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CONTROL OF A BOUSSINESQ SYSTEM OF KDV-KDV TYPE ON
A BOUNDED INTERVAL

ROBERTO A. CAPISTRANO-FILHO!, ADEMIR F. PAZOTO? AND
L1IONEL ROSIER®"

Abstract. We consider a Boussinesq system of KdV-KdV type introduced by J.L. Bona, M. Chen
and J.-C. Saut as a model for the motion of small amplitude long waves on the surface of an ideal fluid.
This system of two equations can describe the propagation of waves in both directions, while the single
KdV equation is limited to unidirectional waves. We are concerned here with the exact controllability
of the Boussinesq system by using some boundary controls. By reducing the controllability problem to
a spectral problem which is solved by using the Paley—Wiener method introduced by the third author
for KdV, we determine explicitly all the critical lengths for which the exact controllability fails for the
linearized system, and give a complete picture of the controllability results with one or two boundary
controls of Dirichlet or Neumann type. The extension of the exact controllability to the full Boussinesq
system is derived in the energy space in the case of a control of Neumann type. It is obtained by
incorporating a boundary feedback in the control in order to ensure a global Kato smoothing effect.
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1. INTRODUCTION

Boussinesq introduced in [5, 6] several simple nonlinear systems of PDEs (including the Korteweg—de Vries
(KdV) equation [20]) to explain certain physical observations concerning the water waves, e.g. the emergence
and stability of solitons. Unfortunately, several systems derived by Boussinesq proved to be ill-posed, so that
there was a need to propose other systems similar to Boussinesq’s ones but with better mathematical properties.

The four-parameter family of Boussinesq systems

Mt + vz + (nv)x + QUpgy — bnzrt - 07
(1.1)
v + Nz + v, + Cllzgzx — dvmmt = 07
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was introduced by Bona et al. [3] to describe the motion of small amplitude long waves on the surface of an
ideal fluid under the gravity force and in situations when the motion is sensibly two-dimensional. In (1.1), 7 is
the elevation of the fluid surface from the equilibrium position, and v = vy is the horizontal velocity in the flow
at height 6h, where h is the undisturbed depth of the liquid. The parameters a, b, ¢, d are required to fulfill the
relations

1/, 1 1 ) )
- [ — = - — > .
a+b 2(9 3), c+d 2(1 6%) > 0, (1.2)

where 6 € [0, 1] specifies which horizontal velocity the variable v represents. As it has been proved in [3], the
initial value problem for the linear system associated with (1.1) is well posed on R if and only if the parameters
a, b, c,d fall in one of the following cases

(C1) b,d >0, a<0, c<0;
(C2) b,d>0, a=c>0.

The wellposedness of the full system (1.1) on the line (z € R) was investigated in [4].

Recently, a rather complete picture of the control properties of (1.1) on a periodic domain with a locally
supported forcing term was given in [26]. According to the values of the four parameters a, b, ¢, d, the linearized
system may be either controllable in any positive time, or solely in large time, or may not be controllable at all.
These results were also extended in [26] to the generic nonlinear system (1.1), that is, when all the parameters
are different from 0.

When b = d = 0 and (C2) is satisfied, then necessarily a = ¢ = 1/6. Nevertheless, the scaling x — 2/v/6,
t — t/+/6 gives a system equivalent to (1.1) for which a = ¢ = 1, namely

1.
Vg + Ny + VU + Npze = 0. (1.3)

{ Nt + Uy + (nv)w + Vgzx = 0,
The above system will be referred to as a Boussinesq system of KdV-KdV type, or as a KdV-KdV system.
The KdV-KdV system is expected to admit global solutions on R [4], and it also possesses good control
properties on the torus [26].
The boundary stabilization of (1.3) on a bounded domain (0, L) was investigated by two of the authors in
[28]. They proved that if system (1.3) is supplemented with the following boundary conditions

v(t,0) = v, (t,0) =0, in (0,7,
Vg (tv O) = QoT)x (ta 0)7 in (Oﬂ T)a
'U(ta ) = 04277(157 L)a in (OaT)v (14)
ve(t, L) = —ayne(t, L), in (0,7),
Ua:a:(ta L) = _04277$a:(t7 L), in (0, T),
and the initial conditions
n(0,2) = mo(x), v(0,2) = wolw),  in (0,L), (1.5)

then the system is locally exponentially stable in the energy space [L?(0, L)]?> whenever the constants ag, a;
and s satisfy

ag >0, ap >0, and ap = 1.

INote that a +b+c+d = %
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To our best knowledge, the boundary control of the Boussinesq system of KdV-KdV type on a bounded
domain (0, L) is completely open. The aim of this paper is to investigate the control properties of the following
system

nt + UCE + (Ir]v)aj + UZL’ZE:E = 07 in (07T) X (07 L)7 (1 6)
Ve + Nz + Y0z + Mgz = 0, in (0,7) x (0, L '

with the boundary conditions

and the initial conditions
7(0,2) = no(x), v(0,2) = vo(x), in (0,L). (1.8)

It is of course desirable to obtain control results (or stabilization results) with a few number of controls
inputs. Here, we will provide a complete picture of the exact controllability of the linearized system with one
or two controls among hg, h1, h2, 90, 91, go-

A similar study was performed for the KdV equation

Yt + Yozz + Yo +yYz =0, (19)

with the boundary conditions

More precisely, the exact controllability of (1.9)—(1.10) was established in [30] when hg = h; = 0 (ha being the

only effective control) for a length L which is not critical, in [8, 9, 13] for a length L which is critical, and in

[19] when hg = he = 0 for a length L not critical. The null controllability of (1.9)—(1.10) was proved in [31] (see

also [18]) when h; = hg = 0 for any length L > 0. Note that in that case there is no critical length, and that

solely the null controllability holds (say in L?(0, L)), because the terminal state y(-, T') is C* smooth for z > 0.
A length L is said to be critical when the linearized equation

Yt + Yozz + Yo =0, (111)

fails to be controllable. This phenomenon was first noticed in [30]. It is due to the influence of the first order

derivative 0, on the spectrum of the operator 82 with the boundary conditions y(0) = y(L) = y,(L) = 0. If the

high frequencies are asymptotically preserved, the low frequencies may be strongly modified, and some of the

corresponding eigenfunctions may become uncontrollable for (1.11) for certain values of L (the critical ones).
The set of critical lengths for the linear control system

y(t,0) =y, L) =0, yu(t, L) = ha(t), (1.13)

2 2
wom {om[EEEE e

was found [30] to be
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On the other hand, the set of critical lengths for the linear control system

Yt + Yzaw + Yo = 0, (114)

was proved in [19] to be discrete, countable and given by

N :={L>0;3a € C,b e C with ae® = be’ = —(a + b)e 7", L* = —(a® + ab + b?)}.

The determination of the critical lengths for system (1.12) and (1.13) in [30] was based on a series of reductions
(as in [1]), first to a unique continuation property for the adjoint system, next to a spectral problem with an
extra condition:

_ y/// _ y/ = \y, y(O) _ y(L) — y’(()) =0 and y’(L) =0. (1-16)

This spectral problem was then solved by extending the function y by 0 outside (0, L), by taking its Fourier
transform and by using Paley—Wiener theorem. The length L is then critical if and only if there exist some
numbers p € C and (a, ) € C?\ {(0,0)} such that the function

a— Be—iLg
f@) =m—F (1.17)
© B3 —¢+p
is analytic on C, that is, the roots of €3 — & + p are also roots of o — Be™*¢ with at least the same multiplicity.
The determination of A follows then with some algebra. B
By contrast, the critical lengths for (1.14) and (1.15), that is the elements of N, are not explicitly known.
This is likely due to the lack of symmetries in the corresponding spectral problem

—y" =y =My, y(0) = y(L) = y'(0) = 0 and y"(L) = 0. (1.18)

Note that the boundary conditions in (1.16) are preserved by the transformation x — L — . This symmetry
yields a more tractable function f in (1.17).

Boussinesq system is more convenient than KdV as a model for the propagation of water waves, for it is
adapted to the propagation of waves in both directions, and it is still valid after bounces of waves at the bound-
ary. It is striking that the control theory for Boussinesq system (exposed in this paper) is better understood
than for KdV as far as the critical lengths are concerned: indeed, the critical lengths for Boussinesq system are
explicitly given for any set of boundary controls (except in Case 3 where only g is used, and in Case 12 where
hi and go are used, see Tab. 1), which is not the case for KdV with a control as in (1.15). We believe that this
is due to the numerous symmetries of Boussinesq system: for instance, z = 0 and « = L (resp. n and v) play
a symmetric role for the linearized Boussinesq system. The price to be paid is the lack of any Kato smooth-
ing effect (the system being conservative), which makes the extension of the control results to the nonlinear
Boussinesq system more delicate than for KdV. We refer the reader to [7-13, 16, 18, 19, 21, 22, 27, 29-33] for
the control and stabilization of KdV, and [14, 15, 17] for the critical lengths concerning some other dispersive
equations.

To investigate the control properties of the linearized system, we proceed as in [30]. To prove the observability
inequality, we use the reduction to a spectral problem with an extra condition and the Paley—Wiener method.
Here, we have to see for which value of L > 0 two functions are entire for a set of parameters. For instance, in
Case 1 where only g is used, the two functions read

= ﬁ(a + Blf + 'ye_iLg),
9(§) = ﬁ(a/ — Big ++'e'"),
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for some p € C and (o, 8,7, a’,7") € C®\ {0}. Using the symmetries of the system, we can prove that the set of
critical lengths is NV

In the reduction to the unique continuation property (UCP), we use in most cases an identity obtained by
using Morawetz multiplier, namely (2.10) (see below). However, for Case 3 (see Tab. 1), the identity (2.10)
proved to be useless. We replace the observability inequality by a weaker estimate

T
1%, )2 0,232 < € (/0 [z (t, L)[*dt + ||(7707'U0)||[2L2(0,L)]2> : (1.19)

which in turn is established by performing a careful investigation of the spectral reduction of the skew-adjoint
operator A(n,v) = (—Vz — Vgzzs —Nz — Nzxz) With domain

D(A) = {(n,v) € [H*(0, L) N Hy (0, L)]*; 1:(0) = va(L) = 0} € [L*(0, L)]*.

We show that the space [L%(0, L)]? admits an orthonormal basis constituted of eigenfunctions of A. To do that,
we introduce the selfadjoint operator (By)(2) = —Yuze (L — ) — y (L — ) with domain

D(B) ={y € H*(0,L)N H}0,L); y.(L) =0} c L*(0,L).

Then the spectral reduction of B yields at once those for A.

We give in Table 1 (see below) a complete picture of the exact controllability results for the linearized
Boussinesq system. It is not difficult to extend those exact controllability results to the nonlinear Boussinesq
system in spaces of sufficiently regular functions (e.g. some subspaces of [H2(0, L)]?), but here we will not do
it for the sake of shortness. Rather, we shall explain how to obtain exact controllability /stabilization results in
the energy space [L%(0, L)]? by incorporating a feedback law in the control that yields a smoothing effect, as
it was done in [23] for the Benjamin—Ono equation. We shall limit ourserves to the case of a single Neumann
boundary control (Case 1), namely to the system

N + Ve + (V) g + Vaze = 0, te (0,7), x € (0,L),

Ut + N + YUz + Npge = 0, te (0,7), z € (0,L),

77(1570) = Oa 77(t7L) = 07 ﬂz(t>0) = Oa te (OvT)a (1'20)
v(t,0) =0, v(t,L) =0, vy(t, L) = g2(t), te(0,T),

n(0,z) = n°(x), v(0,z) = v°(x), xz € (0,L),

The first main result in this paper is a local exact controllability result for (1.20).

Theorem 1.1. Let T > 0 and L € (0,4+00) \ N where N := {% k2 + kIl +12; k,l € N*}. Then there exists
some & > 0 such that for all states (n°,v°), (n*,v') € [L?(0, L)]? with

1%, ) lz20,zy2 <6 and (0, 0" ljz20,2 < 6,

one can find a control go € L*(0,T) and a solution (n,v) € C([0,T],[L?*(0,L)]*)NL2(0,T,[H*(0, L)]?) of (1.20)
such that

(T, z) =n'(z), v(T,z) =v'(z), z¢c(0,L).

The second main result is a local exponential stability result for (1.20).
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Theorem 1.2. Let T > 0, L € (0,+00) \ N, and o > 0. Then there exist some positive numbers 6, u, C' such
that for all initial data (n°,v") € [L*(0, L)]* with |[(n°,v°)|l(z2(0,L)2 < 6, the system (1.20) with the boundary
feedback law g2(t) = —am,(t, L) admits for all T > 0 a unique solution

(n,v) € C([0, T, [L*(0, L)]*) N L*(0, T, [H" (0, L)]?),

and it holds

1, 0)®)lz2(0,)2 < Ce™ " |(no, vo)llr2(0,Ly2, Yt >0, (1.21)
€_Ht
l(n,0) (&) |z 0,0))2 < CW||(7707”0)H[L2(0,L)]27 vt > 0. (1.22)

It is likely that global controllability /stabilization results could be derived as well. For instance, we expect
that Theorems 1.1 and 1.2 are true for any ¢ > 0 (with T' = T'(0) possibly large in Thm. 1.1). These issues will
be investigated elsewhere.

The paper is outlined as follows. The wellposedness of the linearized Boussinesq system with the boundary
conditions (1.7) is studied in Section 2. Section 3 is concerned with the exact controllability of the linearized
Boussinesq system with one or two boundary control inputs. The proof of the main results, namely Theorems 1.1
and 1.2, is provided in Section 4. Finally, the proof of the weak observability estimate (1.19) based on some
spectral reduction is given in appendix.

2. WELLPOSEDNESS

2.1. Wellposedness of the homogeneous problem

Let L > 0 be a fixed number. Introduce the spaces

Xo = [L*(0,L)]* = L*(0, L) x L*(0, L), (2.1
X3 = {(n,v) € [H*(0,L) N Hy(0, L)]*; 12(0) = va(L) = 0}, (2.2
Xs39 = [Xo,Xghg], for0 <6 <1, (23)

where [Xo, X3]jg) denotes the Banach space obtained by the complex interpolation method (see e.g. [2]). The
space X (resp. X3) is endowed with the norm

160 150 = ( / [n2($)+v2(w)]dm> ,

(resp. with the norm |[(n, v)[|x, = [|(n, v)llx, + [[(V2 + Vaaw, N + Neaa)l x0)-
It is easily seen that

Nl

X, = HJ(0,L) x H}(0, L), (2.4)
Xz = {(n,v) € [H*(0,L) N Hy (0, L)]*; 1.(0) = vs(L) = 0}, (2.5)
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and that in the space X; (resp. Xbz), the norm ||(n,v)|x, (resp. |(n,v)|x,) is equivalent to

L
( / 2 () +v§<x>]dx>

Xy == {(n,v) € [H*0,L) N HL(0,L)]?% 72(0) = v2(L) = N2z(0) = vyua(L) = 0,

1
2

L
(resp. (/ [n2,(z) + Uzm(x)]dx> ). We shall use at some place the space
0

2

endowed with its natural norm, and for s € {1, 2}, the space X_; = (X,)" which is the dual of X with respect
to the pivot space Xy = [L?(0, L)]?. Note that

X ,=H'0,L)x H(0,L).

The bracket (-,-)x_, x, stands for the duality bracket. We first investigate the wellposedness of the initial value
problem

Nt + Vg + Vzge = 0, tZO,.ﬁE(O,L),

Ut + g + Npax =0, t>0, z€(0,L),

n(ta 0) = 77(757 L) = nz(tvo) =0, t>0, (26)
v(t,0) =v(t,L) = v, (t,L) =0, t>0,

n(0,2) = n°(x), v(0,z) = v°(x), ze (0,L).
We introduce the operator
A(na U) = (_Uw — VUzzax, Mz — nwwx)v

with domain D(A) := X3 C Xo.

