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Abstract The aim of this work is to consider the internal stabilization of a nonlinear cou-
pled system of two Korteweg—de Vries equations in a finite interval under the effect of a
very weak localized damping. The system was introduced by Gear and Grimshaw to model
the interactions of two-dimensional, long, internal gravity waves propagation in a stratified
fluid. Considering feedback controls laws and using “Compactness—Uniqueness Argument,”
which reduce the problem to use a unique continuation property, we establish the exponen-
tial stability of the weak solutions when the exponent in the nonlinear term ranges over the
interval [1, 4).
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1 Introduction
1.1 Setting of the Problem
In [5], a complex system of equations was derived by Gear and Grimshaw to model the

strong interaction of two-dimensional, long, internal gravity waves propagating on neigh-
boring pycnoclines in a stratified fluid. It has the structure of a pair of Korteweg-de Vries
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equations coupled through both dispersive and nonlinear effects and has been the object
of intensive research in recent years. In particular, we also refer to [1] for an extensive
discussion on the physical relevance of the system.

An interesting possibility now presents itself is the study of the stability properties when
the model is posed on a bounded domain (0, L). In this paper, we are mainly concerned
with the study of the Gear-Grimshaw system

Ur +ulty + Uyxyx + A3Vxxx +a1vvy + a2 (@), =0, in (0, L) x (0, 00),
cvr +ruy + vuy + a3b2uxxx + Uxxx + aZbZMMX + ale(uU)x =0, in (07 L) X (07 OO)»
u(x,0) =u(x), v(x,0) =), in (0, L),

(1.1)

satisfying the following boundary conditions

{u(O, t) =0, u(L,t) =0, uy(L,t) =0, in (0, 00), (12)

v(0,1) =0, v(L,t) =0, vy(L,t) =0, in (0, 00),
where a1, ap, az, by, ¢, r € R. We also assume that
1—a3by>0 and by, c>0.

The purpose is to see whether one can force the solutions of those systems to have certain
desired properties by choosing appropriate damping mechanism. More precisely, we study
the following fundamental problem related to the asymptotic behavior of the solutions for ¢
sufficiently large:

Stabilization Problem Can one find two feedback controls laws: f = Gu and g = Gv
so that the system

{ Ur +yey +a3zvexy +a@uy +ayvvy +ax(wv)y + Gu =0 (1.3)

b1v; + rvx + Vxxx + b2a3iixex + a(0)vx + baazuuy + bray (uv), + Gv =0,
with boundary condition (1.2), is asymptotically stable as t — 400 ?

If such the feedback controls laws exists, then the system (1.3)-(1.2) is said to be
stabilizable.

1.2 State of Art

In what concerns the stabilization problems, most of the works have been focused on a
bounded interval with a localized internal damping (see, for instance, [12] and the references
therein). However, the stabilization results for system (1.1)—(1.2) was first obtained in [4],
when the authors considered the system in a periodic domain. Recently, Capistrano—Filho et
al. [3] proved a result which extends the result proved by Déavila [4], which one was proved
only for s < 2. More precisely, in [3], they showed that for any fixed integer s > 3, the
solutions are exponentially stable in the Sobolev spaces

H3(0,1) :={u € H(0, 1) : 37u(0) =dju(1), n=0,...,s}
with periodic boundary conditions.
Theorem A ( Capistrano-Filho et al. [3]) Consider
by =by=1 (1.4)
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r=0, ail+a=a+a, lal<1, and (a1 —Daz= (a2 — Daz=0. (1.5)
If ¢, ¥ € H,(0, 1) for some integer s > 3, then the solution of

Ur + Utly + Uxxx + A3Vxxx + a1vvy + a2 @)y + k(u — [u]) =0,

U + Uy + Uxxx + @3Usxx + b2azuuy + bray (wv)x + k(v — [v]) =0,
u(0,x) = ¢(x),

v(0, x) = ¥ (x),

where [ f] denotes the mean value of f defined by

(1.6)

UL=A}&Mx
satisfies the estimate
lu(®) =[Oy 0,1) + @ = O Hy0,1) = o(e™¥, as 1 00
foreach k' < k.

The proof of Theorem .4 follows the ideas introduced in [6] for the usual KdV equation
by using the infinite family of conservation laws for this equation. Such conservations lead
to the construction of a suitable Lyapunov function that gives the exponential decay of the
solutions.

