 and
(u,v) is the unique solution of the integral equations.
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(b) The solution is globally defined.
In order to prove that our solutions are global, we observe that,

d
7 (Ilu(t)lliz(m + ||v(t)|\2Lg(T)> <0.

Then, integrating over ¢ and using the Gronwall Inequality we get that, the
L*(T) x L3(T) norm of (u,v) remains bounded by every t € [0,T], hence the
local solution of (3.1) can be extended to a global one.

Now we prove that, if (ug,vg) € H?(T) x H3(T) then the solution (u,v)
€ C([0,T]; H3(T) x HZ(T)) of (3.1) can be extended for any 7" > 0 and then,
by nonlinear interpolation (see, e.g., [5] and [27]), we can get the global well-
posedness for the solution (u,v) € C([0,T]; H*(T) x H§(T)) of (3.1) with
(ug,vo) € H*(T) x H(T) with 0 < s < 2.

Indeed, we start by considering a smooth solution (u,v) of (3.1). Let
(z,w) = (us, vy) so,

10z + 0%2 +ia(x)?z = i0,w + 2BJu|?2+pu?z, (z,t) € T x Ry,
0w + 02w + 0, (vw) + pdyw = Re(0,2) — GG*w, (x,t) € T x Ry,
z(x,0) = zo(x), w(x,0)=wo(x), €T,
(3.7)
where

20 = MUoge + Voo — 10]uo|*up — a’ug € L*(T) € L*(T)
and
Wo = —Vozze — MU0z — VoVoz + Re(upr) — GG g € Lg(T).

If we consider T' > 0 such that & is a contraction in some suitable ball of
X9 x Y as in (3.4) and (3.6), we have that

0l g g < Cr

with C1 = Ci(|[uollz2(r): [lvollL2(r)) > 0. The same computation as in (3.3)
and (3.4) leads us to

125 S lzolamy + T (Iwllgg + el +2C212l5 )
and
lollzy S lwollzzery + T (12l + Callwllsy )
or equivalently,
1z )l 50 w379 < Cll(20, wo)ll L2y x£3(m)-
Therefore, using the previous inequalities, we have

(2, w)ll Lo 0,122 (T) x L3 (1)) < H(Z,w)H’;?%Xf/qq < Cl(20, wo)ll L2 (1yx L2 (T) -
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Thanks to the system (3.1), we get that

100l 30ty <hlzaer) + I Re(@sen)lzacey + 3llvdslycr
+ 020l 2y + |GG V|| L2 ()
<llwllzzery + CllOzull Loy + 0]l Lz () 10x0 ]| oo () + 10| L2 (T)
+ |l 1020l L2 (1)

1 1 38
<l zamy + Cllull 2 m 02l o e (38)

1 1
+ O+ loll gy )0l 23 19201 23 gy + 110 23

< 1102, 080) e oy + Il zer) + Ol g
+ ||U||?£g(1r) + llullL2(r)),
where we have used the Young inequality in this last inequality and
107 ullz2ry <llzllzzcry + 102vll 3 cmy + IBlllull L2yl + llal oo lull 2 cr)
< 102, 080) L oy ziem + oy (39)
+ C|5|||U||%2(1r) + |lall oo (ry llwl L2y »

where, for this last inequality, we have used that H?(T) is embedded in L>°(T),

the interpolation between H?(T) and L?(T) and Young inequality. So adding

up the estimates (3.8) and (3.9) we can conclude that
||(3§U733”)(t)||L2(1r)ng(1r) < O(Hu0||L2(’JT)v ”UO”L%(T))”(anvO)”H?(T)XHS‘(’]l‘)a

from which follows that (u,v) € C(Ry; H?(T) x HZ(T)). A similar argumenta-
tion can be done for (ug,vy) € H?*(T) x H3¥(T), k € N, and for other values
of s € R} using again nonlinear interpolation.

(¢) The flow map is Lipschitz.

Finally, we prove that the map (3.2) is Lipschitz on bounded sets. To do so,
consider (u,v) and (@, v) solutions of (3.1) with initial data (ug,vo), (W0, Vo),
respectively. Arguing as in (3.4) and (3.6) we have that,

lu— gy + llo = Ty < Clluo — Tollz2cx) + Cllwo — Toll aery
+ T (1+ gy + Nl g ) e — Tl
+ T (1+ [ullgy + IFllgg) o — Fllgg.

Then, for T" > 0 small enough, depending of the size of (ug,vo), (To, o), it
follows that

o~ @l + llo — Fligy < Clluo — Follzzcry + Clloo — Tollzacry  (3.10)

By iterating process we get that (3.10) is valid for every T', concluding the
proof of Theorem 3.1. O
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4. Stabilization result

In this section, we are able to prove one of the main results of the article,
precisely, we prove that the following system

i0yu + 02u + ia(r)*u = i0v + Blul?u, (x,t) € T x Ry,
O + v + %835 (’U2) + pd,v = Re(Oyu) — GG*v, (z,t) € T x Ry,
u(x,0) = uo(x), v(x,0)=mwvo(x), rzeT,

(4.1)

where 3, € R, is asymptotically stable for (ug,vg) € L?(T) x LZ(T), when
two control inputs are acting in both equation in w C T.
4.1. Proof of Theorem 1.1

As usual in the literature using the “Compactness—Uniqueness Argument” due
to Lions [21], under the hypothesis of the Theorem 1.1, the global stabilization
property is equivalent to show the following observability inequality:

