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1. Introduction
1.1. Model description

The full water wave system is too complex to allow to easily derive and rigorously from it relevant
qualitative information on the dynamics of the waves. Alternatively, under suitable assumption on amplitude,
wavelength, wave steepness and so on, the study on asymptotic models for water waves has been extensively
investigated to understand the full water wave system, see, for instance, [1-6] and references therein for a
rigorous justification of various asymptotic models for surface and internal waves.
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Particularly, formulating the waves as a free boundary problem of the incompressible, irrotational Euler
equation in an appropriate non-dimensional form, one has two non-dimensional parameters § := % and
€ := 3, where the water depth, the wave length and the amplitude of the free surface are parameterized as
h, A and a, respectively. Moreover, another non-dimensional parameter p is called the Bond number, which
measures the importance of gravitational forces compared to surface tension forces. The physical condition
0 < 1 characterizes the waves, which are called long waves or shallow water waves, but there are several

long wave approximations according to relations between e and ¢, specially,

(1) Korteweg—de Vries (KdV): ¢ = §%2 < 1 ?nd p# L
(2) Kawahara: e = 6* < 1 and p = 1 4 ve?.

Under the regime for ¢, 4, u given in Item (1), Korteweg and de Vries [7]' derived the following equation
well-known as a central equation among other dispersive or shallow water wave models called the KdV
equation from the equations for capillary—gravity waves:

1
+2us + 3uuy, + (3 — u) Upzr = 0.

In connection with the critical Bond number p = %, Hasimoto [9] derived a fifth-order KdV equation of the
form

:|:2ut + BUUx — VUggx + —Ugzzzax = 0

45
in the regime for €, 4, u given in Item (2), which is nowadays called the Kawahara equation.
Our main focus is to investigate the higher-order extension of KdV and Kawahara equations. Consider
the Cauchy problem for the following higher-order KdV-type equation posed on the unit circle T:

{&u + (=17 A+ 58, (u?) = 0, (t,z) ERx T (1.1)

u(0,2) = up(x) € H(T),

for j € N and u is a real-valued function. Especially, (1.1) is called KdV and Kawahara equation when j = 1
and j = 2, respectively. These types of equations have conservation laws such as

Mu) :/Tu dx, (Mass)

Elu] = /u2 dz, (1.2)
T
L2 1g . .
Hlul = [ = (0Ju)” — —u® dz, (Hamiltonian).
2 6
Furthermore, (1.1) is the Hamiltonian equation with respect to H[u] defined in (1.2). In other words, we can

rewrite (1.1) as follows:
up = 0,V H (u (t)) =V,H (u (t))

where V,, is the L? gradient and V,, = V,,

, is the symplectic gradient
3

w_1 (u,v) = / ud, tvda.
2 T

These three conservation laws play various roles (particularly to determine the global behavior of solutions
and the global control properties of Eq. (1.1)) in the study of the partial differential equations.

1 This equation indeed firstly introduced by Boussinesq [8], and Korteweg and de Vries rediscovered it twenty years later.

2



R.de A. Capistrano—Filho, C. Kwak and F.J. Vielma Leal Nonlinear Analysis: Real World Applications 68 (2022) 103695

1.2. Problems under consideration

In this paper, we prove that the higher-order KdV-type equation®

{atu NG %GI(HQ) = ft,2), (t,z) eERxT (1.3)

u(0,z) = wo(z) € H*(T),
posed on periodic domain T is globally controllable in H®, for s > 0, when we introduce a forcing term

f = f(t,z) added to the equation as a control input. Here, f is assumed to be supported in a given open
set w C T. The following control problems are considered:

Exact control problem: Given an initial state ugand a terminal state uiin a certain space, can one find
an appropriate control input fso that Eq. (1.3) admits a solution wwhich satisfies u|,_p = u1?

Stabilization problem: Can one find a feedback control law f = Ku so that the resulting closed-loop system
, 4 1
Opu + (1) 1921y 5am(u2) = Ku, (t,z)€RxT,

is asymptotically stable at an equilibrium point ast — +oo?
The higher-order KdV-type equations keep its mass conserved, see for instance (1.2), thus

d

pn Tu(t,av) dx =0,

for any ¢ € R when no control is in action (f = 0). In applications, one would also like to keep the mass
conserved while conducting control. For that purpose, a natural constraint on our control input f is as
follows:

/f(t,x) dx =0, Vt e R.
T

Thus, as in [10], the natural control input f(¢,x) is chosen to be of the form

f(t,2) = [Gh(t,2) = g(a) (h(m) - [[swnie) dy) , (1.4)

where h is considered as a new control input, and g(z) is a given nonnegative smooth function such that

27 [g] :/Tg(:n)dle.

Here, we denote w by the set w := {g > 0}, where the control function is effectively acting.

1.3. Review of the results in the literature

The local and global well-posedness of (1.1) were widely studied. For the local well-posedness result,
Gorsky and Himonas [11] firstly proved this problem for s > —1 and Hirayama [12] improved for s > —%.
Both works are based on the standard Fourier restriction norm method. Hirayama improved the bilinear
estimate by using the factorization of the resonant function.

2 One may generalize Eq. (1.3) as

J
1
Buu + Z amd" ut 20, (u?) =

m=0
where «,, € R. However, main analyses in the paper are almost analogous without additional difficulties, thus Eq. (1.3) does
not lose the generality in a sense of the aim in this paper. See Remark 2.
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The results of the global well-posedness for (1.1), when j = 1,2, were proved by Colliander et al. [13] and
Kato [14], respectively, via “I-method”. In [15] the authors extend the results of [13] and [14] for j > 3. The
method basically follows the argument in [13] for periodic KdV equation, while some estimates are slightly
different. More precisely, they showed that for j > 3 and s > —%, the IVP (1.1) is globally well-posed in
H*(T).

Regarding the control theory, when j = 1, the system (1.3) has good control properties. The study of the
controllability and stabilization to the KdV equation started with the work of Russell and Zhang [16] for
the linear system

Ut + Ugza = [ (15)

with periodic boundary conditions and an internal control f. Since then, both controllability and stabiliza-
tion problems have been intensively studied.

It is well-known that (1.5) with f = —wuu, allows an infinite set of conserved integral quantities, for
instance, M[u] and E[u], defined in (1.2). From the historical origins of the KdV equation involving the
behavior of water waves in a shallow channel [7,8,17], it is natural to think of Mu] and E[u] as expressing
conservation of volume (or mass) and energy, respectively.

The Russell and Zhang’s work [16] is purely linear. In fact, until Bourgain [18] discovered a subtle
smoothing property of solutions of the KdV equation posed on a periodic domain, no results of the nonlinear
problems were solved. This novelty, discovered by Bourgain, has played a crucial role in the proof of the
results in [10].

Specifically, in [10] the authors studied the nonlinear equation associated to (1.5) from a control point of
view with a forcing term f = f(¢,z) added to the equation as a control input:

Up + Ugge +uty = f,  (t,x) ER X T. (1.6)

With this in hand, Russell and Zhang were able to show the local exact controllability and local exponential
stabilizability for the system (1.6). Indeed, the results presented in [10] are essentially linear; they are more
or less small perturbations of the linear results. After these works, Laurent, Rosier and Zhang [19] show
that still it is possible to guide the system (1.6) from a given initial state ug to a given terminal state uy
when ug and u; have large amplitude by choosing an appropriate control input. Furthermore, they showed
that the large amplitude solutions of the closed-loop system (1.6) decay exponentially as ¢ — oo. Hence,
the authors in [19] proved global exact controllability and global exponential stabilizability extending the
results obtained by Russell and Zhang in [10]. These global results are established with the aid of certain
of propagation of compactness and regularity in Bourgain spaces for the solutions of the associated linear
system of (1.6).
Considering j = 2 the system (1.3) is the so-called Kawahara equation

1
Opu—Bu+ S0.(w?) = f, (L) eRXT. (1.7)

Recently, the first author, in [20], studied the stabilization problem and conjectured a critical set phenomenon
for Kawahara equations as occurs with the KdV equation [21,22] and Boussinesq KdV-KdV system [23], for
example. Moreover, as far as we know, the control problem was, first, studied in [24,25] when the authors
considered the Kawahara equation on a periodic domain T with a distributed control of the form (1.4). First,
the authors were able to prove the local controllability results for this equation in [24]. Aided by smoothing
properties of the system in Bourgain spaces, they were able to show that the Kawahara equation is globally
exactly controllable and globally exponentially stabilizable (see [25]).

We caution that this is only a small sample of the extant equations with the similar structure to the
system (1.3), (1.5) and (1.7). For an extensive review of the physical meanings of these equations, as well
as well-posedness and controllability results the authors suggest the following nice Refs. [12,26-28] and the
references therein.
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1.4. Notation and main results

Let us introduce some notation and present the main results of the manuscript. For z,y € Ry, z < y
denotes z < Cy for some C > 0 and x ~ y means x < y and y < x. Also, z < y denotes = < ¢y for a small
positive constant c. Let us consider the Fourier and inverse Fourier transforms with respect to the spatial
variable x € T,

~

Fu(f)(k) = f(K) *””f dz and F'(f)(x

'Lk:vf

respectively. Additionally, the space-time Fourier and inverse Fourier transforms are

1 , .
F(f)(r, k) = f(r.k) = / e e (1) dx dt
2 RXT
and
]_——1( / Z itTeikwf(T, k) dr
R ez
respectively.

Consider now the H*(T) := H® space with the inner product as

(f.9)me = (f.9)s =3 (k)* F(k)3(k),

keZ

where (-) = (1+] - |2)% We simply denote the H? := L? inner product by (-, -). It naturally defines H* norm
as ||fll gs = V(f, f)ms. We will use Hi(T) as the subspace of H*(T) whose elements obey the mean zero

condition, i.e.,
H{(T) = {fGHS(T):/Tf:O}.

The aim of this manuscript is to address the control and stabilization (particularly global) issues. However,
before presenting the global results, let us present a theorem that shows the exact control result.

Theorem 1.1 (/29]). Let T > 0 and s > 0 be given. There exists a § > 0 such that for any ug, uqr € H* (T)
with
HUOHHS(’H‘) <0 and HulnHS(’]T) <9,

one can find a control function h € L? ([0,T]; H® (T)) such that the system
- . 1
Opu + (—1)7 1921y §8x(u2) =Gh, (t,z) e RxT, (1.8)
where G is defined by (1.4), admits a solution u € C ([0,T]; H® (T)) satisfying

ul,_g =uo, ul,_p =us.

Now, due to the advantage of the results proved in [30,31], the local exponential result in H*(T), for any
s > 0, can be established.