Proposition 2.1. The operator A is skew-adjoint in Xo, and thus it generates a group of isometries (e!);cr
m X().

Proof. First, it is clear that D(A) is dense in X. We have to prove that A* = —A. It is clear that we have —A C
A* (i.e. (0,u) € D(A*) and A*(0,u) = —A(0,u) for all (6,u) € D(A)). Indeed, for any (n,v), (0,u) € D(A), we
have after some integrations by parts

L
((9,’&), AOL”))XO = _/0 [g(v:v + 'Uwzx) + u(nw + nzwz)]dw

L
N /0 [0(0z + Osa) + (s + Uzes)|dz
= _(A(97u)7 (77,’[))))(0.

Let us prove now that A* C —A. Pick any (6,u) € D(A*). Then, we have for some constant C' > 0

[((0,u), A(n,v)) x| < Cl[(n,0)[[x0,  V(n,v) € D(A),

i.€e.

L 3
<C (/ [ + vz]dx> , V(n,v) € D(A). (2.7)
0

L
/ [9(7’1 + 'Umx) + U(nr + nmmr)]dx
0
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Picking v = 0 and n € C°(0, L), we infer from (2.7) that u, + .. € L?(0, L), and hence that u € H3(0, L).
Similarly, we obtain that § € H?(0, L). Integrating by parts in the left hand side of (2.7), we obtain that

0(L)vzz(L) — 0(0)vz2(0) + 02 (0)v2(0) + w(L)Nee (L) — w(0)722:(0) — ue (L)n2 (L)

<C (/0 [n? +v2]dx> , V(n,v) € D(A).

It easily follows that

so that (6,u) € D(A) = D(—A). Thus, D(A*) = D(—A) and A* = —A. O

Corollary 2.2. For any (n°,v°) € Xo, system (2.6) admits a unique solution (n,v) € C(R, Xy), which sat-
isfies ||(n(t),v())]lx, = [|(n°,0°)||x, for all t € R. If, in addition, (n°,v°) € X3, then (n,v) € C(R, X3) with
10, 0) x5 2= 1(0; )1 x50 + [[A(n, 0) [ x, constant.

Using Corollary 2.2 combined with some interpolation argument between Xy and X3, we infer that for any
s € (0,3), there exists a constant Cs > 0 such that for any (n°,v%) € Xj, the solution (n,v) of (2.6) satisfies
(n,v) € C(R, X;) and

I(n(®), v(®))llx. < Csll(n”,°)lx., VteR. (2.8)

2.2. Existence of traces

For the solutions of system (2.6), we know that the traces

77('7 O)a 7](7L)a nx(a O)a U('v 0)5 U('a L)a and vm(’7L)7

vanish. We have a look at the other traces 1, (-,L),v.(-,0) and prove that they belong to L? (R.) when
(7707 UO) € Xi.

Proposition 2.3. Let (n°,v°) € X; and let (n,v) denote the solution of (2.6). Pick any T > 0. Then
Nz (-, L), vz (-,0) € L?(0,T) with

T
/0 (72 (t, L) + Jvg (£, 0) Pt < CI(n",v°) %, » (2.9)

for some constant C' = C(T).

Proof. Assume that (n°,v°) € X3, so that (n,v) € C([0,T], X3) N C1([0,T], Xo). We use Morawetz multipliers
as in [30]. We multiply the first (resp. second) equation in (2.6) by zv (resp. xn), integrate by parts over
(0,T) x (0,L), and add the two obtained equations to obtain

3 T L 1 T pL
f// [ni+v§]dxdt—f// [n? + v?] dzdt +
2 0J0 2 0J0

Since [ [|(n,v)||%,dt < C[|(n°,v°)[1%, , this yields

L oo ,
/0 [xnv]dx]o —5/0 n,(t,L)dt = 0. (2.10)

T
/O n2(t L) dt < O (0, o) ..
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By symmetry, using now as multipliers (L — z)v and (L — x)n, we infer that

T
| eoar< el Ol
Thus (2.9) is established when (n°,v°) € X3. Since X; is dense in X3, the result holds as well for (n°, v°) €
X;. O
We now turn our attention to the traces of order 2, namely 1,4 (-,0), Nez (-, L), vz (+,0), and vy, (-, L).

Proposition 2.4. Let (n°,v°) € Xy and let (n,v) denote the solution of (2.6). Pick any T > 0. Then
779035('70)77735:10('7L)aU:cac('ao)yvx:c('yL) € L2(07T) with

T
/0 (1720 (¢, 0)[* + [na (8, L)|* + [0z (8, 0)* + vz (t, L)*)dt < Cll(n°, °)1%,, (2.11)

for some constant C = C(T). Furthermore, ny(-, L), v4(-,0) € H3(0,T) with

] 2 . 2 < 0 ,0y|2 .
0o, g gy + 0OV < OG0 (2.12)

for some constant C' = C(T).
Proof. Assume that (n°,v°) € X3, so that (n,v) € C([0,T], X3)NC([0,T], Xo). Pick p € C°°([0, L]) with p(z) =
0 for x <1/4 and p(x) =1 for x > 3/4, and set 77 = pn, ¥ = pv. Then we have
it + Dy + Vyze = puv + 3pxVzs + 3PzaVe + Prasv =1 f, (2.13)
Ut + Nz + Nzwz = P2 + 3PeNez + 3PzaNe + Praah = - (214)

Note that f,§ € C([0,T], L?(0, L)). Multiplying each term in (2.13) by @4, (resp. in (2.14) by 7, ) and integrating
by parts, we arrive to

1 (T L T T L
3 / [og(t, L) + 02, (t, L) + 72(t, L)] dt = / Nely da|  + / / [fUpz + GNza] dzdt.
0 0 0 0J0

It follows that

T

T
/O (02 (8, L) + vz, (t, L) dt < C <||(n°,v°)||§<2 +/0 II(f,g)Ilﬁodt) < Cll(n", )%,

and we can prove in a similar way that

T
/O (12, (£,0) + 02, (£,0)] dt < CI| (1, v)|1%,.

Thus (2.11) is established when (n°,v°) € X3. Since X3 is dense in X3, the result holds as well for (n°,2°) € X,.
Let us proceed with the proof of (2.12). If (n°,v%) € X4, then (n,v) € C(R, X4), so that (1,0) := (9, v¢) =
A(n,v) is in C(R, X7) and it solves
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Tt follows from (2.9) that

17 C, D)l 0.y + 102 (- 0) 7 0,7y < Cll(0°, o)1, (2.15)

Since Xy = [Xl,X4]%, we infer from (2.9) and (2.15) that

. 2 YE < 0,02
I DI oy + a0, g 0 < OB, (2.16)
for some constant C'= C(T') and all (n°,2°) € X5. O

2.3. Wellposedness of the nonhomogeneous problem

We consider the nonhomogeneous system

N + Vg + Vpze = 0, te (0,T), x € (0,L),

V¢ + e + Neze = 0, te (0,7), x € (0,L),

77(7570) = hO(t)v n(tvL) = hl(t)v nm(t70) = hQ(t)v te (OvT), (2'17)
’U(t, O) = gO( )’ ’U(t,L) = gl(t)v vz(tvL) = gZ(t)v te (OvT)»

n(0,2) = n°(x), v(0,z) = v°(x), x € (0,L),

where the initial data (n°,v") and the boundary data (hg, k1, h2, go, g1, g2) are given in appropriate spaces.
We also consider the homogenous system

9t+uz+uzzm:07 tG(OaT)a ZL’E(O,L),

U + 0y + Oprx =0, te (0,7), z €(0,L),

0(t,0) = 0(t,L) = 0,(t,0) =0, te(0,T), (2.18)
u(t,0) =u(t, L) =u,(t,L) =0, te(0,T),

If both (n,v) and (0,u) are in C([0,T],[H3(0,L)]?) N C1([0,T],[L?(0,L)]?), which is the case when
(n°, %), (6°,u°) € X3 and h;,g; € C%([0,T]) with h;(0) = g;(0) = 0 for i = 1,2,3, then we obtain after mul-
tiplying the two first equations of (2.17) by u and 6, respectively, and integrating by parts, that for all
S e0,T]

S

L s
[/ [0 + vu]dm] = / [0.(t, L)ga(t) — Opa(t, L)g1(t) 4 012 (t,0)go(t)
0 0

B (t,0)ha(t) — tga (t, L)1 () + tae (£, 0)ho ()]dL. (2.19)

Definition 2.5. Let (1°,0°) € X_a, go,91,ho,h1 € L2(0,T) and go,hy € H=5(0,T). We say that (n,v) €
C([0,T], X_2) is a solution of the nonhomogeneous problem (2.17) if we have that

((1(8),v(85)), (0(5),u(S))) x_, x, = Ls (0°,u"),  ¥(6°,u’) € X, VS € [0,T], (2.20)
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where

LS(007UO) = <(T]Ovvo)7 (907u0)>X,2,X2 + <923 1(075’)632('v L)>H_%(O,T),H%(O,T)

s
+/0 [—0uz(t, L) g1 (t) + 012 (t,0)g0(t) — Upe (£, LY (£) 4 upy (¢, 0)ho(t)] dt

—(h2,1(0,5)us (-, 0)) (2.21)

1 1
H™3(0,T),H3(0,T)’

(0,u) denoting the solution of system (2.18).

Note that Lg : X2 — R is well defined for all S € [0, T, for 0., (+,0), 02z (-, L), uzs (-, 0), g (-, L) € L?(0,T)
and 6,(-, L), u.(-,0) € H%(O,T) by Proposition 2.4. The fact that 1 5y0.(-, L), 1(0,5)uz(-,0) € H%(O,T) for
any S € [0, 7] follows from Theorem 11.4 page 66 of [25].

The existence and uniqueness of a solution of system (2.17) is stated in the following result.

Proposition 2.6. Let (n°,9°) € X o, go,91,ho,h1 € L?(0,T), and ga, ha € H_%(O7T). Then there exists a
unique solution (n,v) € C([0,T], X_2) of the nonhomogeneous problem (2.17). Furthermore, we have

102, 0) |2 (0,7, % ) < O(||(n°,v°)||x2 + 9ol 20,7) + 1ol z2(0,7)
Hlgillzzo,r) + Mhallzzom) + llg2ll -3 o 7 + h2||H§(O’T)>7 (2.22)

for some constant C = C(T) > 0. If, in addition, (n°,v°) € X_1, go = g1 = ho = h1 =0, and ga, hs € L?(0,T),
then (n,v) € C([0,T],X_1) and we have for some constant C' = C'(T)

T P c’(<n°,v°>||xl T lgallzatomy + |h2||Lz<o,T>). (2.23)

Proof. Let (n°,v°) € X_2, go,91,h0,h1 € L*(0,T), and go,hy € H_%(O,T). Pick any (0°,u") € X,
and denote by (6,u) the solution of the homogeneous system (2.18). Then, by Proposition 2.4,
022(-0), 00 (-, L), Uz (-, 0), tge (-, L) € L2(0,T) and 0,(-, L), us(-,0) € H3(0,T). It follows that for any S €
[0, T, the linear map Lg : X_2 — R defined in (2.21) is continuous. Let us introduce the map

Is: (0°,u0) € Xo s (0(S),u(S)) = e54(0°,4°) € Xo.

It is well defined and continuous by (2.8), and invertible since I'y ' = I'_s by Proposition 2.1. It follows that
(n(S),v(S)) is defined in X_5 in a unique way by (2.20). Furthermore, as I's and I'y' = I'_g are uniformly
bounded in £(X3) for S € [0,T] by (2.8), we infer that (n,v) € L>°(0,T, X_5) and that (2.22) holds. On the
other hand, if (n°,v°), (0°,u°) € X3 and h;, g; € C?([0,T)) with h;(0) = g;(0) = 0 for i = 1,2, 3, the respective
strong solutions (n,v), (6,u) € C([0,T], [H3(0, L)]?) N C([0,T],[L?(0, L)]?) of (2.17) and (2.18) satisfy (2.19),
and thus (2.20), for X3 is dense in X5. Using (2.22) and a density argument, we infer that (6, v) € C([0,T], X_2)
when we assume merely that (1°,v°) € X_s, go, g1, ho, b1 € L2(0,T), and g2, ho € H=3(0,T).

Assume finally that (n°,0°) € X_1, go = g1 = ho = h1 = 0 and go, hy € L?(0,T). Pick any (6°,u°) € X,.
Then

LS(HO’UO) = <(7707U0)a (907u0>>X72,X2 + <92? 1(0,5)91(" L)>
_<h27 1(0,S)Um('a0)>

H=%(0,T),H%(0,T)

H™3(0,T),H3 (0,T)
S

= {(",v°), (6°,u”))x_, x, +/0 [02(2, L)g2(t) — ua(t, 0)ha(t)]dE. (2.24)
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Using Proposition 2.3 and (2.24), we see that Lg can be extended as a continuous linear map from X; to R. It
follows from (2.20), the density of X5 in X;, and the fact that the map (0°,u°) € X7 — (0(S),u(S)) € X; is
invertible with its norm and the norm of its inverse uniformly bounded for S € [0, T}, that (n,v) € L*°(0,T, X _1)
with (2.23) satisfied. The same argument as above shows that (n,v) € C([0,7], X_1). O

3. CONTROLLABILITY OF THE LINEARIZED SYSTEM

In this section, we are interested in the exact controllability of the linear system (2.17) using at most two
control inputs (the other control inputs being replaced by 0). The exact controllability in X_o is defined as
follows.

Definition 3.1. We say that the system (2.17) is exactly controllable in X_5 (in small time) if for all
(n°,v°), (nt,v!) € X_5 and all T > 0, one can find go, g1, ho, h1 € L?(0,T) and go, ho € H_%(O,T) such that
the solution (n,v) of (2.17) satisfies

(n(T")7U(T")) = (7717111)- (31)

Here, we will restrict to situations when at most two control inputs can be prescribed, the other being set to
0. Similarly, we say that the system (2.17) with gg = g1 = hg = h1 = 0 is exactly controllable in X_; (in small
time) if for all (% v%), (n',v') € X_; and all T > 0, one can find go, ha € L*(0,T) such that the solution (1, v)
of (2.17) satisfies (3.1).

As system (2.6) is reversible, the exact controllability of system (2.17) is equivalent to its null controllability
(i.e., the above property with (n°,v°) arbitrary but (n!,v!) = (0,0)).

As it is well known, the exact controllability of a control system is equivalent to the observability of its adjoint
system (see e.g. [12, 24]). Here, using (2.20)—(2.21), we see that the exact controllability of (2.17) in X_o with
the six controls go, g1, ho, h1 € L2(0,T), g2, ha € H’%(O,T) is equivalent to the existence of a constant C' > 0
such that for all (8°,u") € X,

T
6%, u”)|[%, < € (/O [0 (£, 0)I* + 10 (£, L)* + [t (£, 0) [ + Juaa (¢, L)[?]dt

. 2 . 2
DI g+ B0 ). (32)

where (0, u) denotes the solution of (2.18).