Concerning with bounded domain (0, L), recently, Nina et. al. [11] proved that under
presence of a localized damping, represented by a function b = b(x), the following system

Up + Uyxy + a3zvixy +a@uy +ajvvy + ax (W) + b(x)u =0,
b1vy + rvy + Vaxx + b2azuyxy + a()vy + boazuuy + bray (wv)x + b(x)u =0,
u(x,0 =u(x), vx,0) =19x),
(1.7)
where 0 < x < L, t > 0, with boundary conditions (1.2) is globally uniformly exponential
stable when b satisfies

be L2(O, L) is a nonnegative function, such that (1.8)
b(x) > by > 0 a.e.in w, where w C (0, L) is a nonempty open set. '

More precisely, they proved the following result:

Theorem B ( Ninaet al. [11]) Let a = a(x) be a C* function such that
la(x)] < C(1+1x|P), ld' ()| < C(+ x|P7h, |a"(x)| < C(1+[x[P7%), VxeR

where C is a positive constant and 1 < p < 4. Then, if b satisfies (1.8), system (1.7)—(1.2)
is globally uniformly exponential stable.

The techniques used to prove this result are different from those used in the proof of
Theorem A. The proof of the Theorem B is reduced to show a unique continuation property
one since b(x)u = b(x)v = 0 implies that (u, v) = (0, 0) in {b(x) > 0} x (0, T). However,
in this problem, the unique continuation property can not be applied directly. To overcome
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this problem, the authors developed a Carleman inequality which allows the authors prove
directly the unique continuation of weak solution.

1.3 Main Result

In this work, we treat a very special case in which the source terms f and g, introduced in
the Eq. 1.3, are defined by the operators

Gu =1, (u(t,x) — L/ u(t,x)dx) (1.9)
ol Jo
and
Gv =1, (v(t, x) — L/ v(t,x)dx) , (1.10)
o] Jo

respectively. Here, @ C (0, L) is a nomempty open set and 1, denotes the characteristic
function of the set w.
We assume that a = a(s) is real-valued function that satisfying the condition

a(0) =0, |aV () <c+][s]P7), Vs eR,
where c is a positive constantand j = 0,1 if 1 < p <2 (1.11)
and j =0,1,2 if p > 2.

Let us consider the total energy associated to Eq. 1.3, in this case

1 L
Ey(t) = 5/ (bau?* + biv?)dx. (1.12)
0

Then, we can (formally) verify that

1d [t by 1
EE/O (byu* + b1v¥)dx = — [zuﬁ(o, 1)+ 5vg(o, 1) + azbauy (0, 1) vy (0, t)]

1 2
= (b2lIGuI s, + 11GVIE,,)) = -3 (JFZux(o, 1) +/a3bav, (0, r))

1
=5 (1=adb2) v20.) = (B2llGull} )+ 11G0I1 2, ) <O, (1.13)

for any t+ > 0. The inequality above shows that the terms Gu and Gv plays the role
of a damping mechanisms and, consequently, we can investigate whether the solutions of
Egs. 1.3-1.2 tend to zero as t — oo and under what rate they decay.

Thus, the main result of this work gives a answer to the stabilization problem proposed
on the beginning of this paper and can be read as follows.

Theorem 1.1 Let a = a(x) be a C? function such that
la(x)| < C(1+1x]P), ld'(x)| < C(1+ |x|P7h, |a"(x)| < C(1+[x[P7%), VxeR

where C is a positive constant and 1 < p < 4. Then, there exist positive constants C and k,
such that for any w0 % € [LQ(O, L)1? with

E(0) = Ro,
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the corresponding solution (u, v) of

{ U + Uyxx + a3Vxxx +a@)uy + arvvy +ax(wv)y + Gu =0 (1.14)

b1vr + rvy + Vaxx + b2azuyxx + a(v)vy + brazuuy + bray (uv)y + Gv =0,
satisfying the following boundary conditions

u0,1) =0, u(L,1) =0, ux(L,1) =0,

v(0,1) =0, v(L,1) =0, ve(L,1) =0, (1.15)

where O < x < L,t > 0, Gu and Gv are defined by Eqgs. 1.9 and 1.10, respectively, satisfies
Es(t) < Ce ™M E(0), Vi=>0. (1.16)

To prove Theorem 1.1, we use the so called “Compactness-Uniqueness Argument” which
reduces our problem to use a unique continuation property proved by Nina et al. [11] (for
more details, see Section 3).