Theorem 1.2 (/29]). Let s > 0 and A > 0 be given. There exists a bounded linear operator

Ky : H* (T) — H* (T)
5
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such that if one chooses the feedback control h = Kyu in (1.8), then the resulting closed-loop system

{% + (=170 + 30, (w?) = GEyu, (t,z) ERx T (1.9)

u(0, ) = uo(x),

is locally exponentially stable in the space H® (T), for s > 0, that is, there exists a § > 0 such that for any
ug € H* (T) with |[uol| ggs(p) < 9, the corresponding solution u of (1.9) satisfies

Ju(t) — [uoHlHS('E) < Ce™ M [|ug — [UO]”HS(T) , VE>0.

Remark 1. We point out that Theorems 1.1 and 1.2 have already been proved by Zhao and Bai [29]. For
self-containedness, we will also give rigorous proofs of them in Appendices A and C.

These results shown that one can always find an appropriate control input A to guide the system (1.8)
from a given initial state ug to a given terminal state u; as long as their amplitudes are small and [ug] = [uq].

However, some natural questions arise.

Question A. Can one still guide the system (1.8) by choosing an appropriate control input h (defined on a
sufficiently long time interval) from a given initial state ug to a given terminal state w; when wg or u; have
large amplitude?

According to Theorem 1.2, solutions of system (1.8) issued from initial data close to their mean values
converge at a uniform exponential rate to their mean values in the space H® (T) as ¢ — +00. One may ask
the following issue:

Question B. Does any solution of the closed-loop system (1.9) converge exponentially to its mean value as
t — 4007

Thus, additionally to the local results, presented in Theorems 1.1 and 1.2, our work gives a positive answer
to these questions that have a global character. This is possible due to the celebrated results obtained by
Bourgain [18]. One of the main results in this work gives an answer to the Question A, the result ensures
that the system (1.8) is globally exactly controllable.

Theorem 1.3. Lets > 0, R > 0 and u € R be given. There exists a time T > 0 such that if ug, uy € H* (T),
with [ug] = [u1] = u, satisfies

||U0||HS(T) <R, HU1HHS(’JI‘) <R,

then one can find a control input h € L?(0,T;H®(T)) such that the system (1.8) admits a solution
uwe C([0,T],H*(T)) satisfying

ul,_g =0, Ul,_p =1ui.
As for Question B, we have the following affirmative answer.

Theorem 1.4. Let s > 0 and p € R. There exists a constant v > 0 such that for any up € H® (T) with
[uo] = u, the corresponding solution u of the system (1.8), with h (z,t) = —G*u (x,t), satisfies

o (-5 8) = lato)l ey < @ (110 = [wolll 2y ) Ce™ lfto = [at]l oy » W = 0,

where as,, : RT — RT is a nondecreasing continuous function depending on s and p.

6
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1.5. Heuristic of the article

In this manuscript our goal is to give answers for two global control problems mentioned in the
previous section. Observe that the results obtained so far are concentrated in a single KdV Eq. (1.6), see
e.g. [10,16], and Kawahara Eq. (1.7), see for instance [24,25]. Moreover, even higher-order KdV type (1.3)
has been studied in the sense of local controllability and stabilization in [29], while global control results
for the generalized higher-order KdV type Eq. (1.3) are still open, so, under this direction, our work is a
generalization of the previous result for KdV and Kawahara equations. Let us describe briefly the main
arguments of the proof of our theorem and give consideration of the importance of the work in the study of
the control theory for general dispersive operators.

The first two results are local, that is, Theorems 1.1 and 1.2. In fact, first, due to the properties of the
operator

Aw = —(—=1)TT192 1y, (1.10)

we can use classical theorems of Ingham and Beurling [32,33] to ensure that the linear system associated
to (1.8) has control and stabilization properties. To extend these results for the nonlinear case, one has
to control one derivative in the nonlinear term. However, it is well-known that linear solutions have no
dispersive and no smoothing effect under periodic boundary condition. Due to Bourgain [18,34], by regarding
the linear estimate as multilinear interactions in L2, now, one can recover derivative loss occurring in
Sobolev inequality, thus the nonlinearity can be controlled. Note that this is not the only way to handle
the nonlinearity, compare [12] with [15]. Here, the main point is to prove the following Strichartz estimates
Jj+1

————  forall j €N.
2(2j + 1) J

[la@xry S Ifllx0s, 0>
After that we are able to extend the local solutions for the global one and prove the nonlinear (local) control
results as a perturbation of the linear one. Note that the arguments here are purely linear. In addition, we
emphasize that the exact controllability and stabilizability results of the linear system associated to (1.8)
are valid in H*(T) for any s € R.

It is important to point out that Theorems 1.3 and 1.4 have global character. Precisely, the control result
for large data (Theorem 1.3) will be a combination of a global stabilization result (Theorem 1.4) and the
local control result (Theorem 1.1). Indeed, given the initial state ug € H*(T) to be controlled, by means of
the damping term Ku = —GG*u supported in w C T, i.e., solving the IVP (1.8) with h = —G*u, we drive
ug to a state Gy close enough to the mean value p in a sufficiently large time 77, by Theorem 1.4. Again,
using this result, we do the same with the final state u; € H*(T) by solving the system backwards in time,
due to the time reversibility of the higher-order KdV-type equation. This process produces two states g and
11 which are close enough to u so that the local controllability result (Theorem 1.1) can be applied around
the state u(x) = p. We can see this mechanism illustrated in Fig. 1.

Lastly, the proof of Theorem 1.4 is equivalent to prove an observability inequality, which one, by using
contradiction arguments, relies on to prove a unique continuation property for the system (1.8). This
property is achieved due to the propagation results using again smooth properties of solution in Bourgain
spaces. The main difficulties to prove the propagation results arise from the fact that the system (1.8) has
a general structure. To overcome this difficulty the Strichartz estimates, for the solution of our problem in
Bourgain Spaces, are essential.

We finish this introduction by mentioning that the global results presented in this article, even the local
results, are not a consequence of the previous results for the KdV and Kawahara equations. Indeed, taking
j = 1 and 2 in our operator A, defined in (1.10), we can recover the previous results in the literature for
these equations, nevertheless, the necessary estimates to treat the operator A as well as the propagation of
regularity are the main novelties of this work. In summary, the key ingredients of this work are:

7
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Uy ¢

Uy

Uu,-

u1<

Fig. 1. The constructive approach of the proof of Theorem 1.3.

1. Strichartz estimates associated to the solution of the problem under consideration;
2. Microlocal analysis to prove propagation of the regularity and compactness;
3. Unique continuation property for the operator A.

1.6. Structure of the paper

Some preliminaries are given in Section 2, particularly, spectral property of the operator A in (1.10) is
studied and Bourgain spaces are introduced. In Section 3, we give a rigorous proof of Strichartz estimate. In
Section 4, we investigate propagation of regularity and unique continuation property. The global stabilization
result (Theorem 1.4) is proved in Section 5, and in Section 6, some comments and open questions are
presented. In Appendices, as mentioned, some analyses for local results are given. The linear system is
studied in Appendix A, particularly, we present the linear control problems, which are a consequence of
the spectral analysis. A brief proof of the global well-posedness of the closed loop system is presented in
Appendix B. Finally the proofs of Theorems 1.1 and 1.2 are presented in Appendix C.

2. Preliminaries
2.1. Spectral property

Consider the operator A denoted by
Aw = —(—=1)IT192+1y (2.1)

with domain D (A) = H%*!(T). The operator A generates a continuous unitary operator group W (¢) on
the space L?(T), precisely,

1 ikx itk2IT1 2

W(t)f(x) = 5y ™™ f(k).
kEZ

Remark that

A*=—-A and W*(—t) =W(t). (2.2)

One immediately knows that eigenfunctions of the operator A are the orthonormal Fourier bases of L?(T),
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and its corresponding eigenvalues are
e = ik* Tt ke€Z. (2.3)

We now prove a gap condition which will be used to prove a local controllability result in Appendix A.
The result can be read as follows.

Lemma 2.1 (Gap Condition). Let j > 1 and k € Z. For Xy, defined as in (2.3), if |k| > j + 1, we have

A1 — Al > K2, (2.4)
which implies
lim |)\k+1 - >\k| = OQ. (25)
|k|—+oc0

Proof. When j =1, it is easy to see that
. 9 3.5 3,4 1
—i(Aks1 — k) = 3k +3k+1:§k +§(k +2lc+1)—5
3 1
:k2+§(k+1)2+§(k2—1)2 k2

for |k| > 1, which satisfies (2.4), and thus (2.5) follows.
Now, fix j > 2. A straightforward computation yields

2mk?+(2j+1-2m+1)k>0, m=12,...,7,

whenever £k >0 or k < —%

25 +1 12 4 27+1 i
2m —1 2m

= (2mk*+ (2j +1—2m + 1)k)

, which implies

(27 +1)(25)---(25+1—-(2m—1)+1)

(2 m)!
S G+ [/2j+1
m \2m—1)"
Thus, we conclude for |k| > j + 1 that
2+l .
2 1 ;
A1 — Akl = Z < ]Z )kZJHZ
=1
2j +1 2j +1 o
=11 k) 26-m)
S () ()
> (27 +1)(j + DK
> k2,

which completes the proof. 0O

Remark 2. Lemma 2.1 ensures that the gap condition is still valid for the (generalized) linear operator

J
A= Z (_1>mam6§m—1,



R.de A. Capistrano—Filho, C. Kwak and F.J. Vielma Leal Nonlinear Analysis: Real World Applications 68 (2022) 103695

where ay, > 0 with o; # 0. Indeed, we have eigenvalues associated to A as

J
e =i § A k?m L,
m=0

and the gap condition
‘S\k+1 — 5\k| 2 k2 max
m=0,...

o

for |k| > j, which gives |Ar1 — Ax| — 0o when |k| — co. Additionally, it is not necessary to restrict a,, > 0,

however we do not further discuss about it here.

2.2. Fourier restriction spaces

The function space equipped with the Fourier restriction norm, which is the so-called X*? spaces, has
been proposed by Bourgain [18,34] to solve the periodic NLS and generalized KdV. Since then, it has played
a crucial role in the theory of dispersive equations, and has been further developed by many researchers, in
particular, Kenig, Ponce and Vega [35] and Tao [36]. In the following, to ensure global control results, the
space X will be of paramount importance.

Let f be a Schwartz function, i.e., f € S; (R x T). forF (f) denotes the space-time Fourier transform
of f defined by

~ 1 2m )
flr,n) = o /]R/O e e T (¢, x) dadt.
Then, it is known that the (space—time) inverse Fourier transform is naturally defined as
1 L
flt,x) = > %/Re”"emf(ﬂ n) dt.