For any T > 0 there exists C = C(T) > 0 such that

T
0,00y < € ( | lau®lyat + | ||Gv<t>|%amdt) 7

(4.2)

for any solution (u,v) of the system (4.1) with initial data (ug,vo) € L*(T) x
L3(T) such that [[(0; vo)ll L2 (1) x L2 (1) < Ro-
Indeed, it follows from the energy estimate (1.10) that

T

1 0) (D) 1z 2y 2 cmy = (0, 00) 12 my 220y

T T
- [ la syt = [ 1Gu0N eyt
Thus, from (4.2), we get that

||(U,U)(T)||2L2(1r)ng(T) <(1- Cil)”(umUO)”%"’(T)XL%(T)’

and since the solution (u, v) of the system (4.1) satisfies the semigroup property
we have, for every m € N, that

||(u,v)(mT)||2L2(T)XL(2J(T) <(- C_l)mH(umUO)||2L2(T)><L3(T)»

which yields the desired result.
O

4.2. Proof of the observability inequality

We argue by contradiction. If (4.2) does not occur, there exist T > 0 and a
sequence {(Uon, Von) fnen such that

[ (won, von )| L2(yx L2(1) < Ro (4.3)
and
T T 1
/0 ||aun(t)||2L2(mdt+/0 |Gon (8)|1 72 (rydt < EH(UOm”On)HQLZ(T)ng(T)'
(4.4)
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2

Hence if we define ay,:=||(uon, UO”)||L2(T)><L§(']I‘)

we get
apn < R%v
so we can extract a subsequence, still denoted by the same index, such that
an — «Q,
with @ > 0. We split the analysis into two cases:
(i) >0 and (i) a=0.
(i) a>0.
It follows from Theorem 3.1 that the corresponding sequence of solutions
{(un,v,)} associated with the initial data {(won,vo,)} is bounded in both
spaces L>(0,T; L*(T) x L%(T)) and X;’% X ng’% then as X;’% X Yﬁ’% is a

_Rl_ g1
separable Hilbert space compactly embedded in XTk’ 270y Y, 32 51, for every

k,s > 0 and 6,6, > 0, we can get a subsequence, which will be denoted with
the same index, such that

1 1
Un, V) — (u,v) weakly in X7 Y3
T T

and

(’u v ) — (u 11) strongly in ka,%ﬂs o Y*Sv%*(;l
mny ¥n 5 y . .

Moreover, by (4.4) we deduce that
au, — 0 in L*(0,T; L*(T))
and
Gv, — 0=Gv in L*(0,T;L3(T)),
from which follows that v =0 in w and v = ¢(t) in w.

On the other hand, by Proposition 2.2, we infer that 3|u,,|?u, is bounded
in Xg’fé and 29, (v2) is bounded in YTE)’*%. Moreover, note that (3|u,,|?w,) is
bounded in X%_b/ for 3 < b/ < 3, which is compactly embedded in X;l’_%,
then we can extract a subsequence, still denoted by the same index, such that,
for some f € X;Li%,

11
Bl |*u, — f  strongly in XTI’ 2,

As Yﬁ’% is continuously embedded in L*(T x (0, T")), thanks to the Proposition
2.4, (0,(v2)) is bounded in L2(0,T; H Y(T)) = Yfl’07 so, by interpolation

n

9148
between those spaces, we get that (9,(v2)) is bounded in Y > 272 9 ¢

n

1,

—1.—1
(0,1), which is compactly embedded in Y, =" 2. Therefore, we can extract a

11
subsequence of (30, (v2)) in Yy, b , which will be denoted by the same index,
such that

1

2

—0,(v2) — g strongly in YT_l’_ )

n
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With these convergences in hand we can pass to the limit in n, to obtain that
(u,v) satisfies

i0pu + 02u = i0,v + f, (z,t) € T x (0,7,
0w + 30 + p0yv = Re(dpu) + g, (z,t) € T x (0,7T).
Now, consider w,, = U, — U, 2, = VU, — U,
fn = —ia*up + BlugPun — f
and
* 1 2 ~
gn = -GG v, — =0, (v:) — g.

2
Observe that

T T
2 2
/0 ||Gzn||Lg(1r)dt = /0 ||GUn||Lg(1r)dt

T T
+/0 HGvH%g(T)dt—2/0 (Gup, Gv)odt — 0.

On the other hand, we have

Gon(,t) = g(2)2n(2, 1) + / 9(9) 2 (. t)dy.

1
Since z, — 0 weakly in qu’ 2 using Rellich theorem we get that fT 9(y)zn(y, - )dy
strongly converges to 0 in L?(0,T), from which follows that

T
/ /gQ(x)zn(m,t)dedt — 0.
o Jr

Thus,
{i@twn + 02w, = i0y2n + fn, (z,t) € T x (0,T),
Opzn + 032, + 0y 2y, = Re(0pwy) + gn, (w,t) € T x (0,7)
with
(Wn, 2n) — (0,0) in L?(0,T; L*(@) x L3(®))
and

1 11
(fn,gn) — (0,0)  strongly in XTl’ 2 x Y, b 2,
where w = supp(g) N supp(a).
Now, we are in a position to use the results of the Appendix A and B.
First, using the propagation of compactness, given in Proposition A.1, we have

(zn,wn) — (0,0) in L7, (0,T; L*(T) x L§(T)).
Then we can pick to € [0,7] such that (z,(to), w,(to)) — (0,0) strongly in
L?(T) x L3(T). Denote by (u,?) the solution of the problem
i0yu + 02u = 0,0 + Blul*u, (x,t) € T x (0,T),
040 + 020 + pd,0 + 0,(0?) = Re(0,u), (x,t) € T x (0,7),
(17, 5)@0) = (U(to),?](to)), o € (OaT)
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Theorem 3.1 gives us that the flow map is Lipschitz on bounded sets, hence
as

(un(to), vn(to)) = (ulto),v(to)) in L*(T) x L§(T),
ia*u, — 0 in L*(0,T; L*(T))
and
Gv, — 0 in L*(0,T; L3(T)),
follows that
(tn, vp) — (u,v) in X;’% X Yg’%.