The exact controllabity in X_» with less control inputs is equivalent to the observability inequality (3.2) in
which we remove the traces corresponding to the missing controls. Similarly, the exact controllability of (2.17)
in X_; with the two controls g, ho € L2(0,T) is equivalent to the existence of a constant C' > 0 such that for
all (0°,u%) € X7,

T
1%, u0)|1%, < C / (1026, L) + Jus (1, 0)[2] . (3.3)

The aim of this section is to provide a complete picture of the exact controllability results for system (2.17)
with one or two control inputs among gg, g1, g2, ho, b1, ha-

We introduce some subsets of (0, +00) that are needed to give a complete picture of the critical lengths for
the control of the linearized KdV-KdV system:

2w
N = =VE2+Ekl+12, Kkl EN*},
{\/3
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2
N3 =< = Vk2+ Ekl+12 k,leN*,32k+l}CN7
3 {\/g ‘

R = {ﬂ\/(;+2k)2+(;+21)2+(;+2k)(;+21); k,leZ, k¢1}7

2a 2b 2(—a —b)
g { € (07 +OO)7 a,be(, ied — 1 +a ieb -1 + Z'e—a—b -1 a # 0’
L% = —(a2 +ab+b2)},
2a 2b 2(—a —b)
r=1r ; da,beC, ——— ta= b= —a—b
g { € (O7+OO)7 a, S C? —iea _ 1 + a —ieb _ 1 + _Z'e—a—b _ 1 a # 0’

L* = —(a® +ab+b2)}.

Then the control results for the linearized Boussinesq system with one or two boundary controls of Dirichlet
or Neumann type are outlined in the following theorem.

Theorem 3.2. Consider system (2.17) with one or two control inputs among go, g1, g2, ho, h1, ha (the other
being set to 0). Then the exact controllability of (2.17) holds (in any time T > 0) if and only if L is not
a critical length, a concept depending on the set of control inputs that are available. The precise results are
reported in Table 1.

Remark 3.3. Using the symmetries, we notice that all the possibilities with one or two control inputs are really
considered in Table 1: indeed, hy alone is similar to go alone (Case 1); hg alone is similar to g; alone (Case 2);
hy alone is similar to go alone (Case 3); the pair (hg, go) is similar to the pair (hy, g1) (Case 5); the pair (ha, g1)
is similar to the pair (hg, g2) (Case 8); the pair (hy, hs) is similar to the pair (go, g2) (Case 9); the pair (go, ko)
is similar to the pair (h1,g2) (Case 6); the pair (hg, ha) is similar to the pair (g1, ¢92) (Case 7); the pair (hg, h1)
is similar to the pair (go,g1) (Case 11).

TABLE 1. Controllability results for the linearized system.

Controls Properties
Case hy hi he go g1 g2 Control inputs State space Set of critical
lengths
1 0 0 0 0 0 * g2 € LZ(O,T) (no,wo) e X 4 N
2 0 0 0 0 * 0 g1 € Lz(O,T) (ﬂo,wo) €eX_ 2 NUR
3 0 0 0 * 0 0 go € L2(0,T) (no,wo) € X_o NUGug
4 0 0 * 0 0 * hg,gg S Lz(O,T) (7]0,’100) e X 4 N
) 0 * 0 0 * 0 hl,gl S L2(0,T) (no,wo) € X_o ]
6 0 0 0 0 % helL?0,T),g€H50,T) (no,wp)eX_y N
7 0 0 0 0 % % ¢eL*0,T),g2€H350,T) (no,wo)e€X o N
8 x 0 0 0 0 % hypeL*0,T),go€H3(0,T) (no,wo) €X_o N
9 0 0 0 x 0 % gelL*0,7),go€H 35(0,T) (no,w)e€X o N
10 * 0 0 0 * 0 ho,g1 € LQ(O,T) (’r]o,wo) ceX s R
11 0 0 0 % x 0 goqe€lL?0,7) (no,wo) € X—2 N3
12 0 * 0 * 0 0 hi,90 € LZ(O,T) (no,wg) eX o Ggug




14 R.A. CAPISTRANO-FILHO ET AL.

The proof of Theorem 3.2 is detailed in a series of propositions or theorems displayed in several subsections.

3.1. Neumann controls

We consider first two controls (Case 4) and next only one control (Case 1). We shall use repeatedly the
following results from [30].

Proposition 3.4 ([30], Prop. 3.3). For all L € (0,+00)\N and T > 0, there exists a constant C = C(L,T) > 0
such that

L T
l/\wdexSC/’WAmmF&,erL%am7 (3.4)
0 0

where y = y(t, z) denotes the solution to the linearized KdV system

Yt + Yz + Yzzaw = 0, te (O,T‘)7 S (O,L)7
y(t,0) =y(t, L) =y, (t, L) =0, te(0,T), (3.5)
y(0,2) =1°(x), z € (0,L).

Lemma 3.5 ([30], Lem. 3.5). Let L > 0. Then L € N if and only if there exist some numbers p € C and
(a,8) € C?\ {(0,0)} such that the map

—iL
1o =50 (36)
is an entire function, i.e. a complex analytic function on C.
The controllability result for the Case 4 is a consequence of the following observability inequality.
Proposition 3.6. Let L ¢ N and T > 0. Then there ezists a constant C = C(L,T) > 0 such that
T
6 ) B, <€ [ 06 D + st 0)FTae, - Vi6°.0) € Xo, (3.7)
where (0,u) denotes the solution of (2.18).
Proof. If (3.7) is not true, one can find two sequences (69),>¢ and (u?),>¢ such that
T
1= (60, un)llx, > n/o [10n.2(t, L)1 + [un o (t, 0)?]dt. (3-8)

Extracting a subsequence if necessary, one can assume that (69, u2) — (6% u%) weakly in X1, and hence strongly
in Xg. In particular, we have that

) — (6°,u®),  strongly in X,
(On,un) — (0,u),  strongly in C([0,T], Xo),
) = (0, u)

(O up, 0,u), weakly in L?(0,T, X;),
Opn(-, L) = 0,(-, L), weakly in L?(0,T),
Ugn(+,0) = uz(-,0), weakly in L*(0,T).
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Using (3.8), we infer that 6, (-, L) — 0 and u, (-, 0) — 0 strongly in L%(0,7). Thus 0, (-, L) = u,(-,0) = 0. It
follows that y(t,z) := 0(t,x) 4+ u(t, x) satisfies

Yt + Yzaw + Yo = 0, (O’T)7 1‘6( )a
y(tv O) = y(tv L) = yﬂc(taL) =0, t € (O’T)v
y(O,.T) = 90(@ + uo(x)a (07 L)

together with y,(¢,0) = 0. We infer from Proposition 3.4 that #° 4+ u® = 0. Similarly, considering the function
2(t,z) == 0(t, L —z) — u(t, L — x), we can conclude that 6°(L — ) — u"(L — z) = 0. Therefore, §° = u° = 0, and
thus (6, u,) — (0,0) strongly in C([0, T}, Xo). But it follows from the above convergences and from (2.10) that
(0, un) — (0,0) strongly in L?(0,T, X1), and with (2.8), that (62,u0) — (0,0) strongly in X;. This contradicts

(3.8). O

Let us investigate the exact controllability of (2.17) in Case 4. If L ¢ N, then by Proposition 3.6, system
(2.17) is exactly controllable in X_;. If L € N, then by Remark 3.6 (i) from [30] there exists a nontrivial
solution y of (3.5) such that y,(-,0) = 0. Then (6(¢, z),u(t,x)) := (y(t,z) + y(¢t, L — x),y(t,x) —y(t,L — x)) is
a nontrivial solution of (2.18) such that 6,(-, L) = u,(-,0) = 0. It follows that (2.17) is not exactly controllable
in X_;if LeN.

We now turn into the problem of the controllability of (2.17) with only one Neumann control (Case 1). The
following observability inequality improves Proposition 3.6, for only one boundary measurement is needed to
estimate the initial data.

Theorem 3.7. Let L ¢ N and T > 0. Then there exists a constant C = C(L,T) > 0 such that
16°,u®) %, < c/ Lt L)AL, V(00,00 € Xy, (3.9)

where (6,u) denotes the solution of (2.18).

Proof. We follow closely [30]. In the first step, we transform the problem into a spectral problem. In the second
step, we solve the spectral problem by using Paley—Wiener theorem combined with complex analysis. Introduce
some notations. For any 7' > 0, let

Nr = {(0°,u°) € X1; the solution (,u) of (2.18) satisfies 0,(t, L) = 0 for a.e. t € (0,T)},
My = {(0,u) = e"(6°,u°); (6°,u°) € Ny, t €[0,T]} C C([0,T7], X1).

Step 1. Reduction to a spectral problem.

Pick any L € (0,+00) \ N and any T > 0. If (3.9) is not true, one can find a sequence (69, u9),>0 in X; such

that
T
— 1160, u0) %, > n/ 6, (8, L)PdE, Vi > 0. (3.10)
0
Extracting a subsequence if necessary, one can assume that (609, u%) — (0% u®) weakly in X7, and hence strongly
in Xo. Let (0,,,u,) and (6,u) denote the solutions of (2.18) associated with (%, %) and (6°,u®), respectively.

Using (3.10), we infer that 6, ,(-, L) — 0 strongly in L?(0,7), and hence 6,(-,L) = 0. Using (2.10), (3.10)
and the fact that (0,,u,) — (0,u) in C([0,T], Xo), we see that (0,,u,) — (6,u) strongly in L?(0,T, X;), so
that (09, u2) — (0°,u") strongly in X3, and hence ||(6°,u%)||x, = 1. Thus (0°,u°) € Nz \ {(0,0)}. To obtain a
contradiction, it is sufficient to prove the following
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Claim 1. Ny = {(0,0)} for all T > 0.

It is clear that T'< T’ = Np» C Np. On the other hand, the vector space Nr has a finite dimension, for its
unit ball is compact. Indeed, the same argument as above shows that any sequence (62, u0),cn in the unit ball
of Nt has a convergent subsequence for the norm || - ||x,. If Claim 1 is not true, one may find 77 > 0 such that
dim Np» > 0. Since the map T € (0, +00) — dim Np € N is nonincreasing, one may pick 7' € (0,7”) and € > 0
such that T+ e < T” and dim Ny = dim Np.. > dim Ny > 0. It follows that Ny = Ny for T <t < T +¢. Let
(6°,u°) € Nz, and let (0,u) denote the solution of (2.18). By the semigroup property, we have that

| =

((0(t, ), ult,)) — (GO,UO)) € Np, Vte (0,¢),

and hence

~+ | =

(Ot +-)ult+--)—(0,u)) € My, Vte(0,¢).
Since (0,u) € H*(0,T + ¢, [H~2(0, L)]?), we have that
lim 1 (Ot + ), u(t+--) — (0,u)) = (0,u;) in L2(0,T,[H2(0,L)]?).

But the vector space My is closed in L2(0,T,[H~2(0, L)]?), for it is finite-dimensional. It follows that (6;,u;) €
My C C([0,T], X1), so that (0,u) € C1([0,T], X1). This implies that

(0°,u°) € D(A) = X3, A(0°,u°) = (6:(0,.),u:(0,.)) € Ny and 6,(-,L) € C([0,T)).
In particular

dgo
(L) =6,00.L) =0.

Let NS denote the complexification of Nz, and let ' = d/dx. Since it was assumed that dim Nt # 0, we
infer that the linear map (°,u°) € N% — A(6°,u) € N% has at least one eigenvalue; that is, there exist A € C
and (6,u) € X3\ {(0,0)} ? solution of the spectral problem

—u' —u"" =N,z € (0,L), (
—0' = 0" = \u,z € (0,L), (3.12
0(0) =0(L) =¢'(0) =0'(L) = 0, (
u(0) = u(L) =u/(L) = 0. (

We show in the next step that (3.11)—(3.14) has no nontrivial solution when L & N.
Step 2. Study of the spectral problem.

We shall prove the following

Claim 2. For L € N, if A € C and (0,u) € X3 satisfy (3.11)—(3.14), then 6 = u = 0.

2We removed the superscript 0 to simplify the notations. We still used the notation X3 to denote the space of complez-valued
Sfunctions in (2.2).
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Let (6, u) be as in Claim 2, and extend 6 and u to R by setting 0(x) = u(z) = 0 for « & [0, L]. Then we have in
S'(R)

A+ v 4+ u" = (0)5y + u” (0)do — u”(L)dy,
Nut 0+ 6" = 0"(0)50 — 6" (L)o,

where 0. denotes the Dirac measure at # = ¢ and the derivatives «’(0),«”(0),u”(L),0"(0),0” (L) are those of
the functions u and 6 when restricted to [0, L]. Taking the Fourier transform of each term in the above system,
we obtain

/\é(ﬁ) +i&u(é) + (25)31](5) — u'(O)if + u/l(o) . u”(L)eiZ‘LE’
Na(€) +i€0(€) + (i6)0(€) = 0"(0) — 8" (L)<

Setting A = —ip, f(&) := é({) + 4(8), and g(&) := é(f) —a(€), we arrive to

HGES (a + Big +ye LS,

i
& —&+p
i ! . ! iLE
9(=€) = m——F—— (& = fig+~e™),
where « := u”(0) + 6”(0), o := v’ (0) — 0"(0), B :=u/(0), v := —u'(L) — 0"(L), and ' := —u" (L) + ¢"(L).
Since both 6 and w have a compact support, it follows from the Paley—Wiener theorem that the functions f and
g have to be entire (i.e. holomorphic in the whole plane C). The same is true for the function

ie—iLf

B¢ (ata)e ).

h(§) := (&) +9(=¢) =

Introduce the polynomial functions P(z) := v'2% 4+ (a+ )z + v and Q(§) := &3 — €+ p, and let ug, k =0, 1,2,
denote the three roots of Q. Then P(ef#+) =0 for k = 0,1, 2, since h is entire. Let

—(a+d) £ (a+a)?—4yy
2v'

Z4+ =
denote the roots of the polynomial function P.
(i) If 8 =0, then applying Lemma 3.5 to f(§) and g(—¢), we infer that « =y =a’ =+’ = 0, so that
v’ (0) = u"(L) =u'(0) = 6"(0) =0"(L) = 0.
It follows then that § = v = 0 in [0, L], as desired.

(ii) If g # 0, then since g(=¢) is entire, each root uy of @ has to satisfy o — Bipg + et =0, de. pup =
(' 4+ +'etbrr) /(iB). Since etl#* is a root of P, we arrive to the conclusion that

o ++'zL o ++'2_
Mke{ .7 +7 .’y .
i3 i3

We infer that () cannot have three distinct roots.

Assume that @ has a root of order 3, i.e. pg = p1 = p2. Then we have that Q(uo) = Q' (uo) = Q" (1) = 0.
Since Q" (&) = 6&, we conclude that po = 0, hence p = 0, so that Q(&) = £(§ — 1)(£ + 1) has three distinct roots,
a contradiction.
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We arrive to the conclusion that ) has a double root and a simple root. We can assume that g = ,ul # lo.
Then, we infer from Q(uo) = Q’(110) = 0 and the fact that Q'(£) = 362 — 1 that pg = 5 1 and p = :i:gf

x Assume that o = % Then Q&) = € — &+ 3f = (£ - ) (€ + ) On the other hand, since f is
entire, jo = f% (resp. po) has to be a root (resp. a root of order at least 2) of the numerator of f, i.e.
4B yqe iV =0 (3.15)
a+ — e Vs =0, .
/3 Y
i —iLye VA =0, (3.16)
24 i L
o — —Zﬁ—l—vem\% =0. (3.17)

V3

From (3.16), we infer that 8 = Lye*L/V3. Substituting this value of 8 in (3.15) and (3.17) and taking
the difference of the two obtained equations, we obtain that

(ivV3Ly + 'y)e_i% = ’ye%%. (3.18)

- If v = 0, we obtain 8 = 0 which contradicts the assumption in (ii).
- If v # 0, then taking the module of both terms in (3.18) yields L = 0, which is impossible.
* Assume now that py = —%. Then, proceeding as above, we obtain that 8 = L’yeiL/‘/§ and that

(—iV3Ly + ’y)ei% = ’}/672i%.
Again, we see that we obtain a contradiction for v = 0 or for v # 0. The proof of Theorem 3.7 is complete.