Moreover, we use F, (or”) and F; to denote the spatial and temporal Fourier transform, respectively.
For given s,b € R, we define the space X*° associated to (1.3) as the closure of S; (R x T) under the

1 \ : ~
s = 52 3 [ 0% (=25 |

kEZ

norm

which is equivalent to the expression ||[W (—t) f(t,2)|| b ;s Note that the definition of X *° ensures the trivial
t x
nesting property
AN
Xt c X% whenever s <s, b <b, (2.6)

and this immersion is continuous. Moreover, it is known (see, for instance, [37, Lemma 2.11]) that X * space
is stable with respect to time localization, that is,

In@)ull xo0 oo l[ullxsp (2.7)

for any time cutoff function n € S;(R).

According to [35, Theorem 1.2], it is necessary to fix the exponent b = % in X% for the study of the
periodic KdV equation. Otherwise, one cannot, indeed, obtain one-derivative gain in the high-low non-
resonant interactions to kill the derivative in the nonlinearity. Thereafter, it becomes natural to fix b = %
even for the other periodic problems, but it is not necessary. For instance, in the higher-order KdV-type
case, in particular, j > 2, one can obtain min{2bj, (1 — b)j}-derivative gains from the high-low non-resonant
interactions, which is enough to remove the one derivative in the nonlinearity, whenever % <bhb<1-— %
However, the present paper covers the KdV and Kawahara cases as well, we, thus, fix b = %, throughout the
paper.

10
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On the other hand, the space X*7% is not embedded in the classical solution space CtH® = C(R, H*(T)).
Therefore, this space is not enough to develop the well-posedness theory. Nevertheless, the lack of embedding
property can be overcome by defining the space Y® of solutions with the following norm

1 llye = 11 ey 1 CR) Fll -

For a given time interval I, let X;’b (resp. Y7) denote the time localization of X*% (resp. Y*) on the

interval I with the norm

||fHX;7b = lnf{”g”XS,b g = f on I x T}

(‘resp. flly; =inf {lglly.:g=f on IxT}).

For simplicity, we denote X;’b (vesp. Y7) by X;’b (vesp. Y3), if I = (0,T).
2.8. Estimates for higher-order KdV-type equation

We summarize well-known estimates, already established in the literature, which will play important roles
in establishing the exact controllability and stabilizability of the system (1.3). For this, we introduce a cut-off
function n € CX(R) such that n =1, if t € [-1,1] and n =0, if ¢t ¢ (—2,2).

Lemma 2.2 (X" Estimates, [12,38]). Let 0 < T < oo be given. Then,
(1) For all s € R, we have for u € Y}
[ulloprs S llullys -
(2) For all s € R, we have for f € H®
W) fllys S 11 -

If T <1, then the constant on the right-hand side does not depend on T'.
(3) For all s € R, we have for F' € Y}

If T < 1, then the positive constant involved in (2.8) does not depend on T.

(4) For s € R with s > —%, we have for u,v € Y3

/Ot W(t—71)F(r)dr . N H}—fl (<T - k2j+1>71 f‘) ’

Yr

(2.8)

.-
Yr

Hf—l (<T A 8?(\@)‘

< s s
e S Il Tl
(5) For all s € R, —% <b <b< % and 0 < T < 1, wehaveforueX;’b

/
Hu||X;,b/ ST ||U\|X;,b.

Remark 3. The right-hand side of (2.8) is simply dominated by [|F'[| ;2o 7, 7=y due to the definition of Y72
norm, the nesting property (2.6) and the weight <7' — k2j+1>_1.

11
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3. L*-Strichartz estimate
In this section, we provide a rigorous proof of L*-Strichartz estimate for higher-order KdV equation.

Lemma 3.1 (Strichartz Estimates). The following estimates hold:
Jj+1

JLT° _ yjeN, 3.1
202 +1)° 7 (3:1)

Hf||L4(RX1r) Sfllxow, 0>

where the implicit constant depends on b and j.

Remark 4. As well-known, the intuition of Lemma 3.1 is as follows: By Sobolev embedding (in both time
and spatial variables), one has

< _
I£lzs, S USC t)fHHﬁHé'

On the other hand, from (1.1), one roughly guesses that 9, ~ 92771 which transfers spatial derivatives to
1 P
temporal derivatives (83 — 8, ). Hence, one can guess
Jj+1
S|IS(—t —
172, < IS(-1) ST

< — <
Hdd SISCON iy S W low, 0>

i z

The equality b = 2(%4&1) can also be obtained, but we do not attempt to give it here, in order to avoid
complicated computations.

The following lemma plays an essential role to prove Lemma 3.1.

Lemma 3.2. ForjeZ andce€ R withj >0 andc >0, let
hi(x) = 2%t 4+ (¢ — x)% T, (3.2)
Then h; satisfies

(1) hj is a symmetry about v = §.
(2) hj(x) >0 for all x € R.
(3) hj(5) = 0.

Ifj =1,

(4) h(z) >0 for allz € R.
(5) hj has only one absolute minimum value at x =
(6) hj can be written as

c

[N

= =5+ (-5 SO PO (E )
2 (e )

for any a € R.

Proof. It is easy to see that

which satisfies Item (1).

12
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For Item (2), it suffices to show h;(z) > 0 for all # > § due to Item (1). Obviously, h;(§) = 622]%1 > 0.

Since

n=0 m=0

27 j—1
a2j+1 + b2j+1 — (a+ b) (Z(—l)nGZj_"bn> — (a+ b) (Z(a _ b)a2j_2m_1b2m + b2j> ,

for z > 5, we have

Jj—1
hj(z) =c¢ <Z (22 — ¢)x? 72 e — 2)*™ 4 (¢ — J:)2j> )

m=0
Note that when x = ¢, we have hj(c) = ¢**' > 0. Thus, for all z > £ with  # ¢, all terms are strictly
positive, which proves Item (2).

A direct computation gives
W) = (27 +1) (2% — (¢ —2)%),

thus A/(5) = 0. This proves Item (3).
In what follows, we fix j > 1. Item (4) follows immediately from Item (2) due to

(@) = (2 + D) (a7 + (= )5 7).

Item (5) immediately follows from Items (3) and (4).
For Item (6), we first show

=32 (e () (- 5)" 00

When j = 1, we see that
3 3 2 3 N ¢
hi(z) =2° + (¢ — x)° = 3c(z” — cx) + ¢ :3c<x—f) +—.

Since , ) o 3 c
() (5) =2 ()= (o() =3

(3.4) is true for j = 1. Assume that (3.4) is true for j = m — 1. Then, by the induction hypothesis, we have

1) = @A 1C ) = s 0m) S (7 Y (5) (2 £
=0

n

Since h;,(5) = 0, by integrating from § to x twice, we obtain

e - c c\2n+2 c

im (@) = ch on 1>hm1n (5) (=5 +ma(5)
B " /2m 41 N(p_© 2n

_nz_:o( 2n )hm‘”(z)( 2) '

Thus, by the mathematical induction, we prove (3.4) for all j > 1.
In order to derive (3.3) from (3.4), it suffices to show that for each n € N

(D" =g o) B () e s

13
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Indeed, if (3.5) is true, then we reduce (3.4) as

o= 5 (% P () (-9

which proves (3.3).
We use, again, the mathematical induction to prove (3.5). When n = 1, we obtain

(x—%)zz(m—%—a)(m—g+a)+a2. (3.6)
)

Assume that (3.5) is true for n = m — 1. Then, using (3.6

(-5

and the induction hypothesis, we have

)5

Il
—
—

5

I
o

|

Q
N2
—
5
s |
N o
+
Q
N
4
Q

C 2m—2

= (e-5-a)(r-3+a) (+-3)

m=—2 2m—4—2¢

+Oé2 <($—2+a> (.Z'—g—a) (l-_g) a2€+a2m—2>
=0
m—1

B c c e\2m-2-20
=(-g-a)(z-5re) X (+-3) o o

which proves (3.5). O

Remark 5. Collecting all information in Lemma 3.2, one can roughly sketch the shape of hj(x) defined by
(3.2) as in Fig. 2:

Proof of Lemma 3.1. The proof basically follows the proof of Lemma 2.1 in [39] associated with the Airy
flow. Moreover, we refer to [28] for the case when j = 2. Thus, in the proof below, we fix j > 3.
Let f = f1 + fo, where
filk)y =0, if |kl >1.

Note that |[{k € Z:k csupp(fi1)}| = 3. Since f2 < 2f2 + 2f2, it suffices to treat | /2

HfQZHLZ(]Rx']r) separately.
f? case. A computation gives

HL2(]R><T) and

2
7 1ry <X [ | [ 1Bt kllfitr =k =kl dn| . (3.7)

kEZ k1€Z
14
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N @ - -

5, while strictly

Fig. 2. Lemma 3.2 describes that h;(x) has a convex and symmetric form, and its slope is strictly increasing if = >
decreasing otherwise.

From the support property, the right-hand side of (3.7) vanishes unless |k| < 2j. Let

Fy(r, k) = (r — K5 | (k).

The Cauchy—Schwarz inequality and the Minkowski inequality, we see that for b > i,

RHS of (3.7) S ) /R < > (/R (r—7 — (k- k1)2j+1>—2b <T1 _ kfj+1>*2b dT1>

keZ k1€Z
2

|k|<2
~ 2 ~ 2 2
y /|F1(7'1,k1)| Fi(r — 1,k — k)| dr dr
R

<y (Z (/RQ Fl(ﬁ,kl)f@(Tﬁ,kk1)|2dﬁdf)%>2

k1€Z

[

kEZ
k<2

S Ifillxos S 1Fllxo0s -

f2 case. Analogous to (3.7), we have

2
18 10ny < X [ |3 [ 1Btnk)llfatr =k = ko)l dn| - ar

kez 'R |k ez
2
= 5 [IX [1tn k)l fatr = rik— k)l dn| dr
kez YR k1€Z R
|[kI<1
2

+ Z/ Z/R\E(Tl,k1)llﬁ(f—n,k—k1)|dﬁ dr

kEZ R k1€Z
|k|>1
= Il + Ig.
15
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The term I can be treated similarly as f12 case. For the term I5, we may assume that k1 > 1 and k—Fk; > 1
(thus, &£ > 1). Indeed, let fo = fo1 + f2,2, where

for(k)=0 if k>1,

||f2272||L2. Similarly as (3.7), we have

then |37 < 2(|/2.052 + 2 |72z and (124 = |72,

S EL(( 5 Loy

S

k>1 ky,k—ky>1
1 2
2
<Z/F2 T1,]€1)| |F2(7'—7'1,]{1 k1)| dT1> ) dr
k1€Z
S M| fall xo0e

where

M= sup Z / (r—m1—(k—k)¥) <7'1 - kfj+1> dry.
TER,KEZ ki ez R
k>1 k klfk >1
1 1
Thus, it is enough to show that M < 1 whenever b >
A direct computation

2(2;+1)

/ (@)~ (b—a)™ da < (5",
R

for % < a <1, yields

2js1 pjp1\ 1740
M < sup g <7‘—]€1 — (k= k1)~ > .
e i
k1,k—ky>1

For each 7 € R and k € Z with k > 1, let h(z) :== hj(z) — 7, for h; as in (3.2) with ¢ = k. From (3.4), we

know )
=5 (5 e () -3 o (3)

n=1

From Lemma 3.2 Item (5), we know h; (4) — 7 is the absolute minimum value of h. If h; (£) — 7 > 0, we

(B )11 < ((zj T ko (’;) (/f - ';))b - (<2j 1k (k - ];))b on A",

where the set

know

: kl—];‘gl}. (3.8)

Note that |A| < 3. Thus,

Z <7- - kfﬂl (k- k1)2j+1>1_4b Z . Z (k (kl - §>2g‘> 1—4b

S
k1 €L k1€A k1 €AC
k1, k—ky>1 ki, k—ky>1
_ | |23+ D(—4b)
ST S AR DR
k>1 lk1—&|>1
S L

provided that b > ( +1)'

16
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On the other hand, if h; (%) — 7 < 0, since h is symmetry about x = % and has the absolute minimum

value at £, there is a > 0 such that & + o and § — « are the only roots of h, i.e., h(% +a) = h(£ —a) =0.
A direct computation gives

k k T /9541 A
O—h(2+a)—h(2—a>—nz_0( om, )hjn<2)a —T.