Therefore, putting together all these convergences and passing to the limit, we
can conclude that (u,v) solves

i0yu + 02u = i0,v + Blul?u, (x,t) € T x (0,7),
O + 02v + £0, (v?) + pdyv = Re (Oyu) , (w,t) € T x (0,T),
u(z,t) =0 wv(z,t) = c(t), (z,t) € wx (0,T),
u(z,0) = uo(z), v(x,0)=wvo(z), zeT.

(4.5)

Note that, using the second equation of (4.5) we have that 9yv = 0 on wx (0,7T),
hence ¢(t) = ¢, with ¢ € R, for all t € (0,7). Thus thanks to the unique
continuation property given by Corollary B.4, we ensure that (u,v) = (0,0).
From this, we conclude that

[l (wn(0), v (0))| 2(r)yx £2(T) — O,
which is a contradiction with our hypothesis a > 0.
(ii) a=0.
Observe that we can assume «,, > 0 for all n € N. Pick the function as follows

wy, = 22 and z, = 2=, for all n > 1. Thus,

Qanp ap’

”(wOmZO'rL)H%?(T)XL%('ﬂ‘) =1
and (wy, z,) satisfies the system
{i@twn + 02w, zziaxzn + a2 Blop[Pv, — ia(x)?w,, (z,t) € T x (0,T),
Orzn + 32y + 505 (v2) = Re(Opwn) — GG* 2y, (x,t) € T x (0,7)
with

T

T
| Na@ien®lmat+ [ 16O mdt < o vnen.

3=

1
By a boot-strap argument we conclude that (wy, z,) is bounded in X;)P X

1
YTO’Q. Hence we can extract a subsequence of {(wy, z,)}, still denoted by the

same index, such that
1 1
(wn, 2n) = (w,z) weakly in X%z X YTQ""
and

-1 1
(wn, 2n) — (w, z) strongly in X; T2 X qu Y
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1
By Proposition 2.2 we have that 3|w,|?w, is bounded in X;,)J 2 then

1

o2 Blw,|*w, — 0 strongly in X;)fz,

1
as a, — 0. Similarly, due to the fact that {9,(v2)} is bounded in ng’ 2 we
have that

1
@0z (v2) — 0 strongly in qu’ z,

Hence, (w, z) solves the following system

10w + 02w = 0,2, (x,t) € Tx (0,T),
Opz + 022 + pdyz = Re(d,w), (x,t) € T x (0,T),
w(z,t) =0, z(z,t)=c, (z,t) € wx (0,T).

Again using Corollary B.4 we have that w =z = 0 in (0,7) x T. Then, by an
application of Proposition A.1

(wp, 2,) — (0,0) in L3 _(0,T; L*(T) x L(T)).

So we can conclude the proof as in the first case, showing the observability
inequality (4.2). O

5. Controllability results

In this section, we are interested to prove the exact controllability of the fol-
lowing nonlinear system

i0pu + 02u = i0,v + Blul*u + f, (z,t) € T x (0,7),
v + 93v + 19, (v?) + pdyv = Re (8,u) + Gh, ( t)eTx (0,7),
u(z,0) =uo(z), v(z,0) =wvo(x), T,

(5.1)

where f and h are control functions. Before presenting the result for this
system, we first need to prove the result for the linear system associated with
(5.1),

i0yu + 02u = f, (z,t) € T x (0,7T),
O + 03v + pdyv = Gh, (z,t) € T x (0,T), (5.2)
u(z, T)=0, v(z,T)=0,z€T.

In both cases, we take f and h with a special form, that is,
fi=a’¢*hy  and  h:=G*hy = Ghs, (5.3)

with a and G satisfying (1.7) and (1.8), respectively, and hq,hs in some
appropriated space.

It is classical in the literature that the observability inequality for the NLS
equation holds, precisely, the following proposition related to the observability
inequality for the adjoint system associated with the Schrodinger equation is
verified and for details see, e.g. [20] and [22].
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Proposition 5.1. Let w C T. For any a = a(z) € C°(T) and ¢
C>(]0,T) real valued such that a =1 on wx]0,T[ and ¢ = 1 on [L, 2L] there
exists C:=C(T) > 0 such that

T
02
looltan < C [ o)t g0l . (54)
Additionally, an observability inequality for the single KdV equation can
be verified, and we cite [25] for more details.
Proposition 5.2. Let T > 0 be given. There exists C = C(T) > 0 such that,

T
— 93 e
[Wollser <C [ G100 2 . (5.5)
0

As a consequence of the previous observability inequality, using the HUM
method introduced by Lions [21], the exact controllability in L?(T) x L3(T)
for the linear system (5.2) holds. Indeed, just observe that by combining both
observability estimates (5.4) and (5.5), we get

1(@0: Yo)lI 2 (ryx £2(m)

T T
sc(/o la)o(O)u(t)3arydt + / |Ge-t<3w+ww>w<t>%m)dt>,

which means that the linear system (5.2) is null controllable, that is, the map
S LA(T) x LA(T) — L*(T) x L(T)
S(po,%0) = (u(0),v(0)),
where (u(0),v(0)) is the initial data associated with (5.2) with f(x,t) and

h(z,t) defined by (5.3), is an isomorphism, and the following linear result is
verified.