O

With Theorem 3.7 at hand, we deduce that (2.17) is exactly controllable in X_; with go as unique control
(Case 1) when L ¢ N. On the other hand, the exact controllability fails when L € N according to Case 4.

Let us turn our attention to the Cases 6, 7, 8 and 9 for which we have added one Dirichlet control to the

Neumann control go. First, we notice that in Case 1, we have for L ¢ N the exact controllability in X_5 by
picking the controls g in H~3(0,T). Indeed, from (3.9), we have for (0%, u°) € X,

T
JA@, )%, < C / 6,(t, L),
and hence

16%, w*)II%, < Cl0=(, L)l o.1- (3.19)
By interpolation between (3.9) and (3.19), we infer that for all (0%, u%) € Xo,

16" )%, < CUO LI, - (3:20)

The observability inequality (3.20) implies the exact controllability in X o in Case 1 (with go € H ~3 (0,7)) as
well as in Cases 6 to 9 for L ¢ N. It remains to show that any L € A is still a critical length in Cases 6 to 9.
We claim that in each of those cases, the corresponding spectral problem has for L € N a nontrivial solution
(6,u), so that the corresponding observability inequality fails for the exponential solution Re[e (8, u)].
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Proposition 3.8. Let L € N'. Then

1. (Case 6) there exist A € C and (6,u) € X3\ {(0,0)} satisfying (3.11)—(3.14) and u”(L) = 0.
2. (Case 7) there exist A € C and (0,u) € X3\ {(0,0)} satisfying (3.11)—(3.14) and 0" (L) = 0.
3. (Case 8) there exist A € C and (0,u) € X3\ {(0,0)} satisfying (3.11)—(3.14) and u'(0) = 0.
4. (Case 9) there exist A € C and (0,u) € X3\ {(0,0)} satisfying (3.11)=(3.14) and 6"(0) = 0.

Proof. Let L € N. Then we can write L = 27/ w with k, ! € N*. Following [30], we introduce the numbers

1 2m 2m 2m .
Ho = —g(% + Z)fa p1 = o + kfv p2 = p1 + lfa P = 1A = —popi1fi2.

We use again the notations in the proof of Theorem 3.7 (Claim 2). Let

= @(O{ + 625 + ’ye_iLé),

1

e _¢ip

where « := u”(0) 4+ 60"(0), o :=u"(0) — 6”(0), B := ' (0), v := —u” (L) — 0"(L), and o' := —u" (L) + 6" (L). We
know that we can find coefficients «, 3,7, @', 7" not all zero so that the two functions f(§) and g(—&) are entire,
the roots of Q(¢) = &3 — & + p being po, i1, po. Furthermore, it follows from Paley—Wiener theorem (see [30])
that the spectral problem (3.11)—(3.14) has indeed a nontrivial solution. Our concern is to prove that we can
as well impose the addition condition in each case.

From our choice of the ju;’s, we have that the quantity e *“#* is independent of k. Set

(af — Big ++' '),

C = efiL,uo — e*iLl—tl _ ef’L'L/,Lz

We shall pick = 0 in all the cases.
1. The additional condition w”(L) = 0 is equivalent to v = —y. We can pick y =1, ' = -1, a = —C, and

o =C.
2. The additional condition §”(L) = 0 is equivalent to v' = . We can picky =+’ =1, = —C, and o/ = —C.
3. The additional condition u”(0) = 0 is equivalent to o/ = —a. We can pick a« =1 and o/ = -1, v = —C,
and v = C.
4. The additional condition #”(0) = 0 is equivalent to o/ = a. We can picka = o/ = 1,7 = —C,and v = —C.
O

3.2. Dirichlet controls

We consider the cases in which only Dirichlet controls are involved. We start with a preparatory result which
is an observability inequality with the measurement of three traces.

Proposition 3.9. For all L >0 and T > 0, there is a constant C = C(L,T) > 0 such that

T
(0%, u")|%, < C/ (100 (t, L)[* + |uga (t, L)|* + 6(t, L)[P] dt,  V(6°,u”) € Xo. (3.21)
0

Proof. First, we introduce the space

Y = L2(0, T, [H7(0, L)]*) N C([0, T, [H' (0, L)]?),
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which is a Banach space when endowed with the norm
T
16, w)|13 =/ 6 INI2 2 + llut, )12 21t + sup [[10Ct, )7 + llult, 7]
0 Hz H4 0<t<T

Pick any (6°,u°) € X, and let (6,u) denote the solution of (2.18). Taking the derivative with respect to = of
each term in the two first equations of (2.18) results in

Ot + Uy + Uggee =0, t € (0,T), z € (0,L (3.22)
Ut + Opp + Opzas = 0, t € (0,T), z € (0,L). (3.23)

~—~ ~—

Multiplying (3.22) by zu,, (3.23) by 20, integrating by parts over (0,7) x (0, L) and adding the two equations,

we arrive to
l/ 6 uxdx] —f// 92—|—u Jdzdt + = // 92 —|—u | dadt
0

T
7/ [ (02 + u2) + 0,000 + Ugtige + 5(9§x+u§x)] dt = 0. (3.24)
0 0

Combining (3.24) with the forward/backward wellposedness in X5 and Sobolev embedding, this yields

T
16, )%, < C / 16, w)|[%, dt

<c// (02, 4 u2,] dadt

¢ (II((’,U)H% +/0 [072(t, L) + uZ, (¢, L) +U3m(t,0)]dt> : (3.25)

Multiplying the two first equations in (2.18) by wu,, and 0,,, respectively, integrating by parts over (0,7") X
(0, L) and adding the two equations, we obtain

1 T
0

1 (7 1 (T
+ f/ 02 (t, L)dt — f/ u?(t,0)dt = 0, (3.26)
2 0 2 0

and hence
T T
/ [07(t, 0) + uZ, (£, 0)]dt < C <||(9,U)|2y +/ [07.(t, L) +Uiz(t,L)]dt> ~ (3.27)
0 0
Combined with (3.25), this gives

T
I16°, )%, < C (II(G,U)H% +/0 (072 (t, L) + uz, (¢, L)}dt> - (3.28)
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The result is also true for (6°,u%) € Xo, by density of X, in X,. It remains to “remove” the term [|(6,w)||? in
(3.28). Assuming that (3.21) is not true, we can find a sequence (62, u2),cn such that

T
1= (6% )%, > n / (1676, )P + |2 (¢, )P + |97, )] . (3.20)

Extracting a subsequence if needed, we can assume that (09, u%) — (0% u°) weakly in X, (hence strongly in

n? n

X1). As the corresponding solution (6,,,u,) of (2.18) is bounded in C([0,7], X2) and in H'(0,T,X_1), and
since the first embedding in X, C [H7 (0, L) N HL(0,L)]2 € X_; is compact, we infer from Aubin-Lions’ lemma
(see e.g. [34], Cor. 4) that the sequence (6,,,un)n>0 admits a subsequence, still denoted (6, uy)n>0, Which
is strongly convergent in C([0,T],[H%(0,L) N H(0,L)]2), hence in Y. It follows then from (3.28) that the
sequence (09, u?),>0 is strongly convergent in X». Thus, its limit (6°,u°) is such that ||(6°,u%)|x, = 1 and the

n’ n

corresponding solution of (2.18) satisfies
Opa(t, L) = ugy(t, L) = 0,(¢, L) = 0.

We infer that the function y (¢, z) := 0(¢, ) + u(t, z) (resp. y(t, x) := (¢, L — x) — u(t, L — x)) solves the linearized
KdV equation y; + ¥z + Yzze = 0 and satisfies the boundary conditions y(¢, L) = y, (¢, L) = Y. (¢, L) = 0 (resp.
y(t,0) = yx(t,0) = Yz (¢,0) = 0), and hence it vanishes in (0,7") x (0, L) by Holmgren’s theorem. We conclude
that § = u = 0 and this contradicts the fact that ||(6°, u%)| x, = 1. O

We are in a position to investigate the Case 5. The following observability inequality improves those in
Proposition 3.9.

Corollary 3.10. For all L > 0 and T > 0, there is a constant C = C(L,T) > 0 such that
T
1(6°, )%, < C / (182t L) + s (8, L)) dt, (67, 00) € Xo. (3.30)
0

Proof. We proceed in two steps as in the proof of Theorem 3.7.

Step 1. Reduction to a spectral problem.
If (3.30) is false, then one can pick a sequence (62, u?),cn such that

n’ n

T
1= /(60,u2)|%, > n/o (100 (£, D)1 + [ (£, L) ] . (3.31)

Extracting a subsequence if needed, we can assume that (69, u2) — (0°,u°) weakly in X5. Denote by (6,,,uy,)

n? n

(resp. (0,u)) the solution of (2.18) with initial data (09, u2) (resp. (°,u°)). Extracting again a subsequence,

n? n

we can assume that (6,,,u,) — (6,u) in Y. By (3.28) and (3.31), we have that (62,u2) — (0%, u®) strongly in

Xo. Thus, [[(6°,u°)||x, =1 and 0,,(-, L) = uge(-, L) = 0 a.e. in (0, L). The same argument as the one in Step
1 of the proof of Theorem 3.7 shows that there exist A € C and (6, «) € X3\{(0,0)} (superscript 0 dropped for
simplicity) which solve the spectral problem:

—u' —u" =N,z € (0,L), (
-0 — 0" = Xu,z € (0,L), (3.33
0(0) =0(L) =6'(0) =0"(L) = 0, (
w(0) = u(L) =/ (L) =" (L) = 0. (

We show in the next step that system (3.32)—(3.35) has no nontrivial solution for any L > 0.
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Step 2. Study of the spectral problem.

Claim 3. Let L > 0. If A € C and (0, u) € X3 satisfy (3.32)—(3.35), then § = v = 0.
Let us prove Claim 3. Pick (A,0,u) as in Claim 3, and extend 6 and u to R by setting 0(x) = u(xz) = 0 for
x & [0, L]. Then we have

A0+ v 4" = (0)5 + u” (0)do,
Au+ 0"+ 60" = —0'(L)d7, +0"(0)do,

where ¢ denotes the Dirac measure at = (, and the derivatives u’(0),u”(0),6(L),0"”(0) are those of the
functions w and 6 when restricted to [0, L]. Taking the Fourier transform of each term in the above system, we
obtain

A(€) +i&a(€) + (i€)*u(€) = ' (0)i& + u”(0),
X(€) +i€0(€) + (i€)°0(6) = —0' (L) (i§)e™ "< + 0 (0).

Setting A = —ip, f(&) := 0(&) 4+ a(€), and (&) := H(¢) — a(€), we arrive to

=@ et hiET 7 (i€)e” ),
§(-€) = e = BiE 47 (1)),

where o := u"(0) + 07(0), & :=u"(0) — 6”(0), B :=u'(0), and ~' := —6'(L). It follows that

FE) + (=€) = @_;ﬂ)(a +a +27'(i€) cos(LE)), (3.36)
F(6) = 9(=€) = g (o — ' +28i€ — 20 (i€) sin( L)), (3.37)

Let Q&) = &3 — ¢ +p and let ug, 11, g2 be the roots of Q.

1. Assume that the three roots pg, u1, 11 are simple. If £ € {ug, p1, p2}, then £ must be a root of the numerators
of f(§) +g(=¢) and f(§) — g(—¢), so that

2v'i& cos(LE) = —a — o/, (3.38)

2'ie sin(L) = 2= 1 ope. (3.39)

i
Taking the square in both equations and summing, we obtain

4p¢

4776 = (a+a') — (a — /)’ +46° + —(a — o),

and hence

(8 ++)€ + 20— a') t a0’ =0 (3.40)
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As the three numbers po, p1, uo satisfy (3.40), we infer that all the coefficients in (3.40) are null, that is
ﬁ2 +,y/2 — 6(04—0/) :O(O/ 0.

If 4/ = 0, then the solution (0, u) of the system (3.32)—(3.33) of order 3 satisfies (3.34)—(3.35) together with
0'(L) = 0 and is therefore null, by Cauchy—Lipschitz theorem (Cauchy data taken at x = L).
If 4/ # 0, then 8 = +iy' # 0 and thus o = o/ = 0. Assume that 5 =iv’. From (3.38)—(3.39), we infer that

Ecos(LE) =0, &(sin(LE) —1) =0 for € € {uo, p1, p2}-

If 0 € {po, pt1, po}, say po = 0, then sin(Lp;) =1 for j = 1,2, and hence
T
L‘Ll,j = 5 +2kj7'(, kj €.

Therefore L(pg + 1 + p2) = m(1+ 2(k1 + k2)), but this contradicts the fact that the sum of the roots of @ is 0.
If 0 & {10, pt1, p2}, then for j = 1,2,3 we have sin(Ly;) = 1 and hence

™

Ly =3

+2]€j7'f', k‘j e 7.

Then L(po + p1 + p2) = m(3 4+ 2(k1 + ko + k3)) # 0, a contradiction. Similarly, we also obtain a contradiction
when 8 = —ivy/.

2. Assume now that @ has a double root ug = p1 and a simple root g # po. Then (po, p2) = :I:(%, —%) We
shall consider the case (o, p2) = (%, —%), the case (po, p2) = (—%, %) being similar. As pg is a double

root of @, it should be a root of the numerators of the functions f(§) + g(—¢) and f(§) — g(—=¢) (see (3.36) and
(3.37)) and of their first derivatives, so that

w% cos (\%) — _(a+d), (3.41)
27'% sin (\%) e - « 4 2%, (3.42)
27" cos (\%) +27’% (—L sin \%) =0, (3.43)
283i + 2" sin (\%) + 27’% cos (\%) =0. (3.44)

On the other hand, the number pus is a simple root of @), and hence it should be a root of the numerators of the
functions f(&) + g(—¢) and f(§) — g(—¢&), so that

) 2L
—47'L cos () =—(a+d), (3.45)
L

Y
—4y'—sin (-2) oo b (3.46)
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Note that (3.43)—(3.44) can be rewritten as

L

() e (1))

This yields

V'~ iBsin (\%) , (3.47)
e = —igeos (7). (3.48)

If 4/ = 0, then we infer as above that (0°,u°) = (0,0).
Assume that 7/ # 0, so that 8 # 0. Without loss of generality, we can assume by linearity that 8 = 1. It
follows from (3.47) and (3.48) that

i
V1i+tE

Let X := cos(L/v/3). Then we infer from (3.48) and (3.49) that L?/(3X?2) = 1 + (L?/3), so that

~

v =+ (3.49)

won () <o)

On the other hand, from (3.41) and (3.45), we obtain that cos(L/v/3) = —2cos(2L/+/3), and hence X satisfies
4X2% + X — 2 =0. We denote the two roots of this equation by

_ 71%\/@ ~ 05931, X_ = 2= V33 o 08431

X
+ 8

Then we obtain by using a numerical computation that

1 1
cos | ——=] ~ 0.7408 # 0.5931, cos | ———=| =~ 0.0032 # —0.8431.

VX2 -1 VXT? -1

This proves that the assumption v # 0 leads to a contradiction.

3. The polynomial function @ cannot have a triple root po = p1 = po, otherwise 0 = Q" (o) = 6o yields
o =0, p=0, and Q(&) = £(£ —1)(£ + 1), a contradiction. O

We now turn our attention to Cases 2 and 3. We need the following estimate, whose (long) proof is postponed
in an appendix.