With this, by Lemma 3.2 Item (6), we know

Let £24 be a set of ky defined by

Qi:{k‘lEZ: kjl—gﬂ:a

Note that |£21| < 3. Then, similarly as before, we have

(o)t b4
bty

on (24 U N_ U A)°, where the set A is as in (3.8). Therefore, we conclude that

Z <7' — kP — (k- k1)2j+1>174b

(k1))

IN

]{?1—7—0&

k
ki — —
1 2+a 5

((2j+ 1)k

ki€Z

ki, k—ky>1

‘ 3 (2j+1)(1—4b)

S RGN L Ny S ta

k>1 |k1—&+al>1

k (2j+1)(1—4b) k (274+1)(1—4b)
f Y |m-f-a - ‘/ﬂ—Q
k1 —E&—al>1 |k1—E|>1

provided that b > 2(%4&1) This completes the proof. [

4. Propagation of regularity and unique continuation property

In this section, we provide necessary basic tools that we use to demonstrate the main results of this work.
In what follows, [-, -] denotes the standard commutator operator defined by [A, B] = AB — BA.

4.1. Auziliary lemmas
We first recall three useful lemmas for our analyses below.
Lemma 4.1 ([0, Lemma A.1]). A function ¢ € C°°(T) can be written in the form O for some function

¢ € C°°(T) if and only if [, ¢(x) dx = 0.

17
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Lemma 4.2 ([41, Lemma A.1.]). Let s,r € R. Let f denote the operator of multiplication by f € C°°(T).
Then, [D", f] maps any H® into H*~"T1, where D" operator is defined on distributions D'(T) by

Drf(n) =< %

— sgn(n)|n|"f(n), if n#0,
f(0), if n=0.

Lemma 4.3 ([41, Lemma A.3.]). Let s € R. Let f € C*°(T) and p. = 2% with 0 < e < 1. Then, [pe, f] is
uniformly bounded as an operator from H® into H5tT.

We end this subsection with the multiplication property of X*? spaces.

Lemma 4.4 (Multiplication Property). Let —1 < b <1, s € R and p € C=(T). Then, pu € X210 for
any u € X*b. Moreover, the map u — pu from X:SF’b into X;fzjlbl’b s bounded.

Proof. Since X*° space is stable with respect to time localization (see (2.7)), it is enough to prove the
first part (without time localization). When b = 0, it is obvious due to X*? = L?(R; H?®) (see [40, Theorem
4.3]) and

lpull s < llull s » (4.1)

where the implicit constant depends on s and ¢.
We now take b = 1, then it is known that

ue X® < wel?(R;H®) and (9 + (11192 ) ue L*(R; H?), (4.2)
due to the definition of X** and (-) ~ 14| -|. A computation gives
(0 + (=171 (pu) = ¢ (O + (=110 ) u— [, (=107 . (4.3)
Due to (4.3) and (4.1) in the definition (4.2), it suffices to show
[, (=107 ul| ooy < Null s - (4.4)

Observe that

2 .

oo (12 = (19 3 (M oty ot

£=0
This, in addition to (4.1), immediately implies (4.4). Thus, by the complex interpolation theorem of
Stein—Weiss for weighted LP spaces (see [42, p. 114]), we complete the proof for the case when 0 < b < 1.

The case when —1 < b < 0 can be proved via the duality argument. Precisely, the duality argument

ensures the map u — pu from X 51275~ to X =5t is bounded for 0 < b < 1. Since the spatial regularity
is arbitrary, by replacing —s + 2jb by s, we conclude that multiplication map is bounded from X*~° to
X#727%=b which implies the desired result for —1 < b < 0, we thus complete the proof. O

4.2. Propagation of compactness

In this section, we present the properties of propagation of compactness for the linear differential operator
L = 0;+(—1)7192+1 associated with the higher-order KAV type equation. The main ingredient is basically
pseudo-differential analysis.
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Proposition 4.5. LetT > 0 and 0 <V < b < 1 be given, with b > 0. Suppose that u, € onib and
fn € X200 satisy
3tun + (—1)j+16£j+1un = fna

for n € N. Assume that there exists a constant C' > 0 such that
HunHX%b <C (4.5)

and that

||Un||X;2j+2jb,fb + ||anX;2j+2jb’—b + HunHX—1+2jb’,—b’ —0, asn — +oo. (4.6)
T

In addition, assume that for some nonempty open set w C T it holds
un — 0 strongly in L? (0, T L? (w)) - (4.7)

Then,
u, — 0 strongly in L7, ((O, T);L? (T)) , asm — —+00.

Proof. For any compact interval I C (0,7T), we choose a cut-off function ¢ € C°((0,7T)) such that
0<yY <1land ¥ =1in I. Then, a simple computation yields

T
2
unlZ2 1,12, < / () (1 ) .

On the other hand, since T is compact, there exist a finite number of open interval of the length less than

the size of w centered at x', m =1,2,..., M for some M. For an appropriate x € CS°(w), we can construct
a partition of unity as
M
0<x(z—2{)<1 and Z x(x—ai) =1, (4.8)
m=1

forallz € Tand m=1,..., M. Then,

T M T
/0 ) < 3 / B (- — Vit )

which reduces our problem to proving that for any y € C°(w) and 29 € T

(¢(t)X( - xo)un7un)L2(0)T;L2) — 0, n— oo. (49)
Once proving that
i ((0)(@r et 1) 20 mip2) = 0. (4.10)

for some ¢ € C*°(T), we immediately obtain (4.9) by putting
Oup = x(x) — x(x — o). (4.11)
Indeed, a direct computation gives

(W(t)x(z — xO)“m“n)H(o,T;L?) = (Y ()x(@)un, “n)L2(o,T;L2) - W(t)(am@)um“n)L’Z(o,T;L?) )

and the right-hand side goes to zero due to (4.7) and (4.10), which implies (4.9). Note that Lemma 4.1
ensures to find ¢ € C°°(T) satisfying (4.11). Thus, we are now further reduced to proving (4.10).
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On the other hand, one knows from Plancherel’s theorem that
/&Ego ) up (z)un(x) de = 6, (0 /8130 ) un (x

/T 1702 D=2, (2)0s 02 )un (z) da.

Therefore, the proof of Proposition 4.5 is completed from

T |05 DDt 1) 23y = 0 (112
and
nh_{r;o (w(t)(az‘p)ﬁ;(tv0)7un)L2(O,T;L2) =0. (4.13)

Proof of (4.12). Let take real valued ¢ € C*°(T) (satistying (4.11)) and ¢ € C§°((0,T")), and let set
B:=op(x)D™% and A:=(t)B

It is straightforward to know A* = 1 (t)D~% (x). We denote by A. and B. the regularization of A and B
by 2 2
Ae = Aesaz and Be = Begaza

respectively, and set an,e = ([Ae, Llun, un) 12 7,12, Where £ = 0+ (—1)7+1921+1, Note that A. = 9 (t)B:
From Lu, = f, and L* = —L, one has

Qp e = (fn7 A:un)LQ(OﬁT;LQ) + (Aeun7 fn)LQ(O,T;LZ) .
Using (2.7) and Lemma 4.4, the Cauchy—Schwarz inequality yields

(fns AZ Un)L2(0TL2) < ||fn|| 2J+2Jb b || AZ UnHX?J 200 S ||fn|| 2J+2Jb —b ||un||X0b

Similarly, we show
[ (Acttn, Fa) 2020y | S ltnll oo 1 Fall =zssasns
Thus, the assumption (4.6) ensures

lim sup ay.=0.
n—00 0<e<1

On the other hand, the fact 9;.A. = ¥’ (t) B + A:0; enables us to rewrite

One = ([A67 (_1)j+16§j+1]una u")LQ(O,T;LQ) - (w/(t)Bsunaun)LQ(QT;L?) :

Then, the analogous argument shows

’(w/(t)Bguf,“ u”)LQ(O,T;LQ)

S llunll 25250 llunll o0

which implies

ILm sup ’(w/(t)Bsun, Un)r2(0,1:22)| = 0-
=0 0<e<1
Hence, we conclude that
nlgr;o 02221 ([“45’ (_1)H13§H1]Um “n)L2(0,T;L2) =0
In particular,
i (A (02 00 1 1 = 0
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Since 8, commutes with D!, a straightforward computation gives

EARyOV |
A 1y = apun Y (Y )otetwezstp-, (114)
=1

Analogously, we show for £ = 2,...,2j + 1 that®

L2(0,T;L2)

| (Crrwo (P ete@ozs=nu,,u, )

< o (V) )etetmozt-ip,

o Tl
S ||Un||X:1r—e+2jb’,fb’ HunHX%b' )
which implies

lim
n—oo

((—1)jz/)(t) (2‘7; 1) 8£¢(x)8§j+1_£D_2jun,un) =0. (4.15)

Collecting (4.14) and (4.15), we complete the proof of (4.12).

L2(0,T;L2)

Proof of (4.13). A straightforward computation in addition to (4.5) yields
ln (2, 0)ll 2o,y S llunll o0 < C-

Thus, the sequence i, (-, 0) is bounded in H?(0,T'), which is compactly embedded in L?(0,T), by the Rellich
Theorem. Therefore, there exists a subsequence that converges strongly in L2(0, 7). Next, it can be seen that
the only weak limit of a subsequence in L?(0,T) is zero, so that the whole sequence tends strongly to 0 in
L?(0,T). Hence,

un(t,0) = 0, (strongly) in L?(0,T), as n — 400,

and (4.13) holds. Consequently, Proposition 4.5 is proved. [
4.8. Propagation of regularity

We now present the properties of propagation of regularity for the linear differential operator £ =
Oy + (—1)7T719%*1 associated with the higher-order KdV-type equation.