Theorem 5.3. Let w C T be a nonempty open set and T > 0. Then for
every (ug,vo), (u1,v1) € L*(T) x L3(T) one can find two control inputs f €
C([0,T); L*(T)) and h € C([0,T); L3(T)), such that, the unique solution (u,v) €
C([0,T); L*(T) x L&(T)) of (5.2) satisfies (u,v)(z,T) = (uy(x),v1(x)).

Now, we are in a position to prove the Theorem 1.2.

Proof of Theorem 1.2. For T > 0 to be determined, we consider the systems

0+ 92¢ = 0, (z,t) € T x (0,T),
Opth + 934 + pdytp = 0, (x,t) € T x (0,7),
(;5(1‘,0) = (Z)O(x)v ¢($70) = '(/JO(J:)? reT
and
i0yu + 02u = i0,v + Blul*u + f, (x,t) € T x (0,T),
v + 030 + pdyv + 29, (v?) = Re(dyu) + Gh, (z,t) € T x (0,T),
(u(-,T),v(-,T)) = (0,0), z e,

with f:=a%p?¢ and h:=G*1) = G2. Let us define the operator
L: L*(T) x L3(T)) — L*(T) x L3(T)
(0, %0) — L(bo,10) = (ult=0,v|t=0) = (uo,vo)
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We split (u,v) into
(u,v) = (ur,vr) + (unr,vNL)

where (ur,vr) is solution of

iOpur, + O2ur, = a*p*¢, (z,1) € Tx (0,T),
Ovr + Bvp + pdyvr = GG*Y, (x,t) € T x (0,7),
(uL7vL)(-,T) = (070), X T.
and (unp,vnr) is solution of
i0unr, + a:%'LLNL =100 + ﬁ|u|2u» (:L’,t) €T x (O,T)a
Ownr + O3unr + poyunr = Re(Opu) — %8:,3(112), (z,t) € T x (0,7,

(unr,vnz)(-,T) = (0,0), z e T.
Observe that we can follow [15] to construct an isomorphism
S : L*(T) x L(T) — L*(T) x L3(T)
such that (ur(0),v.(0)) = SL(do, o). Additionally, we can also construct
another application (see e.g. [19, Lemma 2.4])
K : L*(T) x L3(T) — L*(T) x L3(T)
which satisfies K (o, 10) = (unr(0),vn£(0)). With these information in hand,
we have that if (u,v), (ur,vr), (unr,vnr) € X3 x Y2 and
(u,0)(0) = (ur,v)(0) + (unr,vnr)(0),
then we can rewrite the previous equality as follows
L(¢0,%0) = SrL(d0,%0) + K (o, to),

where K (¢g,%0) = (unr(0),vn1(0)). So, we have that L(¢g,%0) = (uo,vo) is
equivalent to

(¢0,%0) = Sy, (w0, v0) — S K (o, ¢0)-
Thus, let us define the following map
B : L*(T) x L3(T) — L*(T) x L(T)
by
B(¢o, o) = Sg " (uo, v0) — S7 K (o, o).

Therefore, our null controllability problem is reduced to prove that B has a
fixed point, so let us prove it now.

From now on we may fix 7' < 1. Since Sy, is an isomorphism of L?(T) x
L3(T), we have,

HB(QSOv'@[JO)HL?(’H‘)XLg('H‘) <C (||K(¢O»¢O)||L2(T)ng(T) + ||(U0,UO)HL2(T)ng(T)) .
We are interested to estimate |[K(do,%0)llr2myxrzery = [[(unr(0),vne

1 1
()22 (1) x £2(T)- To make it we use the Duhamel formula and the X% 2 X Y:,E)’ 2
estimates, to conclude that
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[(unr(0), vnr (0Dl L2 (Tyx L2 ()
I(unr, vne)lls g

Clllulull o3 + Clldav| o,y
X X

IN

A

+ CIReD0)]| oy + IO oy

T

i) 2 2
X X Yo

0+
Y,
T

thanks to the estimates of the Sect. 2. Now, we notice that,

||(U7U)||X;,% < C||(S02a2¢7 GG*1/J)HLZ(O,T;LZ(T)ng(T))
< Cl(¢0;¥o)ll2(myxLz(my < Cn

and then,

1B(¢0, Yo)llL2(myxrz(ry < C (T 0+ T 0 + || (uo, vo) [l 2 yx £z (1)) -

Therefore, taking [|(uo, vo)||L2(1)x £2(r) small enough, we can conclude that B
maps the closed ball B,, of L?(T) x L*(T) into itself.

It remains to prove that B is a contraction. We start by considering the
following two systems:

i0p(u — 0) + 02 (u — 1) = 10 (v — D) (|u|2u—|u|2 ) 0% (¢ — (E)
B (v —0) + (v — V) + pdy (v — V) + %1(2 v) Re(@u—au)
+GG*(¢ ¢)(U_U)(»T)—07 ( U)(aT)

and

iat(uNL — ﬂNL) + 9?2 (’LLNL — ENL) I) (|u|2u — |’U,|2 ) + z&m(v — 5)
Oy (vNr — Ong) + O3 (UNL —onL) + 10z (vNL — UNL)

= Re(0,u — 0,0) + 5 (0,(0% — v?))

(unt —unz)(,T) = 0, (vnz —onz)(T) =0.