Theorem 3.11. For all L € (0,+00) \ 27Z and all T > 0, there is a constant C = C(L,T) > 0 such that for
all (6°,u°) € Xo, we have

T
16°, )%, < C (/0 020 (t, L) dt + |(9°7u0)|§¢0> ) (3.50)
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T
16, u)%, < C ( / 6,0 (6,0)” dt + |<9°,u°>§0> . (3.51)

We first consider Case 2.

Corollary 3.12. For all L € (0,4+00) \ (M UR) and all T > 0, there exists a constant C = C(L,T) > 0 such
that

T
16,0, < C / 10,0, L) . (3.52)
0

Proof of Corollary 3.12: We proceed in two steps as in the proof of Theorem 3.7.
Step 1. Reduction to a spectral problem.
If (3.52) is false, then one can pick a sequence (62, u0),en such that

T
=169, ud) %, > n/ |0z (2, L)|? dt. (3.53)
0

Extracting a subsequence if needed, we can assume that (09, u%) — (6°,u°) weakly in Xo. Denote by (6,,,u,)
(resp. (0,u)) the solution of (2.18) with initial data (6%,u0) (resp. (8°,u°)). Extracting again a subsequence,
we can assume that (6,,,u,) — (6,u) in X;. By (3.50) and (3.53), we have that (69, u%) — (6°,u") strongly in
Xo. Thus, ||(8°,u°)||x, = 1 and 6., (-, L) = 0 a.e. in (0, 7). The same argument as the one in Step 1 of the proof
of Theorem 3.7 shows that there exists A € C and (6,u) € X5\ {(0,0)} (superscript 0 dropped for simplicity)

solution of the spectral problem

—u' —u"" =N,z € (0, L), (3.54)
0" =,z € (0,L), (3.55)
6(0) =60(L)=6'(0)=6"(L) =0, (3.56)
u(0) =u(L) =u'(L) = 0. (3.57)

We show in the next step that (3.54)—(3.57) has no nontrivial solution for any L € (0,+00) \ (N UR).

Step 2. Study of the spectral problem.

Proposition 3.13. Let L > 0. Then there exist A € C and (8,u) € X3\ {(0,0)} solution of (3.54)—(3.57) if
and only if Le N UR.

Proof. For § and u € H3(0, L), we still denote by 6 and u their extension by 0 on R. Then
u" =1 yu" +u"(0)6g — u”(L)d +u'(0)0) — u'(L)d7, + u(0)dy —u(L)d7  in S'(R),

where the derivatives of u at 0 or L stand for the derivatives of u, ) viewed as traces and 1o, 1) denotes the
characteristic function of the interval (0, L). Assume that

IAeC, 3(0,u) € X3\ {(0,0)} such that (3.54)—(3.57) hold. (3.58)
Note that (3.54)—(3.55) yields

N +u 4+ u" =u"(0)6 — v (L)dr +u'(0)dy, in S'(R), (3.59)
Au+60" +60" =0"0)5 — 0 (L)oy,, inS'(R). (3.60)
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Conversely, if a pair (0, u) in L?(R)? with Supp # U Supp u C [0, L] satisfies (3.59)(3.60) for some A € C and
some complex coefficients (instead of u”(0),u” (L), etc.) in the r.h.s. of (3.59)—(3.60), then §,u € H3(0,L) and
(3.54)~(3.57) hold.

Let 0(¢) = Jg 0(z)e~%*dz denote the Fourier transform of 6. Introduce f(¢) := 6(¢) + a(€) and g(&) =

0(¢) — (). Then (3.59)—(3.60) give

AO(E) + (i€ + (i€)®)a(€) = u/(0)i€ + " (0) — v (L)e ", (3.61)
X(€) + (i€ + (i6)*)0(€) = —igt (L)e "¢ +6"(0), (3.62)
and hence
1 " i / . " —1 . / —1
f&) = BT (u”(0) + 6" (0) + v/ (0)i€ — u” (L)e "™ — g0’ (L)e ""¢) , (3.63)
1 " 1" ’ . " —1 - -nl —1
g(&) = T (w(0) — 0”(0) + /' (0)i¢ — u"(L)e *5¢ +igf/ (L)e ") . (3.64)

Set A = —ip. By Paley—Wiener theorem, we conclude that (3.58) is equivalent to the existence of numbers p € C
and (a,d/, 3,7,v") € C°\ {(0,0,0,0,0)} such that the two functions defined for £ € R by

[ = §3—Z§—|—p (o + Bi& +ye 8 4+ 4/ (i€)e 4 | (3.65)
9(=¢§) = ﬁ (af = Bi& +ve's + 4/ (i6)e™) (3.66)
fulfill the conditions
f and g are entire; (3.67)
(f,9) € L*(R); (3.68)
IO, N) € (0,+00) x N, Ve € C |f(€)] +[9(€)] < C(1+[¢)NeHIm <. (3.69)

(We have set « := " (0) + 0”(0), o := " (0) — 0”(0), 8 := 4 (0), v := —u"’(L) and ~' := —0'(L).) It is clear
that for f and g given by (3.65)—(3.66), (3.67) implies both (3.68) and (3.69) (with N = 1). Clearly, (3.67) holds
if and only if the two following functions

f&) +9(=¢) = (a4 a’ +2(y + 7'i€) cos(Lg)) , (3.70)

v
&—&+p

1 1 ‘e o /- .
f(&) —g(=¢§) = & ftp (o —a’ +2Bi€ — 2i(y + 7'i€) sin(LE)) , (3.71)

are entire. Let Q(£) = €3 — € + p and let pqg, u1, 2 denote its roots. The polynomial function @ cannot have a
triple root (see the proof of Cor. 3.10), so either the roots ug, k = 0,1, 2, are simple, or there are a double root
o = p1 and a simple root s # pg-

1. Assume that the roots pg, 1, 12 of @ are simple. If € € {puo, p1, p2}, then from the fact that the functions
in (3.70)—(3.71) are entire, we infer that

2(y 4+ 'i€) cos(LE) = —a — o, (3.72)

2(y ++'i€) sin(LE) =

o —

o | age, (3.73)

1
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and hence

Ay i) = (a+a)? — (a— o)? + 4526 + 425 (a — ),
i
The polynomial functions in the two sides of the above equation are of degree two and they take the same values

on the numbers uy, kK = 0, 1, 2. Therefore, they must have the same coefficients, that is,

- (3.74)
ad =2, (3.75)
Bla—a') = =2y (3.76)

(a) Assume that 8 = iv/, so that (3.76) becomes
iy (a—a) = —2v9'. (3.77)
(i) If v/ = 0, then § = 0 and (3.65)—(3.66) read
(a+ ye "), (3.78)
p
5 (o +ye'tt). (3.79)

It follows from Lemma 3.5 that there exist p € C and (a,y) € C?\{(0,0)} such that the function f defined in
(3.78) is entire if and only if L € A. If it is the case, then the roots pg, p1, 2 of @ are simple and real, and
g(—¢) defined in (3.79) is also an entire function if we pick o = @y /7.

(ii) Assume now that 4" # 0. From (3.75) and (3.77), we infer that

o = —iy, a=iy.
Then (3.70)—(3.71) become
24 ,.
&) +9(=¢) = mw +7'i€) cos(L¢), (3.80)
f(&) —g(=¢§) = —mﬁ +7'i€)(1 - sin(LE)). (3.81)

e Assume that —% & {10, p11, 2}, then each root 5 of @ should also be a root of 1 —sin(LE) by (3.81), and
hence it could be written as

™

5 —|—2k/’jﬂ', kj e 7.

We arrive to the conclusion that
3
0= L(po+p1 +p2) =7 §+2(ko+k1+k2) ,

which is impossible, for 2(ko + k1 + k2) € 27Z.
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e Assume that —ﬁ € {po, p1, p2}, say po = —v/(#y’). Then both f(&) + g(=¢) and f(§) — g(—&) are entire
if and only if the other roots p; and ps of @ satisfy both equations

cos(LE) =0 and 1 —sin(LE) = 0.
We arrive to the system

v

Ly = g 2%, ki €2, (3.83)
Lz = g + 2kom, ko € Z. (3.84)

With those expressions, g, 41, 2 are roots of @ if and only if

€% — (no + p1 + 2)€% + (popr + propia + prj2)€ — poppe = € —E+p, VEEC,

or
po + p + p2 =0, (3.85)
pop1 + popz + pape = —1, (3.86)
—Hof1fi2 = P- (3.87)

We note that uo (and hence =, if we pick v/ = 1) is defined in terms of k; and ko by (3.83)—(3.85), while p is
defined in terms of k; and ko by (3.83)—(3.85) and (3.87). Replacing ug by —(p1 + p2) in (3.86) results in

13 + pape + 3 = 1. (3.88)

Substituting the expressions of pu; and po given in (3.83)—(3.84) in (3.88), we obtain the critical length

per((3emm) (o) (e (Som) 559

Finally, the roots pg, pi1, pt2 are pairwise distinct if and only if k1 # k. Indeed, if k1 # ko, it is clear that p; # ps,
while

us T (1 .
Mo——z(1+2(k1+k2))7éﬂj—z <2+2kj>, j=12

(b) Assume now that 8 = —iv’. The analysis is completely similar to the one in case (a), so that we only sketch
the main facts. Here iv'(a — o') = 294/.

If 4/ = 0, we obtain again that the existence of a nontrivial solution p € C, (a,a/,7) € C*\ {(0,0,0)} of the
spectral problem is equivalent to L € N.



CONTROL OF A BOUSSINESQ SYSTEM OF KDV-KDV TYPE ON A BOUNDED INTERVAL 29

If 4" # 0, then we obtain that o/ =iy, « = —i, and

F(6) + g(—€) = ﬁw i) cos(LE),
2 ,. .
(&) —g(=¢) = m(’Y +7"i€) (1 + sin(LE)).

As in case (a), we can see that the assumption —# & {po, p1, p2} leads to a contradiction. Assume thus that
—% € {po, p1, pro}, say po = —7v/(#y’). The other roots g and po should solve the equations

cos(LE) =0, sin(LE) = —1.
Writing
e ™
Lﬂ1:—§+2k1’ﬂ', Lﬂ2:—§+2k2ﬂ, k‘l#kQGZ,

we obtain as critical length

e () s () (3 (3))

and we notice that L € R.

N|=

2. Assume that @ has a double root pg = p1 and a simple root ps # po. Then (pg, pu2) = £ (%, f%) We

shall consider the case (ug, p2) = (%, —%), the case (po, p2) = (—%, %) being similar. As o is a double
+

root of @, it should be root of the numerators of the functions f(&) + ¢g(&) and f(§) — g(=£) (see (3.70) and
(3.71)) and of their first derivatives, so that

5 <7+7’\;§> cos (\%) — latd), (3.90)
2i (7+7’j§) sin (\%) = oz—o/—!—Q\B/; (3.91)
27'i cos (\%) +2 (v + z}%) (—L sin \%) =0, (3.92)
28i + 27’ sin (\%) —2i (7 + 0%) L cos (\%) =0. (3.93)

As p9 is a simple root of @, it has to be a root of the numerators of the functions f(&) + g(—¢) and f(§) — g(=¢),
so that

2 <’y - 7’Z> cos () = —(a+d), (3.94)
2i (7 _ ﬁi) sin (—QL) ca—o -4 (3.95)
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Note that (3.92)—(3.93) can be rewritten as
L
cos (ﬁ) 73111(\/5) ( iy’ ) < 0 >
A =
bln( ) cos (%) L<7+Z\/§) p
Picking 8 = 1, this yields
L
iy’ = sin <\/§> , (3.96)
Y L >
Liy+i— | =cos|— )" 3.97
(r+i5) == 390
In particular, (i7/,v) € R2. From (3.90) and (3.94), we infer that
(v )22
) \ve) U T ) )
(3.98)

Combined with (3.96) and (3.97), this yields
(1) o () () o (25

As the set of solutions of (3.98) cannot have a limit point, we conclude that on any segment [0, R] there are at

most finitely many L satisfying (3.98)
From (3.91) and (3.95), we infer that
. i\ . (L Bi 2%\ | L Bi
2 +9 —)sin|—=) —2—==2i — ’) sin (—2) +4—.
(” ! ﬁ) (ﬂ) V3 <’* T3 V3) T3
Combined with (3.96) and (3.97), this yields (with g =1)
L L L L —2L
L 'cos|—=)sin( —= )= (L tcos () —/3sin ()) sin () + 3. 3.99
() () - ( Ve 73 Ve (399

We claim that

()= (3a) =

cos | —= | sin

V3 V3

Indeed, otherwise we would have either cos ( \/g) = 0 and then sin (%) +1, so that L =0 by (3.98), which

= 0 which is impossible by (3.99).

is impossible, or sin
We infer from (3.98) and (3.99) that

2 ) sin (_2L> +V3L (3.100)
7 . .

)

/
Sle

SIS

() (5)-
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On the other hand, it follows from (3.98) that

V3L = s]n(lL) cos (\%) - (:);,((23)) . (3.101)

3
Replacing the last term in (3.100) by its expression in (3.101), multiplying the equation by cos (%) sin (

SIS

)

Sl

and simplifying by cos (%), we arrive to

ot (o (25) - () () () o (5):

(1) (o (25) 202 (1)) - (25 )

we obtain that

or

Letting x := ;%’
sin?(2x) (4 cos®(2z) — 1) = —2sin(3z) sinz = —2(3sinz — 4sin® ) sin z.
Simplifying in the above equation by sin? 2 (which is different from 0 since sin(L/+/3) is), we arrive to
4(1 — sin® 2)(3 — 16sin® z 4 16 sin® 2) = —2(3 — 4sin® z).
Setting y := sin’ z, we obtain the polynomial equation
32y° — 64y* + 42y —9 =0,
which has y = 3/4 as a double root and i = 1/2 as a single root. But y = 1/2 would give cos(L/v/3) = cos(2x) =

2cos? z — 1 = 0, which is impossible, and y = 3/4 would give cos(L/v/3) = 1 —2y = —1/2, cos(2L/\/3) = —1/2,
sin(L/v/3) = ++/3/2. Plugging those values in (3.98) would give

(v (+9)) (),

and hence L = 0, which is impossible. The proof of Proposition 3.13 and of Corollary 3.12 is complete. O

Next, we investigate the spectral problems associated with Cases 10 and 11.

Corollary 3.14. Let L > 0. Then there exist A € C and (0,u) € X3\ {(0,0)} solution of (3.54)—(3.57) together
with w''(0) =0 if and only if L € R.

Proof. We use the same notations as in the proof of Proposition 3.13. The additional condition u”(0) = 0 is
equivalent to the condition o/ = —a. When v # 0, we obtained that («, ) = (i, —i7y) for 8 =iy’ (case (a)),
and that (a,a’) = (—iv,47y) for § = —iy’ (case (b)). Thus the condition o/ = —« is automatically satisfied for
the critical lengths L € R.
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Consider now the case v/ = 0 with 8 = 44y’ = 0 corresponding to the critical length L € N. From Lemma 3.5
[30], we know that the three roots ug, 1, 2 of Q can be written as

2

1 2m 2m
Mo 3(2/{‘ + l) 7 125} Mo + k 7 M2 125} +1 7 (3 02)

for some k,! € N*. From (3.70), we know that the z; have to be zeros of the function «y cos(L§). If v = 0, then we
infer from (3.65)—(3.66) that 0 = a = o/, and hence (6°,u%) = (0,0). If v # 0, from cos(Luo) = 0, we infer the
existence of some p € Z such that Ly = m(3 +p), so that 3 +p = —2(2k+1)/3. This gives 3/2 = —3p—2(2k +1)
where k,l,p € Z, which is impossible. O

Corollary 3.15. Let L > 0. Then there exist A € C and (0,u) € X3\ {(0,0)} solution of (3.54)—(3.57) together
with 6" (0) = 0 if and only if L € N3.