Proposition 4.6. Let T > 0,7 €R, 0<b <1 and f € X;:~" be given. Let u € X3" be a solution of
Opu + (1) 192y = f.

If there exists a nonempty w C T such that u € L? . ((0,T), H™*° (w)) for some p with

loc

1
o<pgmin{j<1—b>,2},

then
uwe L, ((0,7),H " (T)) .

3 It suffices to choose b’ = b when £ = 25 + 1.
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Proof. The strategy of the proof is analogous to the proof of Proposition 4.5. Let s := r + p. For any
compact interval I C (0,7) and 3 € C2°((0,T)) as in the proof of Proposition 4.5, we have

T
2
Jullfagrmny < [ O de
0
2 5—2j '
5 ||u||L2(O,T;L2) + (w(t)Dz 2](,@2)],“’ u)LQ(O,T;LQ) )
Hence, we are reduced to proving

<1

25—27 525
‘(¢(t)D 105 u,) 2o 2y

On the other hand, using a partition of unity as in (4.8) (but x? instead of x*), it is enough to show that
for any x € C°(w) and zy € T, we have

< 1.

~

(6O D> 20\ (@ — 20)02u, u)

L2(0,T;L2)

Moreover, by taking d,¢ = x?(x) — x?(x — x¢), we are finally reduced to proving

‘ (w(t)DQS_Qj (8I<)0)6£Ju7 u) LZ(O,T;L2) SJ 1’ (416)
for some ¢ € C*°(T), and
(GO D> 2 (@)020,0) oy 7| S 1 (4.17)

Proof of (4.16). For n € N; set
Uy = e®%y  and fn = e%agf.
Note that Lu,, = f,. Then, there exists C' > 0 such that
funll o Wl s < €
for all n € N. Define operators A and B by
B:=D*%Ip(z) and A:=1(t)B,

then we know similarly as in the proof of Proposition 4.5 that

([-Aa (_1)j+1a§j+l}u"’u”)L2(O,T;L2) _ (W(t)Bun,un)Lz(o’T;Lz) = (fm.A*un)L2(07T;L2)
+ (Aun, fn)r2(0.1,12) -

Using (2.7) and Lemma 4.4, one shows

| (A, £ a0 oy | < Il 1l s
Hun||X;r+21b+2s—2j,b an||X;,—b

i 1l s

S
S
S L

since —r 4+ 2jb+ 2s — 25 = r + 2p — 2j(1 — b) < r. Analogously, we show

(Zbl(t)BUmUn)w(o,T;L?) ) ’(fnaA*un)LQ(O,T;LQ) <L

4 Tt is possible if we simply take x = VX-
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which says

’ ([Av (_1)j+18§j+1]um un)

Note that the implicit constant, here, does not depend on n € N. Similarly as in (4.14), we know

< 1.

~

L2(0,T;L2?)

2j+1 .
[A, (—1) 10241 = (—1)Ig(t) D25~ Z (2]2— 1) 0L ()92,
=1

For / =2,...,2j 4+ 1, a direct computation gives

((—1>w<t>D28-2j (29 - 1)a£so<x>aij+l-fum un)
t L2(0,T;L2)

s—2j ol j+1—¢
[ D> 90 (@) 2 | 12 0 oy Nnll p2 0,787

||un||L2(O,T;H*7"+2S+1*Z) ||Un||L2(0,T;H7") :

S
S
Since —r+2s+1—f¢=r+2p—-14+(2-4¢) <r,forall £=2,...,2j4 1, whenever p < %,we conclude that

<1

~ )

‘ (o= (¥ ) otptwoz i, )

L2(0,T;L2)

for £ =2,...,25+ 1 and n € N. Consequently, we obtain
(176 D22 (010) 020, ) 1 72

Taking the limit on n, we conclude (4.16).

<1

Proof of (4.17). A straightforward computation gives

(w(t)D2S_2jX23§j“m“")L2(0,T;L2) = (w(t)[Ds_%»X]Xaﬁj“mDsun)L2(o,T;L2)
+ (W) D X0 un, [D*, X]un)
+ (V) D* "2 X0 un, D xuy)
= IT+I1I+1I1I.

L2(0,T;L2)
L2(0,T;L2)

Lemmas 4.2 and 4.3 ensure for u € Xr}’b NnL?,

(0,T; H*(w)) that

142 142
Icunlle < [ e3%xa o el S el + lull o

H
and 4 4
Hxai]unHHof2j S HXUTLHHU + |HX76§J]unHH¢772j /S ||Xu7l||H‘"r + ||un||HU—1 9

for 0 € R. The Cauchy—Schwarz inequality and Lemmas 4.2 and 4.3, in addition to above estimates, yield

(1) D?[D*% x]x0%

| < Nunll 20,717 U"HLZ(O,T;LQ)

IN

HunHL2(O,T;HT) Hw(t)xangn||L2(O,T;HS+P—1—23')

g (19Ol mm + il + 0
<1
|II‘ S Hw(t)xazjunHL2(07T;Hsf2jfp) ||DP[D57X}un”L2(O,T;L2)

< ||w(t)Xazjun||L2(07T;Hs—2j—p) ||un||L2(O7T;HP+571)
g (IOl + g +
1

A
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and

T
111 < / B0 X0 n | ooy 1 Xttn et

T
< /0 () [Ixunll gs (Ixunll s + llunll go-1) dt
2 2
S ||UHL2(I;HS(0J)) + HU”X;b + (|T/J(t)XU||L2(0,T;HS) + ||“||X;b> ||UnHX;b
< 1.

Thus, we obtain

(D=0, ) SL

L2(0,T;L2)

which implies (4.17) by taking limit on n, and the proof of Proposition 4.6 is achieved. [

4.4. Unique continuation property

As a consequence of the propagation of regularity, we prove the following unique continuation property
for the higher-order KdV type. First, let us prove the auxiliary lemma.

1
Lemma 4.7. Letu € ngz be a solution of
Opu+ (—1)7T192 y + ud,u =0 on (0,T) x T. (4.18)

Assume that u € C* ((0,T) x w), where w C T nonempty set. Then, u € C* ((0,T) x T).

Proof. Recall that the mean value [u] is conserved. Changing a into a + [u] if needed, we may assume that
[u] = 0. Using Lemma 3.1 (or from Lemma 2.2), we have that ud,u € X;’i%. It follows from Proposition 4.6
with f = —ud,u that

we I2,(0,T; H2(T)).

11
Choose tg such that u (to) e H3 (T). We can then solve (4.18) in X7'? with the initial data w (to). By

uniqueness of solution in X , we conclude that v € X7 33 . Applying Proposition 4.6 iteratively, we obtain
uwe L?(0,T; H" (T)), Vr > 0,
and, hence u € C*> ((0,7) xT). O

As a consequence of the previous result, we have the following unique continuation property.

1
Corollary 4.8. Let w be a nonempty open set in T and let u € X;’Q be a solution of

ou+ (=17 10¥  u + ud,u=0  on (0,T)xT,
u=c on (0,T) Xw

where ¢ € R denotes some constant. Then, u(t,z) = ¢ on (0,T) x T. Furthermore, if the mean [u] = 0, then
u(t,z) =0 on (0,T) x T.

Proof. Using Lemma 4.7, we infer that v € C*((0,T) x T). It follows that v = ¢ on (0,7) x T by the
unique property proved by Saut and Scheurer in [43]. O

24



R.de A. Capistrano—Filho, C. Kwak and F.J. Vielma Leal Nonlinear Analysis: Real World Applications 68 (2022) 103695

5. Global stability: Proof of Theorem 1.4

In this section, we can establish the global results for the higher-order nonlinear dispersive equation
(while Theorem 1.2 has a local aspect). The main ingredients are the propagation of regularity and the
unique continuation property shown in the previous section. Accurately, we are concerned with the stability
properties of the closed loop system

{ Opu + (=17 T192  y 4+ udpu = —Kyu  in {t >0} x T,

w(0,z) = ug (x) on T, (5-1)

where A > 0 is a given number, vy € H§ (T), for any s > 0 and K is defined by Kyu(t,z) = GG*L; 'u(t, x)
for the operator G defined as in (1.4). It is known (see, for e.g. [19]) that G is a linear bounded operator
from L2(0,T; H§(T)) into itself. Moreover, G is a self-adjoint positive operator on LZ(T).

5.1. Proof of Theorem 1.4 for s =0

Consider A = 0 in K and remember that Ky = GG*, so Theorem 1.4 in L?-level is a direct consequence
of the following observability inequality:
Let T > 0 and Rg > 0 be given. There exists a constant p > 1 such that for any ug € L2 (T) satisfying

||u0||L2 S RO;

the corresponding solution u of (5.1), with A = 0, satisfies

T
nwﬁzs¢4|mmwﬁzm. (5.2)

Indeed, suppose that (5.2) holds. Assuming that A = 0, the energy estimate gives us

T
HMﬂME=WM$—AIWMM@dL (5.3)

which jointly with (5.2) insures,

T
nwnwésw—nﬁnwwﬁwﬁ
or equivalently,
o ()2 < (e = 1) (JuollZ2 — u (T 0]122)

Thus,
n—1

2 2
l[u (T, )l < luolzz -

In this way, we inductively obtain that

k
p—1 2
T < () ol
]
for all k > 0. Finally, analogously to (5.3), we know
u(t, )2 < [u(kT, ) L2,

for kT <t < (k+ 1)T, thus
[ (&, M g2y < ce™ Jluoll 2y, V=0, (5.4)
w

log ( —H—
where ¢ = = and v = g(+_1), and Theorem 1.4 holds true for s =0. O
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Let us now turn to prove inequality (5.2). To do that we argue by contradiction. Suppose not, there exist
a sequence {un },cy = Un, such that u, € Y2 is solution of (5.1) satisfying

||u0,n||L2 S RO

but -
2 1 2
; 1Gun(®)llz2 dt < —lluonllze (5:5)
where ug ., = uy, (0). Let &, = [[ugnll 2 < Ro. Then, one can choose a subsequence of &, = {&,}, cy, still
denote by &,, such that,
lim &, =¢.
n— oo

There are two possible cases: (a) £ > 0 and (b) £ = 0.