Again, due to the estimates provided in the Sect. 2, we get
| B(¢0,v0) — B(do, Yo)ll L2(1)x £2(T)

< [[((unr —unr)(0), (v —OnL)(0)ll L2(r)x L2 (T)
< Cllfulu —[alal o1 + Cllozv — 9,0
X 2 X

T

+ C|0,(v?) — aw(z?)”YOﬁ% + C|| Re(dpu — c%ﬂ)llyo,f%

T

A

1
2

IN

04 2 ~112 o~
OTo% (14 Iy + 1y ) =
+0T%* <1+UII 0.3 + 7]l ol> o =2l o3
YT
< O (T% 9 +1°%) ||u—u||X;,%

+ (T°F + 1% ) lo — 3| 0.1
YT
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Considering the system (5.1), we deduce that

lJu— ﬂllxg,% + v — 5HYT0,%

< COfllufu— (@@l oy +Clowv — 3,0 oy
X X

+C10%) = 0T o g + || Re(@e) — Re(00)
+Cllg*a®(¢ — &)l r2ry + IGG* (¥ — )| p2my
< C(T + T Ju =@l oy + (T + T )l =3l|_oy

|| 0,4
Yr (5.6)

+Clléo — doll 2wy + Cllro — Poll -
Then, for n < 1 fixed, we can get a small T" > 0 such that,

e =l o,y + 0 =Bl 0.3 < Clido = Gollz2cx) + Clivo = ollzzey- (5:7)
Thanks to the inequalities (5.6) and (5.7), we get that
| B(bo,10) — B(goyizo)nm(qr)mg(m
< C (T +nT°) [|(do, vo) — (50;JO)HL2('JT)><L§(T)'
To finish, just choosing

1

20"
we conclude that B is a contraction in the closed ball of L?(T) x L2(T) and
the local controllability result is verified, and Theorem 1.2 is achieved. O

6. Further comments and open issues

In this work, we showed the stabilization and control issues for the system

i0yu + 0*u = i0,v + Blu|>u + f, (x,t) € T x (0,7,
v+ 02v + 50, (v?) + pdyv = Re (9yu) + g, (x,t) € T x (0,T), (6.1)
u(xﬂo) ZUO(‘T), U(I’,O) ZUO(x)a zeT.

When we introduce two damping mechanisms f:= —ia?(z)u and g:= — GG*h,

where a satisfies (1.7) and G is defined by (1.8), we are able to prove that
the solutions associated with (6.1) decay exponentially for ¢ large enough.
Moreover, together with a local exact controllability, we are also able to prove
a global exact controllability property, that means, for any initial and final
data, without restrictions on its norms, we can find two control inputs f and r
such that we can drive the initial data to the final data by using these controls.

The strategy employed in the proof of the main results in this manu-
script uses the contradiction argument, which aims to prove an observability
inequality. Observability inequality follows by a combination of propagation of
compactness and regularity, together with a unique continuation property for
the operator associated with the NLS-KdV system, which is proved using the
defect measure.
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6.1. Only one control acting

Control problems of coupled dispersive systems are still not well understood,
most of the results consider single equations,like the KAV equation, Schrodinger
equation and others. In our case, we can combine two dispersive equations with
nonlinearities and principal symbols of a different order. One of the main dif-
ficulties in our case arises in the proof of the propagation results, and was
overcome using the smoothing properties of the solutions in Bourgain space.

This method presented here seems to work well however it has a draw-
back. When we decided to study the nonlinear problem directly, instead of
first the linear problem, we were unable to remove controls, that is, with this
method, the best possible result is to show the control results with a control
in each equation.

It is important to mention that in [3], the authors proved that the fol-
lowing linear Schrodinger—KdV system

10w + 02w = ayw + agy + hl, in Q

Oy + 03y + 0. (My) = Re (agw) + agy + 11, in Q

w(0,t) = w(l,t) =0 in (0,7, (6.2)
y(O,t) = y(l,t) = axy(lvt) =0 in (OvT)v

’LU(I,O) = w0($>7 y(x, 0) = y()(.’);‘) in (0> 1)7

in a bounded domain Q:=(0,1) x (0,7), is controllable. They are not able
to produce any nonlinear results due the to lack of regularity to treat the
nonlinear problem in Sobolev spaces, in this way, our work extends, for the
nonlinear system, the control problems for a more general system. The main
point of dealing with nonlinear structure in this manuscript is to work in
the Bourgain spaces, which helps us to treat the nonlinearities appropriately.
However, we mention that the linear case helps to deal with the system (6.2)
with only a control hl,. This was possible by using a Carleman estimate
which involves both operators, Schrodinger and KdV operators. However, it is
important to make it clear that in our case we can not use this inequality to
remove one control, since the regularity used in [3, Theorem 1.3.] is not enough
to deal with the nonlinearities involved in the system (6.1).

6.2. Others nonlinearities
Another interesting problem is considering the full physical model of the NLS—
KdV system that appears in [2],
i0pu + 02u = auv + Blul?u + f, (z,t) € T x (0,7),
v+ 03v + 50, (v?) =0, (Jul?) + g, (z,t) € T x (0,7), (6.3)
u(z,0) = up(x), v(z,0) =vo(x), x €T,
to prove controllability results. In this way, we propose the following natural
issue.

Question. A: Is it possible to prove control results for the system (6.3)?

Note that, in this case, to reach the result we need to study some con-
servation laws associated with the solution of the system. In [2, Lemma 5.1.]
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the authors proved that the evolution system (6.3) preserves the following
quantities

M(t)::/T|u(t)|2dx, Q(t)::/T{av(t)Q—&-Qwﬁ (u(t)m)}dx
and

B@y= [ {ar@luoP - §o® + Flu1 + § a0 + v ou(o) |

These quantities give us only information of about “mass” M (t) associated
with the Schrédinger equation and there is no information about this conver-
sation for the part of the KdV equation. So, it is necessary, before answering
Question A, to solve the following problem.

Question. B: How to deal with the KdV part presented in (6.3) to present some
information for the “mass”?