Proof. The additional condition 8”(0) = 0 is equivalent to o’ = a.
If 4" # 0, then we have that o/ = —a = +ivy,sothat a =o' =v=0.If =iy and 0 = —# € {uo, 1, 2},
say po = 0, then by (3.82)—(3.84)

0=—Lpo = L1 + p2) = w(1 + 2(k1 + k2)),
with k1, ks € Z, which is impossible. If 8 = —iy’ and 0 = —% = o, we arrive to

0=—Lpo = L(p + p2) = (=1 +2(k1 + k2)),

with ki, ks € Z, which again is impossible.

Thus no L € R is a critical length for (3.54)—(3.57) with the additional condition 6”(0) = 0.
If v/ =0, then 5 = 0 by (3.74), and (3.78)—(3.79) hold with o’ = a. For each root & € {pg, 11, 2} of Q, we have
that

a+ye =0 = a4 ye'ls.
This is equivalent to (3.102) together with the the condition 2Lu; € 27Z for j = 0,1,2. With (3.102), the

latter condition is equivalent to 2Lug € 27Z, i.e. there exists ¢ € Z such that (—(2k 4 1)27/(3L))2L = 2rnq, or
3q = —2(2k +1). This is possible if and only if 3|2k + [, i.e. L € Nj. O

We now turn our attention to Case 3.

Theorem 3.16. For all L € (0,400) \ (N UGUG’) and all T > 0, there exists a constant C = C(L,T) > 0
such that

T
16 ) 13, <€ [ Ioaalt.0)P (3.103)
0

Proof of Theorem 3.16: We proceed in two steps as in the proof of Theorem 3.7.
Step 1. Reduction to a spectral problem.

If (3.103) is false, then one can pick a sequence (82, u2),en such that

n’ n

T
1= (6%, )], > n / B o (£, 0)[2dL. (3.104)
0
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Extracting a subsequence if needed, we can assume that (09, u%) — (6°,u°) weakly in X5. Denote by (6,,,u,,)

(resp. (A, u)) the solution of (2.18) with initial data (6%, u)) (resp. (6°,u°)). Extracting again a subsequence, we

can assume that (6%, u%) — (0%, u%) in X;. By (3.51) and (3.104), we have that (69, u%) — (0°,u") strongly in
Xo. Thus, [[(6°,u°)||x, = 1 and 0,,(-,0) = 0 a.e. in (0,T). The same argument as the one in Step 1 of the proof
of Theorem 3.7 shows that there exist A € C and (0,u) € X3\ {(0,0)} (superscript 0 dropped for simplicity)

which are solution of the spectral problem:

—u' —u"" =N,z € (0,L), (3.105)
-0 — 0" = \u,z € (0,L), (3.106)
9(0) = 6(L) = 6'(0) = 6"(0) = 0, (3.107)
uw(0) =u(L) =u'(L) = 0. (3.108)

Proposition 3.17. Let L > 0. Then there exist A € C and (0,u) € X3\ {(0,0)} solution of (3.105)—(3.108) if
and only if LEN UGUG .

Proof. We use the same notations as those in the proof of Proposition 3.13. Consider the property:
IneC, 3(0,u) € X3\ {(0,0)}, (3.105)—(3.108) hold. (3.109)
Note that (3.105)—(3.106) yields

A +u' 4+ u" =u"(0)6g — v (L)dL +u'(0)d in S'(R), (3.110)
Mt 0 40" = —0" ()5, — 0'(L)5,  in S'(R). (3.111)

Conversely, if a pair (f,u) in L?(R)? with Supp # U Supp u C [0, L] satisfies (3.110)—(3.111) for some A € C
and some complex coefficients (instead of u”’(0),u” (L), etc.) in the r.h.s. of (3.110)—(3.111), then 6,u € H3(0, L)
and (3.105)—(3.108) hold.

Let f(£) := (&) + a(€) and g(€) := H(¢) — a(€). Then (3.110)—(3.111) yield

M(E) + (i€ + (i€)®)a(€) = v (0) — u"(L)e L% 4+ ' (0)ie, (3.112)
Xa(€) + (i€ + (i€)*)0(¢) = —0"(L)e "¢ — gt/ (L)e "%, (3.113)
and hence
()= m (w”(0) — (u’(L) + 0" (L))e " + 1/ (0)i¢ — i6' (L)e "), (3.114)
9(6) = ﬁ (u”(0) + (—u"(L) + 0" (L))e "€ + u/ (0)i + €0 (L)e"*) . (3.115)
Set A = —ip. By Paley~Wiener theorem, we conclude that (3.109) is equivalent to the existence of numbers

p € C and (o, B,71,72,7') € C>\ {(0,0,0,0,0)} such that the two functions defined for £ € R by

= ﬁ (o + Bi& + (11 +y2)e ™" 4/ (i€)e ") (3.116)
g(=¢) = ﬁ (o — Bi& + (1 — vo)etks 4 ’y’(ié)eiLE) , (3.117)
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fulfill the conditions

f and g are entire; (3.118)
(f.9) € L*(R)% (3.119)
I(C,N) € (0,+00) x N, VE€ T [£(©)] + |g(&)] < C(1 + [g)Nekm &l (3.120)

(We have set «a := u”(0), 8 :=u'(0), 11 := —u" (L), 72 := —0"(L) and v := —0'(L).) It is clear that for f and
g as in (3.116)—(3.117), the condition (3.118) implies both (3.119) and (3.120) (with N = 1). Clearly, (3.118)
holds if and only if the two following functions

1

f&) +9(=¢) = m (200 = 2721 sin(LE) + 2(m1 +7'i) cos(LE)) , (3.121)

f(&) —g(=¢) = (284 + 272 cos(LE) — 2i(71 +7'i€) sin(Lg)) , (3.122)

i
E—E+p
are entire. Let Q(&) = €2 — & + p and let g, 11, g2 denote the roots of Q. The polynomial function @ cannot

have a triple root, so either the roots u, k = 0, 1, 2, are simple, or there are a double root uy = 1 and a simple
root fi2 # fig.

1. Assume that @) has three simple roots. Let £ be a root of Q). Setting
a:=y+7"€ bi=iv,

we infer from the fact that the numerators of the r.h.s. of (3.121) and (3.122) vanish at £ that
a —b cosLg \ [ —a )
b «a sinL§ )\ B¢

aB€ + ab
a? + b2

This yields

—aa + bBE

cos(LE) = 210

. sin(Lg) =
Expanding in the identity cos?(L¢) + sin®(L&) = 1 gives a® + b? = o® + B2, i.e.
—(V)?E + 2y il + 77 —nd = o + B2

Since @ has three different roots, we arrive at

()= 8% (3.123)
’71’)/ = 07 (3124)
v — v =a’ (3.125)

a. If ¥/ = 0, then 8 = 0, and the existence of p € C and of (a,v1,72) € C3\ {(0,0,0)} such that both f(¢)
and g(—¢&) are analytic in C is equivalent to the fact that L € A/, by Lemma 3.5.
b. If 4/ #0, then v; =0, 8 = iy’ # 0 and a = +ive.
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Case 1. f =iy and a = iv,.
Then

1

m(i — ") (72 — 7'(i€)).

f(&) = (i +e ) (e +7(i€),  g(=¢) =

i
E—E+p
If, each root p1; (0 < j < 2) of @ is such that v, + ip;y" # 0, then

et = —j = 715
and hence Lu; = 5 + 2k;m, for some k; € Z. This contradicts the fact that po + p1 + p2 = 0. Therefore, there
exists some root p; of @, say fio, such that vs + ipoy’ = 0. In the same way, we can prove that some root yy, of
Q should satisfy v — iury’ = 0. If ug = po, then y9 = pp = 0, and hence p = 0 and {p1, po} = {£1}. Then we
should have i + e~#H1 = 4 e7ibh2 = () j.e. e'F = e~ = —j and this is impossible. If uy # o, say pur = 1,
then py = v2/(i7') = —po, and thus ps = —(uo + 1) = 0. But then i + e~ 512 = § £ 0, and s is a pole of f,
which yields a contradiction.
Case 2. f = —i7 and a = —ivs.
It is similar to Case 1 and is impossible.
Case 3. f =iy and a = —ivs.
Then
F€) = gy (~ina + i/ (i€) + e + 7/ (i€)e™ %) (3.126)
£ —-&+p
i

9(=¢) = & trp (=i — 7/ (i€) — 2™ + +/(i€)e*) - (3.127)

If 5 = 0, then

24 cos —g(—€&) = e sin
H&) +9(=8) = G, feos(L8), () —9(=8) = g (1 =~ sin(L)).

If p# 0, then 0 & {uo, 1, po} and cos(Ly;) = 0 yields Lu; = (7/2) + 2k;m with k; € Z for k = 0,1, 2, contra-
dicting the fact that po + p1 + p2 = 0.
If p = 0, then we have (after relabeling) uo = 0, u; = 1 and pg = —1. Then both py and pe = —py should solve
1 —sin(L€) = 0, which is impossible. We conclude that 75 # 0 when 8 =iy’ # 0 and o = —is.

Dividing in (3.126)—(3.127) by +/, we can assume that 7' = 1. Each root £ of @ should satisfy

Yo(—i 4+ e HE) 1 it (i 4+ 7Y = 0, (3.128)
Yo(—i — eF8) 4 ig(—i + %) = 0. (3.129)
Then system (3.128)—(3.129) is equivalent to
—iL¢ _ 2 +¢&
e = —, 3.130
Y2 + i€ ( )
iLE _ ive — &
eil€ — > . 3.131
—Y2 +i§ ( )

(Note that both 75 + i€ and —vs + i€ are different from 0, otherwise we would infer from (3.128)—(3.129) that
~v2 = 0.) We notice that (3.130) and (3.131) are equivalent, so that we can focus on (3.131). Using basic algebra,
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we have that

_ i . 2
2 + € 72— i
2i¢ .
m —|— Zg = Y2 = COHSt.

Thus, the existence of p € C, v9 € C* and pg, pt1, 42 such that (3.85)—(3.87) hold together with

2ipo o 2i L 2ipg —
el —1 0T S, g T T i, g T2 =2

is reduced, by letting a := iLug, b := iLu1, to the existence of a,b € C such that

2a n 2b b 2(—a —b)
a = =
ier — 1 ieb —1 je—a—b _1

L? = —(a® + ab+ b?).

—a—b#0,

Thus, this is possible if and only if L € G.
Case 4. § = —iy and a = ivs.
It is similar to Case 3. We find, instead of (3.130)—(3.131), the system

_emiLE — 2 +§
Yo 4 i€’
il _ 2 —§

—v2 + i’

which can be reduced to its second equation equivalent to

2i¢ .
m + 'Lg = ’YQ = COnSt.

Introducing again a := iLpug, b = iLu;, we see that the existence of p € C, 75 € C* and po, p1, g2 (the roots
of @) holds if and only if L € G’.

2. Assume that @ has a double root py = p; and a simple root ps # po. Then (ug, u2) = + (%, —%) We

shall consider the case (ug, p2) = <%, f%), the case (po, p2) = (f%, %) being similar. As g is a double

root of @, it should be a root of the numerators of the functions f(§) + g(—=¢§) and f(§) — g(=¢) (see (3.121)
and (3.122)) and of their first derivatives, so that

() ) B
o COS <5§> —i (71 + M\%) sin <\f§> - 75%, (3.133)
(—~2iL + ~'i) cos (%) - L (71 + %) sin (\%) =0, (3.134)

(Y —y2L)sin (\%) —i (71 + %) Lecos (\%) = —Bi. (3.135)
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As s is a simple root of Q, it has to be a root of the numerators of the functions f(¢) + g(—¢&) and f(&) — g(—£),

so that
i () o () (3 -
Yo COS <\2/L§> —i (71 - 7’\2/%) sin (—2\%) = 2\%. (3.137)

Note that (3.134)—(3.135) can be rewritten as

(3.136)

cos () —sin (%) ( i + i ) _ < ’ )

sin (L) cos (& Lon+ilg)

If 8 =0, then we obtain —y9il + iy’ = 71 + z\% =0, and (3.133) gives y2cos(L/v/3) = 0. Then either

cos(L/v/3) # 0 and 2 = 0, or cos(L/v/3) = 0 and (3.137) gives again 7o = 0. Thus 0 = 75 = 7/ = 71, and
(3.132) yields oo = 0, so that (6,u) = (0,0), which is impossible.
Assume now that 8 # 0. Picking g = 1, we obtain

vyil + iy = sin (%) , (3.138)
L <71 + z%) ~ cos (;g) . (3.139)

We can compute all the coefficients in (3.132)—(3.137) in terms of L. Indeed, we infer from (3.133) and (3.139)
that cos(L/v/3) # 0 and

Combined with (3.138), this yields
L
"= Lys —isin (
v V2 3
It follows that

2 < m/) o <L> L
n-v"72=(m+—0)-V3iy=-cos (=) - —F—
V3 V3 L cos

From (3.132) and (3.136), we infer that

() (oo () () (oo B ()
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Substituting the values of o, 71 + 'y’% and vy — 7’% in (3.140), we obtain the equation

(i) i) (o () () (el
I 1

() -2 () -
————— | cos | —= —cos’ | —= | =0.
cos (&) V3) L V3
Simplifying the above equation, we arrive to

1 L L L 2L 1 L 2L

—cos | — cos | — 1—4sin? [ — —1)—Lcos| — —|—<S’ ()+s’ ()>_0,

h(L)

From (3.133) and (3.137), we infer that

— 275 cOs (\%) +2i(y1 + 7’%) sin (\%) = 75 COS (i%) +1i (71 - 7’\2/%) sin (i%) . (3.141)

i /23

Substituting the values of vo, 71 + ’y’ﬁ and v — 7y 7 in (3.141), we obtain the equation

P () ) () () e (b ()t = (9
2i Ly . L
() () -

After some simplifications, we arrive to

() () o () ()

k(L)

Let ((L) := h(L)* + k(L)% Then ((L) = L?> + O(L) as L — 400, so that the equation ((L) = 0 has no root
L > 1. Using a numerical computation, we see that infy~o ((L) & 5.3333 > 0. Thus the system

h(L) =0,
{ k(L) =0,

has no solution L > 0. Therefore, there is no critical length in the case of a double root. The proof of
Proposition 3.17 and of Theorem 3.16 is complete. O

Next, we investigate the spectral problem associated with Case 12.

Corollary 3.18. Let L > 0. Then there exist A € C and (0,u) € X3\ {(0,0)} solution of (3.105)—(3.108)
together with u" (L) = 0 if and only if L € GUG’.
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Proof. We use the same notations as in the proof of Proposition 3.17. The extra condition v”(L) = 0 means
that v; = 0. As for Proposition 3.17, the case when @ has multiple roots is impossible. We therefore assume
that @ has three different roots.

a. If ¥/ =0, then 8 = 0 and for each root £ of @, we have that

a+yge =0 = a — ypettt

We assume 72 # 0 (otherwise all the coefficients are zero), and we arrive to €2 = —1 and 2L¢ = 7 + 27k,
k € Z. Since the sum of the three roots of @) is 0, we arrive to a contradiction.

b. If 4/ # 0, then we have (still) 4 =0, 5 = +i7’ # 0 and o = +i7,, a case already considered in the proof of
Proposition 3.17. The Cases 1 and 2 have to be excluded, while the Cases 3 and 4 are valid and they lead to
Legug. O

4. PROOF OF THEOREMS 1.1 AND 1.2.

We shall first investigate the wellposedness of system (1.20) when picking go2(t) = —an, (¢, L) as control
input, with a > 0. We first notice that a global Kato smoothing effect holds, thanks to which we can derive the
wellposedness of the system in the energy space X = [L?(0, L)]?.