Case (a): £ > 0. Since the sequence u,, is bounded in Y2, by Lemma 2.2 (see particularly [15, Lemma 2.4]),
1

the sequence {83C (u%) }n ey 18 bounded in X;’_f. By the compactness of embedding (taking subsequences
if needed, but still denote by u,,), we know

_ 1 1
Uy —> U inXTl’0 and —§8$(ui)—\f inX;’ 2,

1 _1
where u € X;’Q and f € X;)J 2. Moreover, from (3.1), we obtain
0,l 4
X772 = L*((0,T) x T),
which ensures that 2 is bounded in L? ((0,T) x T). Therefore, its follows that 9, (u2) is bounded in

X0 =120, H7(0,L)) .

1 g 1408
From interpolation of the space X;’ 2 and X7, we obtain that 9, (u2) is bounded in XTQ’ 22 for
6 € [0,1]. Again using the compactness of embedding we conclude that
1 —1,-1
—5895 (ui) — fin XTl’ 2,
On the other hand, it follows from (5.5) that
4 2 T 2
/ |G 22 dt — / |G|, dt = 0, (5.6)
0 0
which implies from the definition of the operator G as in (1.4) that
u(t,z) = /g(y)u(t,y) dy =:c(t) on (0,T) X w,
T
where w = {z € T : g > 0}. Thus, taking n — oo, we obtain from (5.1) that
Ou+ (=1)9T1920+ = f on (0,T) x T,
u(t,z) = c(t) on (0,7T) X w
We prove now that f = —19, (u?). Indeed, pick w, = u, —u and f,, = =39, (u2) — f — Kou,. Remark
that from (5.6),
T T T T
/ |Gl |2 dt :/ |Gl dt+/ |Gul2a dt — 2/ (Gun, Gu) di — 0. (5.7)
0 0 0 0
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1
Since w,, — 0 in X;’2 we infer from Rellich theorem that
/g(y)wn (t,y)dy — 0 in L? (0,7).
T
Combined with (5.7), this yields

— 0.
L2(0,T)

ngn”LQ(&T;LQ) < ||Gwn||L2(0,T;L2) + H/Tg(y)wn(7y) dy
Then, w,, and f, satisfy
Opwy, + (=1)7T192 Ty, = £,

and
11
fo—=0in X772 and w, —0in L? (0,T; L* (@),

where © = {g > MTL(’O} Applying Proposition 4.5 with b = % and b’ = 0, we conclude that

w, — 0in L}, (0,T;L*(T)).
boe (0,T5L2(T)) and 8, (u2) tends to 9, (u?) in distributional sense.
Therefore, f = —%(% (uz) and u € X;’j satisfies

Oput (1)1 u+ 30, (u*) =0 on (0,T) xT,
u(t,z) =c(t) on (0,7) X w.

Consequently, u2 tends to u? in L}

The first equation gives ¢’ (t) = 0 which, combined with the unique continuation property (Corollary 4.8)
ensures that u(t, z) = ¢, for some ¢ € R. Since [u] = 0, then ¢ =0 and

u, — 0in L}, ((0,7),L*(T)).
To end the proof of Case (a), we take a particular time ¢y € [0,T] such that
Uy, (to) — 0 in L?(T).

A direct computation gives

to
2 2 2
o2 = llun (t0)]22 + / |Gun(8)|25 d,

and this makes a contradiction, since the right-hand side converges to 0 while the left-hand side does not by
the hypothesis.

Case (b): £ = 0. Note from (5.5) that &, > 0, for all n € N. For each n € N| set v,, = g—: Then v, satisfies

Oy + (=1)7 1192y + Kov, + %395 (U?L) =0

with
T ) 1
/ |Gl dt < ~ (5.8)
0 n
and
lvo,nllp2 = 1.
Analogously as above, by the compactness of embedding, v,, (by extracting the subsequences if needed, but
still denote by v,,) satisfies

13 ~1,0 9 . 01
vy, mvin Xp ' 2 NX, and §n8$(vn)—>01nXT 2,
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From (5.8), we have
T
[ culizae=o.
0

which ensures that v solves

{ O+ (-1/T97 u=0  on (0,T)xT, (5.9)

v(t,x) = c(t) on (0,7) X w.

Due to Holmgren’s uniqueness theorem (see e.g. [44]), we conclude ¢ (t) = ¢ € R. Moreover, as [v] = 0 then
¢ = 0. According to (5.8), Gv,, converges to 0 in L?(0,T; L?), thus so

11
Kov, —0in X, 2,
Applying Proposition 4.5 as in Case (a), we have
v, = 0in L7, (0,75 L% (T)) ,

thus we achieve the same conclusion, showing the result. [

Remark 6. In view of the hypotheses in Proposition 4.5, the proof above is still valid, even if f,, converges
to 0 only in larger class (e.g., X 7 ~2). In other words, the property of propagation of compactness
(Proposition 4.5) established in this work enables one to extend Theorem 1.4 for rougher solutions.

5.2. Proof of Theorem 1.4

Once again, consider A = 0 in K. Now we prove that the solution u of (5.1) decays exponentially in
H#-level for any s > 0. We first prove it when s = 2j 4+ 1. Then, interpolating with the result in Section 5.1,
we obtain the conclusion for 0 < s < 25 + 1. The similar argument can be applied for s = (2j + 1)N, and
thus we complete the proof.

Fix s = 2j+1, j € N, and pick any R > 0 and any ug € H**!(T) with [uol| 2, < R. Let u be solution
of (5.1) with initial condition ug, and set v = u. Then, v satisfies

By + (~1)+10% 0 4 0,(w) = —Kov in {t > 0} x T, (5.10)
v (0,z) = vg () on T, |
where
vo = —Kouo — uoug — (1)1 027+ ug. (5.11)

According to Theorem B.3 and the exponential decay (5.4), for any T > 0 there exist constants C' > 0 and
v > 0 depending only on R and T such that

||u(',t)||y[<t) oy < Ce M ||lugl|,2 for all t>0.

Thus, for any € > 0, there exists a t* > 0 such that if ¢ > ¢*, one has

lu 0l

At this point we need an exponential stability result for the linearized system

(5.12)

8{(1} + (—1)j+18%j+1w + az(aw> = —KO’LU in {t > 0} X T’
w (0, ) = wg () on T,

where a € Y7 is a given function.
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Lemma 5.1. Lets > 0 and a € Y} for allT > 0. Then for any v € (0,7) there exist T > 0 and § > 0
such that if

sup |||y S8 (5.13)
n>1

[nT,(n+1)T

then
!
lw(-, 0|z S eV lwollys  forall t>0.

Remark that the implicit constant depends on ||wo|| grs, but not w.

Suppose Lemma 5.1 is valid. Choose € < 3, and then apply Lemma 5.1 to (5.10) to obtain
’ *
o, 8)llz2 S e O o (8] 2

for any t > t*, or equivalently
A
lo( O)llze < e llvoll 2

for any ¢t > 0. From
(—1)7 192y = — Kou — udyu — v,

a direct computation gives
lu@®llms S llu)llpz + lu@)l g2 lu@llas + v@)ll 2.

Applying Theorem 1.4 for s = 0 established in Section 5.1, Theorem B.3 and Lemma 5.1 with (5.11) to the
right-hand side, we obtain
/
luC, )l < Ce™ " [luoll s »

for any t > 0. Note that the implicit constant here depends only on R. This proves Theorem 1.4 for s = 2j+1.
Moreover applying Lemma 5.1 for w = u; — us and a = u; + us when uy, us are two different solutions, we
obtain the Lipschitz stability estimate, which is required for interpolation:

(= u2) (- B)lg < Ce™ (w1 = ) (-, 0)|o -

Thus, it remains to prove Lemma 5.1. [

Proof of Lemma 5.1. Let "> 0 and s > 0 be given, and a € Y. Similarly as the proof of Theorem B.3,
we can show that the system (5.12) admits a unique solution Y2 N CrH?®, and the solution u satisfies

lullys < ars(llallyz) lluollgs » (5.14)

where ar , is positive nondecreasing continuous function. By Duhamel’s principle, the solution u to (5.12)
is equivalent to the following integral form:

w(t) = Wo(t)wo — /0 Wo(t — $)05(aw)(s) ds,

where Wo(t) = e—t((—l)j+1agj+1+1<o)

. Then, due to Proposition A.4, Lemma B.1 and (5.14), we get
(- T) e < Cre™7 awnllge + Collallvgar.s (lallvz ) ol (5.15)
where C7 > 0 is independent of T" while Cs may depend on T'. Let

yn = w(-,nT) for neN.
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Then, similarly as (5.15), we obtain for each n € N that

lyms1llzs < Cre™ lynllgs + Canllallvs,, 1 g 07s <||GHY[§LT’<H1)T]) Iyl s -

By choosing appropriate T' > 0 large enough and > 0 small enough such that
Cre7 4 Cofpar(B) = e,

we conclude that
_ !
||yn+1||Hs <e™? T ”ynHHg (5.16)

for any n > 1 as long as (5.13) is assumed. By using (5.16) inductively, we obtain

_ /
lynll s < e llyoll s

for any n > 1, which implies that
_ A
[w(- s < Ce™ " woll s

for all ¢ > 0. This completes the proof. O

6. Concluding remarks and open issues

In this work we treat the global control issues for the general higher-order KdV type equation on periodic
domain

_1)itlg2i+1 _
{8“”( Do utudyu=Gh, e 0.1y < T, (6.1)

’LL(O, x) = Ug,

where, Gh is defined as (1.4) and can take also the form Gh = Kyu(t,z) = GG*Ly'u(t,z). The
results presented in the manuscript recovered previous global control problems for the KdV and Kawahara
equations, when 7 = 1 and 2, respectively. Nevertheless, presents global control results for a general KdV
type equation, which is more complex than the studies previously presented.

Precisely, due to the smoothing properties of solutions in Bourgain spaces we are able to prove the
Strichartz estimates and propagation of reqularity associated with the solution of the linear system of (6.1).
With this in hand, we prove an observability inequality for the solutions of the system(6.1). This helps us
prove the main results of the article. Even though it has a generalist character, the work presents interesting
problems from the mathematical point of view, which we will detail below.

6.1. Time-varying feedback law

A natural question that arises is related to global stabilization with an arbitrary large decay rate. This
can be obtained by using a time-varying feedback law. As for the KdV and Kawahara equations, the time-
varying feedback control law for the higher-order KdV type equation can be found. Precisely, it is possible
to construct a continuous time-varying feedback law K = K (u, t) such that a semi-global stabilization holds
with an arbitrary large decay rate in the Sobolev space H*(T) for any s > 0. In fact, K has the following
form

13

K (1) = p (|l ) {9 (T) K(u) +0 (; - T) GG*U] + (1= p (Il ) ) GG,

where p € C*°(R™;[0,1]) is a function such that for some ro € (0,1), we have

|1, for r < rg,
plr) = { 0, forr>1
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and 6 € C*(R; [0, 1]) is a function with the following properties: §(t 4+ 2) = 0(t), for all ¢t € R and

1, ford <t<1-4,
e(t)"{ 0, for 1 <t <2,

for some & € (0, {5). Then, the following result holds true.