This problem is an open issue, and it seems that our work opens, from
now on, some possibilities to deal with these types of systems.
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Appendix A: Propagation results in Bourgain spaces

This appendix is dedicated to presenting properties of propagation in Bour-
gain spaces for the linear differential operator associated with the NLS-KdV
system. These results of propagation are the key to proving the global control
results, that some parts were borrowed from [18,19]. For self-contentedness,
we will also give rigorous proof of them. The main ingredient is basically
pseudo-differential analysis. Let us begin with the result of the propagation of
compactness which will ensure strong convergence in appropriate spaces.
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Proposition A 1. [Propagation of compactness] Let T > 0, suppose that (uy, vy,)
1
GX 2><Y 2and(fn,gn)6X b 2x Y, , n €N, satisfies

i0pty, + 02Uy = 100y + fn, (x,t) € T x (0,7),
Opvn + O30, + p0yv, = Re (0pn) + gn, (z,t) € T x (0,T).

Assume that there exists a constant C > 0 such that

||(un,vn)|| 01 o1 < C, forn>1. (A1)
><Y

Additionally, suppose that

1 1
(Un,vn) — (0,0) weakly in X;"z X YTQ’Q,

(fnygn) — (0,0) strongly in X;l’_% X YT_l’_%.
and that for some nonempty set w C T we have
(tn,vp) — (0,0) in L2(0,T; L*(w) x L3(w)).
Then,
(un,vy) — (0,0) strongly in L},.(0,T; L*(T) x L§(T)). (A.2)
Proof. We shall start by proving the following convergence
u, — 0 strongly in LZ (0, T; L*(T)). (A.3)

Denote Ly:=id; + 02 the linear Schrédinger operator and consider ¢ € C°°(T)
and ¢ € C§°(]0, T[) taking real values to be determined. Define Bu:=p(x)D~*

and A = (t)B and for € > 0, Ac = Ae®P = (t)B., with D~! defined by
(2.3). We consider,

Qp et ([Am Ll]una un)L2(0 T;L2(T)) — ([Asa 3 ]Um Un) -1 (W(t)Bum un) .
On the other hand, we also have
an,e == (ZaxvnaA:un) - (Aeuna Zazvn) + (anA:un) - (Aeuna fn) (A4)

Now, observe that using Lemma 2.5 we have

[(i0zvn, AL un)Lz | < Z /_
< Z/ H(r,n){r—n®+pun)Y (n) =[5 (n, 7) | r+02)Y (n) | Az m (m, 7) |

meZ

8xvnm7'HAunnT)dT

1

s ¢ (Z/ (r—n +pn)* (n)” QI@L(myf)'z‘”) (A.5)
meZ"”
2b 2 | A% 2 :
Z/ (r+n%)2" (n) ‘Az‘un(n,T)‘ dr
MmEZL
< CH’U”'HYT—LV||A€u”||x,};b/
<

Cllvnlly 1o lunll o
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Noting that, for b’ = 21—, we get
vy, — 0 strongly in YT_l’b/

and thanks to (A.1) we ensure that [|uy|[ o is bounded. Since
T

U — 0 in V7B
yields that

sup |(i0zvn, Aftun)rz | — 0,
0<e<1

due to (A.5). Additionally, holds that
| (fn, Acun) | < an”X—l,—% [Junl
T

1
0,57
X2
T

which yields that

sup

| (fn,AZu,)| — 0, asn — oc.
1<e<0

The same kind of estimates for the other terms in (A.4) give us the following
limit

sup |ap.] — 0, when n — oo.

1<e<0

Noting that

[A,03) = —20(1)(020)0: D™ — 0(1)(93) D",
since D™! commutes with 9., and taking the supremum on e tending to 0, we
conclude that

([4,0Z]un, up) — 0, asn — oo.
Putting together these convergences, above mentioned, we may have that
(W) (D2p) D My, up) — 0 as n — oo.
Note that, —id, D! is the orthogonal projection on the subspace of functions
with 7(0) = 0, and %, (0)(¢) tends to 0 in L?([0,T]) we have
(Y () (0z)un(0)(t), un) — 0, asmn— oo.
Thus we have proved that for any ¢ € C*°(T) and ¢ € C§°(]0,T),
(Y (t)(Op)tn,un) — 0, asn — oo.

We conclude the first part of this proof by observing that a function ¢ € C*°(T)
can be written as d,¢ for some ¢ € C*(T) if and only if [ @dz = 0. Thus
for any x € C§°(w) and any xzg € T, ¢(z) = x(z) — x(- — zo) can be written as
¢ = Oz for some ¢ € C°°(T).
Now we use the hypothesis that u, — 0 strongly in L?(0,T; L?(w)) to

conclude that

lm (¢ (t)xUn, ty) = 0.

n—oo
Therefore, for any g € T,

lim (¢ (¢)x(- = 0 )tn, un) =0

n—oo
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and yields that u,, — 0 in L? (0,T; L*(T)) by constructing a partition of the
unity of T involving functions of the form x;(- — z{) with x; € C°°(w) and
zh e T.