Let us first pay our attention to the linearized system

77t+Uz+Umx=07 tE(O,T)7 Z‘E(O,L),

UVt + Ny + Nazx = 0, te (0,7), x € (0,L),
n(t,0) =0, n(t,L) =0, n.(t,0) =0, t€(0,7), (4.1)
v(t,0) =0, v(t,L) =0, vy(t, L) = —any(t, L), te(0,T),
1(0,2) = n°(z), v(0,2) = (), z € (0,1L).

We introduce the operator
A, ) == (—v2 = Vawws =N = Taaz),
with domain
D(A) = {(n,v) € H*(0,L)* 1(0) = n(L) = 1,(0) = v(0) = v(L) = 0, va(L) = —an.(L)} C Xo.
Proposition 4.1. Assume that a« > 0. Then the operator A generates a semigmug of contractions (et“i)tzo m

Xo. Furthermore, for any T > 0 and any (n°,v°) € Xo, the solution (n,v) := e (n°,v°) of (4.1) belongs to
L?(0,T,[H'(0, L)]?) and we have

/ / n2 +v2)dadt < = 3 <L + :g + L(4a)) 1(n°,0°)[1%,- (4.2)

Proof. Tt is clear that D(A) is dense in X, and that A is closed. Let (n,v) € D(A). Then we readily obtain that

(121(7]71))7 (777v))X0 = 70”74”6(L)2 < 07
so that A is a dissipative operator. Introduce the operator B(0,u) := (ug + Ugzs, Oz + Opze) with domain

D(B) := {(0,u) € H*(0,L)? 6(0) = 0(L) = 0,(0) = u(0) = u(L) =0, u,(L) = ab, (L)} C Xo.
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We easily obtain that (B(6,u), (0,u))x, = —af,(L)? <0, so that B is also a dissipative operator. We claim
that B = A*. First, for all (n,v) € D(A) and all (0, u) € D(B), we have by integration by parts that

(‘;1(7771})7 (Gvu))Xo = ((777U)7 B(evu))Xov

which shows that B C fl*.~ }
Let us now check that A* C B. Pick any (0,u) € D(A*). Then, we have for some constant C' > 0 that

(0,0, A, v)) x| < ClmV)lLxs ¥, v) € DIA),

i.e.

1
2

L L _
/O 10(0a + Vawe) + (e + Mawe)ldz| < C ( /O o + ﬂm«) . W(p,v) € D(A). (4.3)

Picking v = 0 and n € C°(0, L), we infer from (2.7) that u, + s, € L?*(0,L), and hence that u € H3(0, L).
Similarly, we obtain that § € H?(0, L). Integrating by parts in the left hand side of (4.3), we obtain that

10(L)vzz(L) — 0(0)v22(0) + by (L) (L) + 02(0)v2(0) + u(L)Nza (L) — u(0)722(0) — uz (L)1 (L)]

<C (/0 n? + v2]dat> . Y(n,v) € D(A).

It follows that

so that (6,u) € D(B) and A* = B. We conclude that the operator A is m—dissipative in X and that it generates
a semigroup of contractions in Xj. i

Pick any (n°,0°) € D(A) and let (n,v)(t) := e'*(n°,v°). Scaling the two first equations in (4.1) by 1 and v
respectively, and summing the two obtained equations we arrive to the energy identity

[; [ e

Scaling the two first equations in (4.1) by zv and x7, respectively, and summing the obtained equations, we
arrive to

l/OL(a:nv 1 —*// (n* 4+ v?)dadt + = // (n2 +v2)dadt — L(a +1)/0Tnz(t7L)2dt:0.

Combined with (4.4), it yields

3 (T L I T
*// (n? 4+ v2)dzdt = — / (xnv)d // Hdedt + = (a2—|-l)/ N (t, L)2dt
2Jo Jo 0 2 0

<

<L (Hn(T)”L?(O,L)”U( )||L2(0,L) + ||77 HL?(O,L)HUOHB(O,L))

T

T
+ a/ n.(t, L)?dt = 0. (4.4)
0
0
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T L
+ (2 + 5(042 + 1)) (||770H%2(0,L) + ||“0||2L2(07L))
T L 2 0 ,.0y(2
< (L—i— ) + E(oz + 1)) [(n”,v )||Xo’

as desired. O

We search a solution of

Nt + Ve + (M0)z + Vazz = 0, t € (0,00), z € (0,L),
’Ut+’f]m+U’Uz+771zz:O, tE(0,00), IG(O,L),
U(tao) =0, U(ta L) =0, nx(tvo) =0, te (07 OO)? (4'5)
v(t,0) =0, v(t,L) =0, vy(¢t,L) = —am,(t, L), t € (0,00),
1(0,2) = 1°(x), v(0,2) = v°(x), z € (0,L),
as a solution of the integral equation
~ t -
(n,0)(t) = "4 (1°,2°) —/ ' DA((0)o (7), (o) (T))dr, > 0. (4.6)
0

Introducing the map I" defined by

(0, 0)(t) = A (5°, 1) - / =7 (90) (), (v0,) (7)) dr,

0

we will show that for any (sufficiently small) time 7" > 0, the map I" has a unique fixed-point in some closed
ball B(0, R) in the space

Er :=C(]0,T),Xo) N L*(0,T, [H*(0, L)]?)

endowed with the norm

N|=

t€[0,T]

T
1, V)l 7 == sup [[(n(t),v(t))l[x, + (/0 ||(nx(t),vx(t))||§<0>

Such a fixed-point yields a local solution of (4.5).

Proposition 4.2. For any (n°,v°) € Xy, there are some positive numbers T and R such that the system (4.5)
has a unique (integral) solution (n,v) € B(0,R) C Er.

Proof. The proof is very similar to those of the wellposedness of the KdV equation with the boundary conditions
u(t,0) = u(t,L) = uz(t, L) = 0 (see [29, 30]). First, we can prove as in [30] that for some constant Cy > 0, we
have for all T € (0,1] and all (f,g) € L*(0,T, Xo)

||/0 IA(f(r), (M)Al < CHll(fr 9|2 0,7, x0)- (4.7)

Following [29], one can find a constant C'(L) > 0 such that for all T € (0, 1] and all (n,v) € Er, it holds
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T
1 1 1
/ [(7v)e |l x,dt < CT' (||7790||L2(07T7L2(0>L))HU”E"O(O,T,LZ(O,L))HUﬂC”z?(O,T,LZ(O,L))
0

1 1
+HUIHL2(O,T,L2(0’L))||n‘|2x(0,T,L2(O,L))||n$|‘z2(0,T,L2(O,L))) : (4.8)

It follows that there are some positive constants Co(L), C5(L) such that for all T > 0 and all (p',v'), (n?,v?) €
Er we have

1

170" o) 1| (1%, °) | x + CsT T [[(n*, 0" [, (4.9)
1

10t 0t) = L2 0) | Bp < CsTA(|(nh, o) 2 + 102 0) | Bo) I(0F = 120" = 0%) || By (4.10)

Picking R = 2C5||(1°,v°) | x, and T' > 0 such that 2C5T'5 R = 1/2, we see that the map I” is a contraction in the
closed ball B(0, R) of Er, and hence that it has a unique fixed point by the contraction mapping theorem. O

Let us now proceed to the proof of Theorems 1.1 and 1.2. Assume that L € (0, 400) \ V. First, we show that
the semigroup (etA)tZO is exponentially stable in Xj; that is, for some constants C, ;> 0 it holds

e (n°, %) I x, < Ce™# (1, 0%)lIxp, ¥t € Ry (4.11)

It is actually sufficient to prove that for some T' > 0 and some C = C(T) > 0,

T
1,0, < C / na(t, L2t (4.12)
0

Indeed, combining (4.12) with (4.4), we obtain [[(n(T),v(T))[%, < (1 —2aC~")||(n°,v°)||%, which yields (4.11)
by the semigroup property.
To prove (4.12), we proceed by contradiction. If (4.12) is not true, one can find a sequence (7", v%"),>¢ in

Xy such that, denoting (n™,v™)(t) := et"i(no’”, v9"), we have

T
L= 1[(n"" "%, > n/ n™(t, L)*dt. (4.13)
0

Scaling the two first equations in (4.1) by (T — t)n and (T — ¢)v respectively, and summing the two obtained
equations we obtain

T
510001, = 5 [ / 2Jdadt + (1= O (e. Lt (4.14)

Since by (4.1) and (4.2) the sequence (7",v") is bounded in L2(0,T, [H} (0, L)]*)NH(0,T, [H2(0, L)]?), we
infer from Aubin-Lions’ lemma that a subsequence (7™, v™*) is convergent in L?(0, T, [L?(0, L)]?). Combined
o (4.13)-(4.14), this yields that (n®m*, v%") — (9 v0) strongly in X, for some (n°,0°) € X satisfying
1(n°,v°)||x, = 1 and n,(-, L) = 0. Taking into account (4.1), we infer that v,(-,L) = 0 as well. But since
L ¢ N, this is impossible by Theorem 3.7.

Thus (4.12) is established. Proceeding in much the same way as for Theorem 1.1 of [28], we can derive
Theorem 1.2. (The proof is omitted for the sake of shortness.)
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Let us now proceed to the proof of Theorem 1.1. We first notice that the linear system

Nt + Vg + Vpge = 0, te (0,7), z € (0,L),

V¢ + e + Noze = 0, te (0,7), x € (0,L),
n(t,0) =0, n(t,L) =0, n.(¢0) = t e (0,7), (4.15)
v(t,0) =0, v(t,L) =0, v,(t,L) = fcmz(t L)+ h(t), te(0,T1),
1(0,2) = 1°(x), v(0,z) = v°(x), z € (0,L),

is well posed for (n°,v°) € Xy and h € L?(0,T). Clearly, the wellposedness can be derived for h € C?([0,T])
by performing the change of unknowns 7(t, ) := n(t,z), 0(t,L) := v(t, L) + h(t)g(x), where the function g €
C°°([0, L]) is such that g(0) = g(L) = 0 and ¢’(L) = —1. To extend the result from C?([0,T]) to L?(0,T), we
need to derive some a priori estimates. Scaling in the first (resp. second) equation of (4.15) by 1 (resp. v), we
obtain after some integrations by parts

1 [ g
5/ [7* + v?]da
0

0

+a/o nz(t7L)2dt—/ 1 (t, LYh(t)dt = 0.

0

This yields for all T' > 0

T T
10T, 0T ), + o [l D < 00+ % [ hie2, (116)

and thus (n,v) € C([0,T], Xo) if (n°,0°) € X¢ and h € L*(0,T). Scaling now in the first (resp. second) equation
of (4.15) by zv (resp. zn) yields for some constant C = C(L,T) > 0

T oL T
/ / (ni+v§>dxdtsc(||<n0,v°>|%<o+ / h(t)?dt)
0JO 0

so that (n,v) € Er if (n°,0°) € X and h € L?(0,T).
The same computations as in the proof of Theorem 1.2 show that the operator

A(nvv) = (_Uz — Ugaa, Nz — 771,’I:E)7
with domain
D(A) = {(n,v) € H*(0, L)% n(0) =n(L) = na(L) = v(0) = v(L) =0, v,(0) = an.(0)} C Xo,

generates a semigroup of contractions in X,. Next, performing the change of variablest - T —t and ¢ — L — x,
we infer that for any (6',u') € Xy, the backward system

9t+um+umcm:07 te (OaT)’ T € (O7L)7

Ut+0m+ezmx:(); te (O,T), x € (O,L),

8(1,0) =0, 6(t,L) = 0, 6,(t,0) = te(0,7), (4.17)
w(t,0) = 0, u(t, L) = 0, uy(t, L) = e (L), te(0,T),

(T, x) = 91( ), w(T,x) = ul(x), x € (0,L),

has a unique solution (6,u) € C([0,T], Xo), which belongs to C([0,T],[H?(0,L)]*) N C*([0,T], Xo) if
(0'(L —-),u' (L —-)) € D(A).
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We now prove the exact controllability in Xy of the linear system (4.15). Scaling in the first (resp. second)
equation of (4.15) by € (resp. u), we obtain after some integrations by parts

L T T
[ / [n0+vu}dx] - / 0,(t, L)h(t)dt.
0 0 0

By the Hilbert Uniqueness Method (see [24]), the exact controllability of (4.15) holds in Xy with control inputs
h € L?(0,T) if and only if the following observability inequality holds

T
6% )%, <€ [ loatt Dt (1.19
0

for the solutions of the backward system (4.17). Again the backward system enjoys the global Kato smoothing
property:

106z, um)HL2(O,T,X0) < 0”(91, UI)HXO'

Proceeding as in [30], we easily see that if (4.18) is false, then we can find a pair of data (#',u') in X, such
that [|(6',u')|x, = 1 and 0,(-, L) = 0. But this is impossible by Theorem 3.7, for L ¢ N

We have established the exact controllability of the linear system (4.15). The (local) exact controllability of
the nonlinear system (1.20) in X, follows at once by applying the contraction mapping theorem as in [30] for
KdV. (Note that 7, (-, L) € L?*(0,T) by (4.16), and hence go = —an,(-, L) + h € L?(0,T) as well.) We omit the
details for the sake of shortness. The proof of Theorem 1.1 is complete.

APPENDIX A. PROOF OF THEOREM 3.11

Proof. The proof of Theorem 3.11 is not based on the multiplier method, but on the analysis of the spec-
tral properties of the operator A. More precisely, we estimate the asymptotic behavior of the eigenvalues of
A and use it to establish the observability inequalities (3.50)—(3.51). The proof of Theorem 3.11 is outlined
as follows. In Step 1, we introduce the operator By = —y"/(L — z) — y'(L — z) with domain D(B) = {y €
H3(0,L)N H(0,L); y'(L) = 0}, which is closely related to the operator A (but more easy to handle). We prove
that it is selfadjoint and that it has a compact resolvent, so that it can be diagonalized in an orthonormal basis
in L2(0, L). In Step 2, we estimate the asymptotic behavior of the eigenvalues of B. Finally, in Step 3 we show
that A can be diagonalized in an orthonormal basis of [L?(0, L)]? and use the expansions of the solutions in
terms of the eigenfunctions to prove (3.50) and (3.51).

Step 1 (Study of the operator B)
Let

(By)(z) = —y"(L —2) —y'(L—=x) forye D(B)=:{y € H*(0,L) N Hy(0,L); y (L) =0},

where ’ = d/dz. Then we have the following result.

Claim A.1. B is a selfadjoint operator in L?(0, L).
Picking any y, z € D(B), we readily obtain by integration by parts that

L L
/ (L — 2) — y/ (L — 2)](z)dz = / y(@)[—2"(L — z) — 2/(L — x)|da,
0 0
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i.e. (By,2)r2 = (y,Bz)r2> where (.,.)z2 stands for the scalar product in L?(0,L). This means that D(B) C
D(B*) and that B* = B on D(B). Conversely, pick any z € D(B*). Then

L
|(By, 2) 12| = /0 [~y (L —2) —y' (L — 2)|2(z)dz| < Clly||L2, Yy € D(B).

Setting w(x) = z(L — x), we arrive to [(y"" +y',w) 2| < C|ly||rz, or equivalently for y € D = D(0, L)

"

(" +w',y)pr | < Cllyl L2

It follows that w4+ w’ € L?(0, L), and hence w € H(0,L) and z € H3(0, L). Integrating by parts in (By, 2) 2
and using the fact that v + v’ € L?(0, L), we arrive to

[=y"(L)2(0) + 4" (0)2(L) + ¢ (0)2(L)| < C'llyllz2, Yy € D(B).
This yields z(0) = z(L) = 2/(L) = 0. Thus z € D(B), and we infer that D(B*) = D(B) and that B* = B.