Theorem 6.1. Let A > 0 and let K = K(u,t) be as above. Pick any X' € (0,\) and any X' €
(N/2,(k+ X)/2). Then there exists a time Ty > 0 such that for T > Ty, to € R and ug € H*(T), the
unique solution of the closed-loop system

Opu + (=1)7T102  y + udpu = —K(u,t), (t,r) €ERx T

satisfies

(-, 8) = Tuoll s < Yo, (luo — o]l =) e 710 Jlug — [wolll s, for all t > to,

where s is a nondecreasing continuous function.

6.2. Low regularity control results

Observe that the results presented in this work are verified in H*(T), when s > 0. However, by comparing
with [15], a natural question appears.

Problem A: Is it possible to prove control results for the system (6.1) with —j/2 < s < 07

The answer for this question may be very technical and the well-posedness result probably will be the
biggest challenge. Additionally, the unique continuation property needs to be proved and appears to be also
a hard problem. Thus, the following open issues naturally appear.

Problem B: Is the system (6.1) globally well-posed in H*(T), for —j/2 < s < 07

Problem C: Is the unique continuation property, presented in Lemma 4.7, true for —5/2 < s < 07
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Appendix A. Controllability and stability results: Linear problems

Let us consider the linear open loop control system

Opu+ (—1)7T192+ 1y = Gh, (t,r) e Rx T,
u(0, ) = uo(x), xeT,

where the operator G is defined as in (1.4) and h = h(t, z) is the control input.
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Consider the L?-basis {¢, }rez, thus the solution u of (A.1) can be expressed in the form

u(t,z) = Z (e’\ktuoﬁk + /Ot MG [h) (1) dT) or (), (A.2)

keZ

where ug j are the Fourier coefficients of ug and G[h] are
uok = (uo,dx) and  Gglh] = (Gh, ¢x) = (h, Goy) (A.3)

for k € Z, respectively. Moreover, for given s € R, if ug € H* (T) and h € L?(0,T; H* (T)), the function
given by (A.2) belongs to the space C([0,T]; H*(T)). Now, we are in position to prove control results for the
system (A.1).

A.1. Controllability result
The first result means that system (A.1) is exactly controllable in time T' > 0 and can be read as follows.

Theorem A.1. LetT >0 and s € R be given. There exists a bounded linear operator
@ : H%(T) x H*(T) — L?(0,T; H*(T))

such that for any ug,u; € H*(T) with [ug] = [u1], if one chooses h = & (ug,uy) in (A.1), then the system
(A.1) admits a solution uw € C([0,T); H*(T)) satisfying

ul,_g = o, ul;_p =ui.

Moreover, we have
(o, ur)ll 20,7505y S (ol s + lluallge), (A.4)

here the implicit constant depends only on T, ||g|| s and ||g|| ;—s-
Remark 7. The proof of Theorem A.1 is standard provided that the eigenvalues of the associated linear

operator satisfy Lemma 2.1, precisely, the proof relies only on the fact that the dual basis of {e*!} is a
Riesz sequence, which follows from a classical theorem of Ingham and Beurling [32,33].

Proof of Theorem A.1. As mentioned in Remark 7, the proof of Theorem A.1 is now standard, and can be
found in the literature, for instance [10,19,25]. However, we also give a proof for the sake of self-containedness.
Since the solution u(t, z) can be expressed as in (A.2), it suffices to find h € L?(0,T; H*(T)) such that

T
ur(z) =Y (6)"€Tu07k + / TG [h] (1) dT) or (z),
0
which follows from T
e_AkTuLk — U = / e_’\kTGk[h](T) dr, foreach k€ Z, (A.5)
0

where ug g, w1, and Gy[h] are the Fourier coefficients defined as in (A.3).
Note that P = {p, = e*! : k € Z} forms a Riesz basis for its closed span Pz in L?(0,T), and there
uniquely exists the dual basis @ = {qi : k € Z} in Pr such that

T
/ q;()pr(t) dt =95, —00 < j,k < oo. (A.6)
0
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We take the control input A of the form

= " hjg;(t)(Ge)) (), (A7)

JEZ

where the coefficients h; are to be precisely determined later, depending on given vy, v; and g.
Inserting (A.7) into (A.5) and using (A.6) and the fact that G is a self-adjoin operator, one has

Ty — gk = Z/ MR (8)(G(Gy), dr)dt = hy||Gorll7»- (A.8)

JEZ

We set 8y == ||G¢k\|12. The definitions of ¢ and G¢y ensure that 5 > 0 for all & # 0. Moreover, a direct
computation in (1.4) gives

Bk = % /Tg(:zc)2 dx — 2Re ((/Tg(ac)qbk(m) da:) /Tg(:t)gqb,k(x) dac)
o| [ | [ g e

which, in addition to Riemann—Lebesgue lemma, ensures

1
1 = — 2d )
Bk = o /Tg(”f) z>0

From above observation, it follows that there exists § > 0 such that

Br>d>0, k#O.

Thus, from (A.8), hy is naturally defined as

T _
ho=0 and hy= S LR TUOR g g,
B
The rest of proof is to show that h is in L% (0,T; H*(T)) for all ug,u; € H*. We write G¢; and g with

the standard basis {¢,} as

Goj(x) =Y Gindn(z) and g(x) = gndu(@)

ne”Z neE”Z

where G, ,, = (G¢;, ¢») and g, = (g, @), for all j,n € Z. Then, h in (A.7) can be rewritten as

=33 hjg;(H)Gjndn(x).

JELZ nEL

By using a classical theorem of Ingham and Beruling [32,33], a computation with the property of the Riesz

2s 2
Hh||2L2(0,T;HS) S Z (n) Z 1hiGinl

basis Q gives

neZ JEZ\{0}
2 2s
= D Il :
Jjez\{o} nez

Using definitions of G; , and G¢;, one knows

Gin = (Goj, dn) = > gr(dr;, dn) — g-

1
j9n = —F7—9n—j — 9—j9n,
kez V2
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hence we obtain
2 2 2, 2
1Gjnl™ S 1gn—;1" + 19-51"1gnl";

and conclude

DGl S D () Ngal® + g3 D ()* lgul.

nez nez nezZ

When s > 0, a direct computation yields

G2 0mms S D Ihyl? (Z G+ gl + 195" Y (n)* gn|2>

JEZ\{0} nez nez
2 .\ 2 2 2
S gl Do ()7 + lg—i )kl
JjezZ\{0}
2
S lgllis Do () + lg—sP)B5 e ur g — uo
JEZ\{0}
2 2 2
S e 67 ol 1+ lole) (ol + nly)

On the other hand, when s < 0, due to the crude estimate
(a+0)° < (@) @), abceRr,

we have similarly as before

DTGl S D )T gl H (=) g P D () gl

nez nez nez
2 2
S (L llgllzs) gl »

and hence 2 ., ..
220z S 0 GO S G) 7 () 16
JEZ\{0} nez
< max u+wﬁnwﬁﬂ(ww%+wm@g-
~ jez\{o}

Therefore, we complete the proof. [
As a consequence of Theorem A.1, we have the following property for the unitary operator group W.
Corollary A.2. LetT > 0 be given. Then, there exists 6 > 0 such that
4 2 2
| 1ewors a= s
for any f € L2.
A.2. Feedback stabilization

This part of the work gives a positive answer to the stabilization problem. Let us remember that if s € R,
for any A > 0, we define a bounded linear operator from H*(T) to itself by

1
Lyf = /0 e PTW(=1)GG*W* (=7) [ dr,
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for any f € H® (T). Note that Ly = I. It is known that L) is a self-adjoint positive operator on H(T) and
S0 is its inverse L;l, for all s > 0 (see, for instance, [19, Lemma 2.4]). This fact enables us to take the control
function h(t,z) = —G*L} 'u(t,r), and by employing the following feedback control law

Kyu(t,z) = GG* Ly u(t, x)
we obtain the closed-loop system from (A.1), namely
Opu + (—1)7T192 y = — Kyu. (A.9)

We will give a stabilizability result, to see this we rewrite system (A.9) as an abstract control system in
the Hilbert space V:

Owu = Au+ Bh, u(0) = uo, (A.10)

where A is the operator defined by (2.1) which corresponds to the continuous unitary operator group W (t)

on the space L?(T) satisfying (2.2). The following theorem is derived from Theorem A.1 and a classical

principle ezxact controllability implies exponential stabilizability for conservative control systems. For details,
we suggest for the reader the Refs. [30,31].

Theorem A.3. Assume that the assumptions of Theorem A.1 are satisfied. Then

(i) There exist a T >0 and § > 0 such that

T
* * 2 2
1B W @uol ey dt 2 8 ol

for any uy € H®.
(ii) For any given X > 0, there exists an operator K € L(H*(T), L*(T)) such that if one chooses h = Ku in
(A.10), then the resulting closed-loop system

0w = Au+ BKu, u(0) = uo,
has the property that its solution satisfies
lu()ll s S e ol s

In our context, by using the result due [30,31], the following proposition presents that the closed-loop
system (A.9) is exponentially stable:

Proposition A.4. Let s > 0 and A > 0 be given. Then for any ug € H* (T), the linear closed-loop system
(A.9) admits a unique solution v € C ([0,T]; H® (T)). Moreover, the solution u obeys the following decay

property:

lu(t) = [uolllgrs S € Iluo — [wo]ll s »

for any t > 0. The implicit constant depends only on s.

Proof. The proof is the same as that of Theorem A.3. O
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Appendix B. Global well-posedness for the closed loop system

Recall the system (A.9) with the nonlinearity wu,
O+ (—1)7 192y + uu, = —Kyu. (B.1)

and its integral formulas

w(t) = W (t)ug — /O W(t — 7)(Ku)(r)dr — /0 Wt — 1) (u) ()dr
(B.2)

= Wi (t)uo — /0 Wi(t — 1) (wuy) (1)d,

where W (T) is the linear propagator associated to (A.9). Using Lemma 2.2 (5) (with small modification)
and the boundedness of G, G* and L;l, we immediately obtain

for I =[a,b] with0 <b—a<1land0<e< 3.
We now establish a similar result to Lemma 2.2 (2) and (3), associated to the propagator W but in Y*.

/ Wt —7)(Kxu)(T) dr

ST Nl (B.3)
Y7

Lemma B.1. LetT > 0 be given.

(1) For all s € R, we have for f € H®
WA fllys S 1l -

(2) For all s € R, we have for F € Y}

The implicit constants depend on T and s.