To prove that v,, — 0 strongly in L? (0, T; L3(T)) we argue analogously,
but in this case considering Ly = 0y + 02 + pdy, B1 = p(r)D~% and Ay =
¥(t)By and for € > 0, Ay = Ageeag. In this situation, we deal with

d;/,ﬁ = ([AQEa LQ]U’I’H U”L)L%m
the novelty in this case is that
Ofé;,/e = (gna Ai%) + (AQGUTH gn) + (Re(arun)v 'Un) + (Un7 Re(arun))

and the terms (Re(0yup ), vn) + (Upn, Re(0zuy)) can be dealt as in (A.5). The
rest of the proof is then completed following the same steps as the first case
and the proof is complete. O

We now prove the propagation of regularity for the linear operator asso-
ciated with the NLS-KdV system.
Proposition A.2. [Propagation of regularity] Let T > 0, r € Ry and (u,v) €
r,i ri .
X2 xY'? solution of
i0yu + 02u = i0v + f, (x,t) € T x (0,7),
Opv + 020 + pdyv = Re (9,u) + g, (z,t) € T x (0,T),
r—5 r,—1 .
with (f,g9) € X7 2 x Yy 2. Assume that there exists a non-empty open set
w C T such that
(u,0) € Lie(J0, T[ H™(w) x Hy ™(w)),
for some 0 < p < i. Then
(u,v) € Li,o(10,T[ H™**(T) x Hy"(T)).

Proof. We first regularize (u,v) by introducing, for each n € N,

152 192
un::e"azu, vnzzenawv,

and

1492 1492
fn::e n azf7 gn::enazg.

In this case, by hypothesis over u and v, we have

H(unvvn)”X;%XyTr%SC and  [(fn,gn)

<C,

I 1 1
r—% r—3
X XY

for some constant C' > 0.

Pick s =r+ p, p € C°°(T) and ¢ € C*°(]0,T|) taking real values. As in
the proof of Proposition A.1 we define B = D*~1p(x) and A = (t)B, with
D defined in (2.3). Set Ly = id; + 02 the Schrodinger operator and

Q= (LlumA*Un)L = (Aun, Llu”>L§‘m

= ([Av 89%]“%; un)Lz o i(i//(t)Bun, un)L% .
=i(0pvn, A"un) 2+ (s A"un) 2 | — (A, i0p00) 12— (Atin, f)rz -
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Notice that, as we choose p > 0 small enough, we have r 4 2p — % < r. Hence,
we obtain

x

[(Aun, fu) 2

<[ Aunll —r g llfnll .-y <C,VneN.
x5 X572
Arguing as in (A.4) we can similarly get that
‘(&cvm Aun)L%m <C,vneN

and also estimate all the other terms in order to get that ([A,d%|u,,uy,) is
uniformly bounded in n € N.
On the other hand, observe that
[4,07] = —29(t) D>~ (000)0x — W (t) D>~} (97)
and

<C.

2s—1 < 1
| (@)D @up)n, unswn) | < Cllunll .y ol

r, r,—
T T

Analogously,
() D** ™ (20) Dtin, un)| < C.
Since, fu € L} (0,T; H*(T)) and fo,u € L} (0, T; H*~1(T)) we can conclude
that
fu, = eleaifu —+ {f, 63782]

is uniformly bounded in L? (0, T; H*(T)), since s < r+1. The same reasoning

loc
we get that fO,u is uniformly bounded in L2 (0,7 H*~!(T)) thus,

[(W($) D>~ fO,u, D® fu,)| < C.

Due to the fact that [D?, f] is a pseudo-differential operator of order s — 1 and
u € L*(0,T; H™(T)), we have

(V&) D> fOpun, [D?, fluy)|

< ID*! funll 20,0200 1D? (D2, flunll 20,7522 (1)

< lunllp2ae lunll L2 o140 < C
and finally,

(1) D** (02 p)Dutin, un)| < C.
As in proposition A.1, we finish this proof by writing dp = fa(-) — fa(- — x0),
with zg € T, thus
|(¢(t)D28_1f2(' — 20)Oztin, un )| < C.

From this calculation we conclude that v € L2 (0,T; H"°(T)).

loc
To conclude the proof, we argue analogously for the KdV operator Ly =

Oy + 03 + pd,, and then we consider

an = ([A, LaJvn, va) p2 (0,703 (1)
= (Lvp, A"n) 12, + (Avn, Lovn) 12,
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and we also have,
O = (Re(awun):A*Un)Lz_z + (Avnvgn)L‘fyz + (gmA*Un)L‘fyz + (Avn,Re((?zun))Lg_z
and the main difference from the first equation is the estimate of

(Re(Opun), A*’Un)ng and (Avy,, Re(@mun))L%,m,

which can be dealt as in (A.5), and so the propagation of regularity is proved.
O

Remark A.3. We mention that the main ingredient in the proof of Propositions
A.1 and A.2 is related into estimating the terms
(10, v, A:un)L%m ,
(Re(@atin), vn) + (vn, Re(Dptin)),
and

(Re(9pun), A*Uvz)wa + (Avn, Re(ax“n))Lim )

that is, where the coupled terms are analyzed. In this sense Lemma 2.5 is
essential to prove the propagation results for the system under consideration
in this work.

The next result is a consequence of Proposition A.2.

T 1 T, 1 .
Corollary A.4. Let (u,v) € X72 x Y2 be a solution of

i0yu + 02u = i0,v + Blul?u, (z,t) € T x (0,7),
v + 02v + pdyv + 50, (v?) + pdyv = Re (9yu) , (z,t) € T x (0, 7).
(A.6)
Assume that, for some nonempty open set w C T, (u,v) € [C°(w x (0,T))]>.
So (u,v) € [C>(T x (0,T))].