Claim A.2. If L € (0,+00) \ N, then B~1: L?(0, L) — H?3(0, L) is a well-defined continuous operator.
Pick any L ¢ A and any z € L?(0,L). We search for y € D(B) solving the equation By = z, i.e.

—y""(L—x)—y'(L—2)=2(x), x¢€(0,L),
y(0) =y(L) =y'(L) = 0.

We search for the function y in the form y(z) = y1(z) + y2(z) with

L
yi(x) = / [1 — cos(z — s)]2(L — s)ds.

We see at once that y; € H3(0, L) with y}’(z) + ¥} (z) = —2(L —z) a.e. in (0, L) and y1 (L) = ¥} (L) = y§ (L) = 0.
Thus, it remains to find yo € H>(0,L) such that y3’ + 35 = 0 and yo(L) = y4(L) = 0, y2(0) = —y1(0). By
linearity, there is no loss of generality in assuming that y,(0) = 1. The three roots of the equation 7* +r = 0
are ry =1, 7o = —i and r3 = 0. We search for y, in the form

3
yz(:v) — Zaj[erjx _ ierj(L—ac)]7
j=1

where the coefficients ay, ag, ag have still to be found. It is clear that ys solves ¢4’ + y4 = 0, and the boundary

conditions y2(L) = y5(L) = 0 and y2(0) = 1 give the following conditions

Y ai(eit —i) =0, (A1)
j=1

3
> a1 —ieit) =1, (A.2)
le
eraj ("™ +1i)=0 (A.3)
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Using (A.1), (A.2) and the precise values of 71,72, 73, we obtain that ag = 3 — a1 — az and

1 i—1 "
- —a (et —1)).
a2 eZL—1< 5 e 0

(Note that L & 277, for L ¢ N'.) Plugging these expressions of as and az in (A.3), we arrive to

et —1
el —1

a1<KJL+i)

We readily see that the coefficient behind a; is not zero, for L ¢ 277, so that the last equation for a; can be
solved. Claim A.2 is proved.

Claim A.3. There is an orthonormal basis (v, )nen in L2(0, L) composed of eigenvectors of B: for all n € N,
vp, € D(B) and Bv,, = \,v, for some A, € R.

It is a direct consequence of Claims A.1 and A.2, since B~! is a bounded compact selfadjoint operator in
L?(0,L). Thus B~! is diagonalizable in an orthonormal basis in L?(0, L), and the same is true for B.

Step 2 (Asymptotics of the eigenvalues of B)

Claim A.j. Using a convenient relabeling, the sequence of eigenvalues of B can be written (A,)nez, with
An < Apyq for all n € Z and

T 4ok ’
)\n:<6+ 7r21—|—n)> +0(n) as n— +oo, (A.4)
4 or(ky — )\
An = — (W) +0(n) as n— —oo, (A.5)

for some numbers k1, ko € Z.
The eigenvalues of B as given in Claim A.3 satisfy |A,| = +00 as n — +00. We shall show that they can be
separated into two subsequences, one with the asymptotics (A.4) and another one with the asymptotics (A.5).
Assume that (v, A) is a pair of eigenvector/eigenvalue for B; that is, v € D(B), v # 0, and v"'(z) + v'(x) =
—Av(L — x). This yields
v 420 40" = N2y, (A.6)
The roots of the equation
(r? 4+ 1)? = =\%, (A7)
read ry,79,73, —T71, —T9, —T'3, Where r1, 72,73 denote the roots of
b =i\ (A.8)
Note that if the r; are not pairwise distinct, then any multiple root r should also solve 3r2+1 =0, so that

r = +i/v/3 and A = £2/(3/3). Thereafter, we assume that [A\| > 2/(2v/3) so that the roots 7; (1 < j < 3) of
(A.8) are simple. Note that the roots r; (1 < j < 3) of (A.7) are also simple, for r; = —r; yields i\ =73 +r; =
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7(7’? +7;) = —iX and A = 0. It follows that the exponential maps e*"i% (1 < j < 3) are not linked. From (A.6),
we can write

3
= Sl 0]
j=1
for some constants a;j,b; € C (1 < j < 3). The equation Bv = Av yields
3

Z ([a;( r +7;) +bjde e + [aj el — bj(T? +1;)]e”"") = 0.

j=1
This holds if and only if b; = —ierf'Laj for 1 < j < 3. Thus v takes the form

3
= aj[e" — e o), (A.9)
j=1
Then the conditions v(L) = 0, v(0) = 0 and v'(L) = 0 are equivalent to

3
> aj(ent —i) =0, (A.10)
j=1

3
> a;(1—ieit) =0, (A.11)
=1

3
eraj (e"il i) = 0. (A.12)
j=1

The equations (A.10)—(A.11) yield Z?Zl a; = Z?Zl ajemil =0, ie.

a3 = —a; — az,
ar(enl —eml) 4 ay(eml — eml) = 0. (A.13)

Substituting the values of ag and az in (A.12) results in
ar[ri(em™t +i) (et — e h) 4 ro(eh i) (e — e E) 4 rg (el + i) (e E — e h)] = 0.

Thus if e"2 # ™1 then ay can be expressed in terms of a1, and the system has a solution (a1, az, a3) # (0,0,0)
if and only if

Tl(erlL +i)(er2L _ eT‘3L) +T2( roL + )( ral rlL) +’I"3(€T3L -‘ri)(@TlL _ €T2L) —=0. (A14)

The case e™l = em! is actually impossible for || large enough, see below (A.15) and (A.19). We shall use

several times the following classical result.

Theorem A.1. (Rouché’s theorem, see e.g. [35], Thm. 3.42) Let f and g be analytic inside and on a closed
contour I', and such that |f(z) — g(2)| < |f(2)] on . Then [ and g have the same number of zeros inside I'.
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e Assume that A — 4-00. Then |r| = 400 and from the equation 73(1 + %) = i), we infer that
3~
Then we can choose r1, 19,73 so that
P~ —iAS ) Py~ —ifAS, T~ —if2AS,

where j = ¢ . More precisely, for any C' > 1/3 and for A\ large enough, there is only one solution r of
r(1+ %) =X in the disk {r € C; |r — (—iA3)| < CA~3}. Indeed, letting f(r) = r3 —iX, g(r) = r3 +r — i),
and considering r = —i\3 + p with |p| = CA~3, we have that |f(r) — g(r)| = |r| = A3 + O(A~3), while

1F(M)] = [(—iA5 + p)® — iA| = [3(=iA5)2p + 3(—iA3)p® + p°| = 3CAS + O(A73).
The conclusion for 7, ~ 7} := —i\3 follows then from Rouché’s theorem. We can do exactly the same for the

two other roots ro ~ 13 := jr} and r3 ~ 1} 1= jr}.
From 73 = iA(1+r72)7! =iX(1 —r"2+ 7% +--.), we obtain that

1
rl = —i\3 <1 + gx% +> = A5 + O(N75) ~ —iA3,

1 3
ro = —ijAd (1 + gj—QA—% +. ) — —ijA5 + O(A75) ~ ({ + ;) A3,
1 ]_ 1 1 3 ) 1
and  rg = —ij2\3 (1 + gj“*)\‘% + - ) = —ij2X3 + O(\73) ~ —g + ;) A3,
Clearly,
lerl| =1, |e"E| = 400 and el 0. (A.15)

Plugging these expressions in (A.14), we arrive to

e l(ry —rg) +i(ry —r3) = O(/\%e_é)‘%) (A.16)
On the other, we have that
r—ry = —iAE(1 =) + O(N"5), 1 —ry=—iA5(1—52) + O\ 9),
and hence
el — —inbrronh) ij2 4+ O\ F) = e 1% + O(N"3). (A.17)
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for some n € Z, so that A, ~ L3 (% + 2n7r)3. On the other hand, we claim that there is a simple eigenvalue

Ap ~ L3 (% + 2n7r)3 for all n € N large enough. Indeed, we infer from 73 + 7 — i\ = 0 that r9 + r3 = —r; and
rors = i\/ry, so that

Nl

2 43\ 1
—T1 (7”1 - ﬁT) —ry 4 (—3r2 — 4)3
7’273 = B) = B .

Since

.. —TEENBIrT —ri (-3 )2z
ey ey MLV ri (30D

2 2
we have that
_ _ 2_41 _ s 2_41
ry = r+ ( 237"1 )“"7 S (237“1 )2 . (A.18)

Let
g(rl) = [Tl(eT-lL —+ i)(37’2L _ ersL) =+ T2(€T2L 4 Z’)(eT‘SL _ enL) + Tg(ergL + i)(erlL _ 67‘21‘)] 6_T2L,

where 7o and 73 are as in (A.18), and let f(r1) = e"*Lr (1 — j) 4+ r1i(1 — j2). Then for ) large enough, f(r;) =0
has a solution r} = —iA3 where A, = [1(§ +27n)]?, n € Z. On the other hand, | f(r1) — g(r1)| = OX3) <1<
[f(r1)] if |r1 — rF] = 1/L and X is large enough. As f(r}) = 0, we infer from Rouché’s theorem that g(r1) =0
has only one root in the disk {r; € C; |r; — r}| < £}. Combined with (A.17), this yields for all n € N large
enough an eigenvalue A, such that

L O(n™1),

AL
6

and hence
. 3
Ap=L73 (6 + Zmr) + O(n),

and we see from (A.9)—(A.12) that the associated eigenspace is onedimensional.
e Assume that A\ — —oo. We still choose 71,73, 73 so that

1~ —iNE, Ty~ —ifAT, T~ 2N
Then we obtain that

ry = —iA3 + O(A73) ~ | A3,

Ty = —ij)\é + O()\_é) ~ —(? + %)|)\|%7
and 713 = —ij2A5 £ O(A73) ~ (? _ %)w%
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Clearly,
le" ] =1, [emE| =0 and |e"F] = +oo0. (A.19)

Plugging these expressions in (A.14), we arrive to

e l(rs —r) +i(re — 1) = (|)\‘§e—*\/\|3)
On the other, we have that
rg—r1 = —iAS (52 = 1)+ O(\75), 1y —r = —iAi(j — 1)+ O(A~5),

and hence

We infer that

for some n € Z, so that
3
3 (T
A=-L (6 + 2n7r> + O(n). (A.20)

On the other hand, we can prove as above that for all n € Z with n < 0 and |n| large enough, there is indeed
an eigenvalue

3
Ap=—L73 (7(;7 + 2|n|7r> + O(n),

and that it is simple.
e Finally, we can relabel the \,,’s so that the eigenvalues of B form a sequence (A, )nez as in Claim A.4.

Step 3. Diagonalization of the operator A
We denote by (v,,)nez an orthonormal basis in L?(0, L) such that Bv,, = \,v, for all n € Z. Let for n € Z

1 1

0F(z) == ——=vn(L — ), 0, (x) = %vn(L —x), and u)(v) =u, (v):= Evn(x)

V2

Then (6, uf{)nez U (Gn Uy )neZ is an orthonormal basis in LZ(0, L) x LZ(0, L) (endowed with the natural scalar

product ((6,u) fo ) + u(z)w(x)]da) composed of eigenvectors of A:

AW ) = A (0, ), Al ) = (—ida) (0, uy).

n’
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Let (0°,u%) € [LZ(0, L)]? be decomposed as

0°(x) = Z anvn(L—2), u’(z) = Z bpun ().

nez neZ

(Note that (v, (L — -))nez is also an orthonormal basis in L?(0, L).) Then we can write

(907u0> = Z[cj{(&j{,uﬁ[) + ¢, (0, uy)],

nez
where
cf = %(ian +bn), ¢, = %(bn —iap).
Tt follows that the solution (6, u) of (2.18) can be written as
0,u) = Z[cie”‘”t(ez, wh) + e M0 ). (A.21)
nez
Let us show that there is an asymptotic spectral gap for the spectrum.
It follows from (A.4) and (A.5) that
Ana1 — Ap ~ 2;—7;3712, as n — 0o, (A.22)
A — A1 ~ 2;—7;3712, as n — —oo. (A.23)

On the other hand, for all £ € Z and n € N, we have that
A — (=Xe_n) = (a —b)(a® + ab + b*) + O(n),

where a = (§ + 2n(k1 +n))/L, b= (IF + 2x(ka — k +n))/L. Then

2n(ky — ko + k) —7| _ w
_pl = >
a1 2 >7,
and
2 oo 1. o 1o
a’+ab+b Zg(a +v%).

It follows that there is some ng € N* such that for any k& € Z and some C € Ry,

2
[An — (= Ak—pn)| = 27% % +2n(k1 +n)| +0(n) >Cn?  for n > ny.

Combined with (A.22)—(A.23), we infer that for all A > 0 we can find some n; > ng such that we have the

spectral gap relation
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[(iAn) — (IAm)| = A, Vm #n with |m| > nq, |n| > nq,
[(iAn) — (—iAm)| = A, ¥m,n with |m|>ng, |n| >n;.

Pick any T > 0. It follows then from Ingham’s lemma that there exist an integer N € N and a constant K > 0
such that for all (¢;")nez, (¢, )nez € 12(Z), we have

K~0 ) (leh P+ e ?) /O | D0 (efe™ werem™ ) Pat <K Y (lef® + e ).

In|>N [n|>N [n|>N
Next, we compare |v)(0)] to |v}/(L)| as |n| = +oo.
Claim A.5. There are two numbers K, K_ € C* such that v}/(0) ~ K v]/(L) asn — +oo and v} (0) ~ K_v//(L)

as n — —oo.
It follows from (A.9) that

Eajjl—ze gajj L),

where r; = r;(n) and a; = a;j(n). Assume first that n — +oo0. Then
a3 = —ai —az, ay(e™t —e"l) +ag(emt — k) = 0.
It follows that
07(0) = arr?(1 —ie™ L) + aprd(1 —ie™) 4 aszr2 (1 — ie™h)
=ay | r3(1 —ieml) 4 rZient — 2 4 O()w2 ik ))
(1= 3)(A0) + e (G = D)(=AF) + 0(1)
1

— DA + et + 000 ),

1
—i)\3 iz ..
But el ~ e= L~ e7i% =52, and hence

Similarly, we obtain

and hence
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We conclude that v)/(0) ~ 1”2] vZ(L) as n — +oo. We can prove in the same way that v//(0) ~ K_v/(L) as
n — —oo for some constant K

We are in a position to complete the proof of Theorem 3.11. Pick any (6°,u°) € X,. From (A.21), we have
that

Ouu(t, L) = Y e e 0, 1o (L) + e 210, (L)
nez

\[Z + Aty // 0)+C e M"t’vg(())],

nez

erx t, 0 \[Z + idn t /I L) +C_€_Z)\”t //(L)]7

beZ

Uam t L \/’Z + iXp t // +C e z)\"'t’l}Z(L)],

nez

and  ug.(¢,0) Z Tty (0) 4 ¢, e Al (0)].
\[nEZ

Then by (3.30), Claim A.4 and Claim A.5, we have that (with a constant C' that may change from line to line)

T
16°, u)]%, < C/O 1020 (t, L)? + uas (¢, L)) dt

2
T
<C / Z[ + idnt ”(0)—{-0 e Z/\”tUZ(O)] dt
0 nez
2
/ >_lere? (L) + e (L)) dt
nez
w1k, + Y (et P+ len ) (0) + o (L)[?)
[n|>N
<C W)k, + Y (et P+ len [P (0)[?
[n|>N
T
0<|| )%, + / |om<t,L>|2dt>.

Thus (3.50) is proved. The proof of (3.51) is similar, and therefore it is omitted. The proof of Theorem 3.11 is
complete. 0
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