/Ot Wi(t —1)F(7) dr

s|Fr (- R
v Y
Proof. For given f € H® and F € Y7, set
t
ult,z) = WA(t)f—i—/ W(t — 1) F(r) dr.
0

Then, u solves
Ou+ (=1)7 1oy = —Kyu+ F

with u(0) = f, equivalently,
u(t,x) = W(t)f — /t W (t — 7)(Ku)(r) dr + /t W(t - 7)F(r) dr.
0 0
Using (B.3), one has

1—e
)l

)
s
YT>

— j -1
el 5 (161 + 77 (=) B

which implies

||u||YIs <c{) (||f||H5 + "‘F_l (<T - k2j+1>_1 ﬁ)‘
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for a proper non-empty I C [0,7] with |I| < 1. Let I = [0,%0], then we divide [0,T] into [%} + 1 the

subintervals, denoted by I, precisely, let ¢, = [%}, set

IO = [O,to], Ij = [jto, (] + 1)t0}, j = 1,2,. . .,t* - 1, and It* = [t*tO,T]

)
Yjﬁ)

Therefore, we have®

B 1~
lulh % (6 + 00 (11 + |77 (7= 1257 F)|
which completes the proof. O

Using Lemmas B.1 and 2.2 Item (4), one proves the local well-posedness of (B.1).

Lemma B.2 (Local Well-Posedness of Nonlinear Closed Loop System). Let s > 0 and T > 0 be given. Let
define a map I' : H® — CpH? as in the second part of the right-hand side of (B.2) (again denoted by I'u).
Then, there exists § = 6(T) > 0 such that if

[uoll s <6,

then the map I' is a contraction map on a suitable ball. Moreover the map is locally uniformly continuous.

Proof. The proof is analogous to the proof of Lemma C.1. Taking Y7;? norm to the map I'u and applying
Lemmas B.1 and 2.2 Item (4), one has

2
ITullys < Clluollys +C lulle
and for u — u with «(0) = u(0),
- S < S S - S
|7 = Tullyy < € (lullys + el ) llo = ully

where the constant C' be the maximum one among constants appearing in Lemma 2.2 (4) and Lemma B.1.
By taking § > 0 satisfying 8C?6 < 1, we claim the map I is contractive on a ball

{veYp: HU||YTS < 2C4}.
One similarly proves that the map is Lipschitz continuous, thus we complete the proof. O

The local solution constructed in Lemma B.2 can be extended to the global one.

Theorem B.3 (Global Well-Posedness). Let s > 0 and T > 0 be given. For any ug € H?, there exists a
unique solution u to (B.1) in Y7 N CrH?® such that the following estimate holds true:

lullys < ars(lluoll2) lluoll s »

where ot s 15 positive nondecreasing continuous function depending on T' and s.

5 One may use time cut-off functions supported on each I; so that u = Z;;O N1, (t)u on [0,T]. Then Yz norm of each part

is bounded by YISJ norm of the same one.
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Proof. A direct computation, in addition to the fact that G is self-adjoint in L2, yields

1 ) .
Ld u? = (—1)7/u8§3+1u—/u(uux) —/uK,\u = —(GLy'u, Gu). (B.4)
2dt Jy T T T

Since G and L;l is bounded in L2, the Cauchy-Schwarz and the Grénwall’s inequalities ensure
2 2 .
lu(®)llz2 < lluollz2 e, (B.5)

for some ¢ > 0 depending on G and Ly, and t > 0. Together with Lemma B.2 and the standard continuity
argument, we complete the global well-posedness of (B.1) in L2
Let v = wu; for a smooth solution to (B.1). Then, v solves

Ov + (=192 y 4+ (wv), = —Kyv (B.6)

where
vo = (=1)! 97 ug — ugdpuo — Kyug. (B.7)

Note that w is a solution to (B.1), thus we can take Ty > 0 such that
fulp % lluolza.
Then, analogously as in the proof of Lemma B.2, we also have
1oll oo 0,71502) S Hlvllyg < 2lvollz2,

here 0 < Ty < Ty is chosen appropriately.
On the other hand, a direct computation gives

d (1 . 1 ) ) 1
Bl i) — = | w?) = —(GL ! J — | v*Kyu.
p (2 A(awu) G/TU ) (GL, " 0u, Golu) + Q/II‘U AU

Using boundedness of G and L;l, and thus K, and Gagliardo—Nirenberg inequality, we have
j 2 1 3 2 1 3
10u®)z2 < 5 [ v’ +110%uollze + 5 | up
3Jr 3 Jr
! Vi 2 "1 Vi 2 1 6 1 2
+C | ozuls)lzz ds+ | 2l10zuls)llzz + L lus)lize + 5lluls)llzz ds
0 0
1 ) 5 1 0 13 . 5 1 10
< S lBIu()22 + ;u@ s + 15 105u0ll2 + 7 lwoll
' Vi 2 ‘1 Vi 2 1 6 1 2
+C ; [07u(s)ll 72 ds + ; 7102u(s) 72 + Zlluls) |z + Slluls)llzz ds.

With (B.5), we claim from Grénwall’s inequality that ||02u(t)| 2 does not blow up in finite time, thus so

[0ru()]| oo

A similar computation as in (B.4) yields

1d 1 —
2% '11‘1)2 = —E/EuxUQ — (GL'v, G),

which ensures that

t
Ct+ [ 19zu(s)| oo

lo(®)l[r2 < e l[voll 22

38



R.de A. Capistrano—Filho, C. Kwak and F.J. Vielma Leal Nonlinear Analysis: Real World Applications 68 (2022) 103695
for all ¢ > 0, due to global boundedness of ||0,u(u)| L. Finally, for given T > 0, a direct computation with
v=muy = — (=172 y — yu, — Kyu gives

1027 ull g2 S Hlull 2 + vl g2 + [lull g2 lue | oe

1 ..
< Clluollzz + Ilvollz2 + lluollz) + 511027 Hull e,
for some C > 0 depending on T', which in addition to (B.7) implies

[ullpoc 0,;m25+1) < @r2j1([[uoll p2) l[woll 21

For s € (2j + 1)N, one can show the global well-posedness similarly, and for (2j +1)(n—1) < s < (2§ + 1)n,
n € N, it follows from the interpolation argument. Therefore, we complete the proof. O

Appendix C. Local controllability and stability: Nonlinear results

This section devotes to proving Theorems 1.1 and 1.2. The proofs can be found in [29], but we just provide
here the proof for the self-containedness.

C.1. Proof of Theorem 1.1
Rewrite the system (1.8) in its equivalent integral equation form:

u(t) = W(t)uo + /0 Wt —71)(Gh)(T)dT — /0 W(t —7) (uug) (1)dr. (C.1)

Define T
w(T,u) = /0 W(T — 1) (uug) (1)dr.

Then, Lemma 2.2 (3) and (4) yield

Tl 5 07 2 ([ W= 7)) (1)

S lull3s < oo, (C.2)
2Ll T

provided that v € Y;2. Choose h = &(ug, u; +w(T,u)) in Eq. (C.1) for u € Y. From Theorem A.1, we have
that for given ug and u;

¢ ¢
u(t) = W(t)up + / Wt —71)(GP (ug,u1 +w(T,w))) (7)dr — / W(t —7) (uug) (1)dr (C.3)
0 0
with u|,_,y =wuo and wu|,_; = u;. Then, the following lemma proves Theorem 1.1.

Lemma C.1. Lets >0 andT > 0 be given. Let define a map I' : H® — CrH?® as in (C.3) (denoted by I'u).
Then, there exists 6 = 6(T) > 0 such that if ||uo||ys < 9 and ||ui| ys < 6, then the map I' is a contraction
map on a suitable ball.

Remark 8. The standard Picard iteration argument ensures the uniqueness of the fixed point, hence the
condition u(7T, x) = u;y is guaranteed.

Proof of Lemma C.1. We denote the maximum implicit constant among ones appearing in Lemma 2.2,
(A.4) and (C.2) by C > 0. Note that here the constant C' depends on time T' > 0, precisely, C' is increasing
when T’ grows up.
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So, using Lemma 2.2 with Remark 3, (A.4) and (C.2), one has
2 2
IPullys < C (ol s + el + (uollzs + Nur s + Nl ) ) -
Analogously, for solutions u and u with u(0) = u(0) and u(T) = u(T), we have
- S < 3 3 - R
10w~ Tullys <20 (lullys + laullys ) e~ alyy
Taking § > 0 satisfying 48C?6 < 1,° we conclude that the map I” is contractive in a ball

{veYp: HU”Y; <6Cd},

thus this completes the proof. [

C.2. Proof of Theorem 1.2

We are now ready to prove Theorem 1.2. For given s > 0 and A > 0, we have from Proposition A.4 that
1WA (ol o < Ce™ gl
where the implicit constant C' > 0 depends only on s. For any 0 < A’ < A, take T'=T'(\') > 0 such that
2Ce™>T < AT,

Let us consider solution u to the integral Eq. (B.2) as a fixed point of the map

Tu(t) = Wi (t)ug — /0 Wi(t — 7) (uug) (7)dr

in some closed ball Br(0) in the function space Y;. This will be done provided that ||ugl| ;s < 6 where § is
a small number to be determined. Furthermore, to ensure the exponential stability with the claimed decay
rate, the numbers d and R will be chosen in such a way that

./
(D) s < ™7 ol 575

Applying Lemmas B.1 and 2.2 (4), there exist some positive constant C;,Cs (independent of § and R) such
that

2
IPully; < i lluollgo + Co 1wl

and for v — u with u(0) = u(0),
1 = Tullyy < Ca (Nl + il ) =l

On the other hand, we have for some constant C’ > 0 and all u € Bg(0)

1))y < CrlWA(T)uollys + Co /0 WA(T = 7) (uug) (T)dr

Yr
S 67>\T5 + C,RQ.

Pick 6 = C4R?, where C4 and R are chosen so that

!
g S CG—AT

o , (C1C4+Cy)R*< R and 203R <
4

N

6 Here § depends on T since the constant relies on T'.
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Then we have
IT(u)llys <R, Yue Bgr(0)

and
1
117 (u1) = I (u2)llys < 3 lur = uzllzz o Vur,uz € Br(0).

Therefore, I' is a contraction in Br(0). Furthermore, its unique fixed point u € Br(0) fulfills
(T s < 1T (@)(T) [z < e 76
Assume now that 0 < ||ug||, < 0. Changing § into ¢’ = |lugl|, and R into R’ = (5’/5)% R, we infer that
()l < e ol

and an obvious induction yields
I
lu(nT)|lms < e Jluoll s

for any n > 0. We infer by the semigroup property that there exists some positive constant C' > 0 such that
[u@®)ll s < Ce™ [luol s »

if ||ug|| s < 0. The proof is complete. [J
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