Proof. Note that, we may assume that [v] = 0, thus we can apply the es-
1
timate (2.5) to conclude that 9,(v?) € Y,/ 2 and we have that (lul?u €

X;’fé by estimate (2.4). Then we can apply Proposition A.2 to conclude
that (u,v) € L7 _(0,T; H™"*(T) x H"*(T)). Hence we can get t, € (0,7)
such that (u(to),v(to)) € H"™P(T) x H""P(T), then solving the equation
with (u(to),v(t)) as initial data, it follows that (u,v) € L?(0,T; H™*(T) x
H"+7(T)) and iterating this process we get that if (u,v) € [C°°(T x (0,T))]?,
showing the result. O

Appendix B: Unique continuation for the NLS-KdV system

We present the unique continuation property for the NLS-KdV system. This
will be proved by taking advantage of Carleman estimates already proved for
the Korteweg-de Vries and Schrodinger operators in [3,11]. For self-contentedness,
we will present below the estimates necessary to demonstrate the result.
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B.1: Carleman estimates
Consider the KdV equation on 2m-periodic conditions
Oq+ 03q = f, (z,t) € (0,2m) x (0,7),
q(0,t) = q(2m,1) te (0,7),
9:q(0,t) = yq(2m,t) t € (0,T), (B.1)
83‘](07” = 8§Q(27T7t> t€(0,7),
q(z,0) = qo(z), x € (0,2m).
Then the following Carleman inequality is a consequence of the result proved
in [11, Proposition 3.1].

Proposition B.1. Pick any T > 0. There exist two constants C' > 0 and sg > 0
such that any f € L*(0,T; L?(0,27)), any qo € L2(0,27) and any s > sq, the
solution q of (B.1) fulfills

T 27 T r2m
/ / [s@ldaa|® + (50)3|a2] + (s¢)®|q|*]e”**Pdadt < C’/ / |fI2e=25¢ dadt
o Jo o Jo

ve(f : [ls6lacs 2+ (59lanl? + ()7 la)e 2w duar )
(B.2)

Let us now borrow the results obtained in [3, Theorem 3.2.]. Consider
the Schrodinger equation on 27-periodic conditions

i0p+02p =g (x,t) € (0,27) x (0,T).
p(0,t) = p(2m,t) =0 te(0,7),

0:p(0,t) = 0,p(2m,t) =0t € (0,7,

p(l’, O) = pO(x) T e (Oa 27)'

Thus, the following estimate holds.

Theorem B.2. There exist constants C > 0 and sqg > 1 such that

T p27 T 27
[ [ el + ol pPle edsar < [ [ jgle>vduar
0 0 0 0

T
i C/o /w[(580)3|p|2 + (s) [Re (ps)|*Je > duwdt

for all s > sy and w C (0, 27).

(B.3)

B.2: Unique continuation property

Carleman inequalities with an internal observation for the KdV and Schrodinger
operators ensure the result of the unique continuation.

Theorem B.3. Let T > 0 and V1, V2, V3 € C*°((0,T) x T)), then the solution
of
i0pu + 02u = i0,v + Vi (z,)u + Va(z, t)u, (x,t) € T x

(
0w + 30 + pdyv = Va(t, 2)0pu + Re(d,u), (z,t) € T x (
u(z,t) = v(z,t) =0, (x,t) € wx (

0

with (u,v) € C([0,T]; L*(T) x LZ(T)), is the trivial one u = v =

0,7),
0,7),
0,7),
inTx(0,T).
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Proof. Putting together (B.2) and (B.3), we have that
T r2m .
[ [ ol + (59°fu?le % i
0 JO
T pr2m ~
i / / [s@lvae|® + (50)*|val® + (0)°[0]*]e**Pdudt
0 J0
T r2m .
S A (B.4)
0 Jo
T
0 [ [ sl + (59) [Re (o) Ple 2o
0 Jw

T
e </ [ lsplonal + (s usf? + (sso>5|v|21e‘2”d””dt> |
0 Jw

where ¢ = min ¢, p = max ¢, g:=i0, v+ Vi (x, t)u+Va(x, t)u and f:=V3(t, x)0,u
+ Re(d,u). The properties of the ¢ and ¢ can be seen in [3,11].

Now, note that the zero and first- order terms of the right-hand side of
(B.4) can be absorbed by the left-hand side. Moreover, the second-order term
Uyq Of the right-hand side (B.4) can be treated as in [11, Lemma 3.7], resulting
in the following estimate

T r2m
[ [ sl + (sl dar
0 JO

T
= C/O /w[(sg))3|u|2 + (SW)5|U|2}€_25¢dxdt. (B.5)

Therefore, thanks to the hypothesis u = v = 0 in w x (0,7, the right-hand
side of (B.5) yields that u =v =0in T x (0,7), and so the result follows. [

As a consequence of this unique continuation property, we have the fol-
lowing result.

Corollary B.4. Let (u,v) € X%% X ng’% be a solution of
i0yu + 02u = i0,v + Blul*u, (z,t) € T x (0,T),
O+ 930 + 30, (v?) 4+ pdyv = —Re (Ou), (z,t) € T x (0,T), (B.6)
U(Ivt) =0, U(Ivt) =¢ (l‘,t) CwX (O,T),

where w C T is a nonempty open set and c is some real constant. Then, there
exists a small T > 0, such that u =0 on T x (0,T) and v =c on T x (0,T).

Proof. First note that using Corollary A.4 we have that u,v € C*°(T x (0,7T))
then, considering (w, z) = (Gyu, Oyv) we get

10w + 02w = 10,2 + Vi(t, x)w + Va(t, z)w, (z,t) € T x (0,T),

Oz + 032 + p0pz + Va(t,2)z = Re(0,w), (x,t) € T x (0,7),

z(z,t) = w(z,t) =0, (x,t) € wx (0,T).
Then the unique continuation property given by Theorem B.3 implies that
w = z = 0. In analogous way, we can consider (w,2) = (Jyu,d,v) and then
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we get that ,u = 0,v = 0 in T x (0,T"). Hence we can conclude that both
functions u, and v are constant and the result follows. O
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