The following remarks are now in order:

Remark 1.2 A similar feedback law was used in [14] and, more recently, in [7] for
Korteweg-de Vries equation (KdV), to prove a globally uniformly exponential result in a
periodic domain. In [7], the damping with a null mean was introduced to conserve the inte-
gral of the solution, which for KdV represents the mass (or volume) of the fluid. Such form
is thus motivated by a physical interpretation.

Remark 1.3 Note that Theorem 1.1 improves the result proved in [11] (see Theorem B)
in the sense that the decay is obtained with a weaker amount of damping, which not
involves a physical interpretation. Moreover, Theorem 1.1 still holds true for other types

-1
of feedback laws, for instance, if the feedback is defined by f = 1, (—d—zﬂt) and
-1
g=1, (—%v) . This previous damping mechanism was used by Massarolo et al. [10]

for the KdV equation.

The paper is outlined as follows:

— In Section 2, we review some results of the existence of solutions of the system
(1.14)—(1.15) proved in [11] that will be used thereafter. In addition, we prove that the
nonlinear problem with the extra terms Gu and Gv is also well-posedness.

— Section 3 is devoted to prove our main result, Theorem 1.1.

— Section 4 is related with some extension results. More precisely, when a(x) = x
the stabilization of the solution of the system (1.14)—(1.15) is obtained. Moreover, for
a(u) = uP, p € (2,4), the existence of weak solutions is also verified in this section.

— Finally, Section 5 contains further comments and a open problem related with the
solutions of the system (1.14)—(1.15).

4

2 Existence of Solutions for the Gear-Grimshaw System
Most of the results in this section were proved by Nina et al. [11] and Rosier et al. [13]. To

make the work more complete, we present all of this results and, additionally, we prove the
well-posedness result for the nonlinear system with extra terms Gu and Gv.
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2.1 The Linear System

In this subsection, we present results concerning of the existence of solutions of the linear
system corresponding to Egs. 1.14—1.15, namely

U + Uyxx +azvyxx =0, in (0, L) x (0, 00),

cvy +1rvy + azbpliyyy + Vyxx =0, in (0, L) x (0, T),

u(0,t) =0, u(L,t) =0, uy(L,t) =0, in (0, 00), 2.1)
v(0,1) =0, v(L,1) =0, vy(L,t) =0, in ((0, 00),

u(x,0) =u(x), w(x,0) =%, in (0, o).

First, we need introduce the Hilbert space X = [L2(0, L))? endowed with the inner
product

b2 L L
((u,v), (9. ¥))x = ;/ updx +/ vyrdx
1Jo 0
and consider the operator
A: DA CX—>X
where
D(A) = {(u,v) € [HO, L)]* : u(0) = v(0) = u(L) = v(L) = uy (L) = vy (L) = 0}

and

Ty Ux by Uxxx = p Uxxx

—Uxxx — A3Vxxx
A(“v U) = < r _ bray 1 ) . (22)

With this notation, system (2.1) can be now written as an abstract Cauchy problem in X.
Letting U = (u, v) we have

v = AU
U©) =U°%= 0.

On the other hand, it is easy to verify that the adjoint operator A*, associated to A4, is
defined by

* @rxx T a3Yxxx
A ) = ( e+ - Vane + 88000 ) @3
where
A" DAHCX > X
and

D(A*) = {(p, ¥) € [H (0, L)’ : ¢(0) = ¥(0) = ¢(L) = Y(L) = ¢(0) = ¥(0) = 0}.

The following results were borrowed from [11]:
Proposition 2.1 The operator A and its adjoint A* are dissipative in X.

Theorem 2.2 Let (u°, v°) € X. There exists a unique weak solution (u, v) = S(- Yu®, v0)
of Eq. 2.1 such that
(u,v) € C(I0, T]; X).
Moreover, if(uo, v0) € D(A), then Eq. 2.1 has a unique (classical) solution (u, v) such
that
(u,v) € C([0, T]; D(A) N CLO, T; X).
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Theorem 2.3 Let (u®,v®) € X and (u,v) = S(-)®, v°) the weak solution of (2.1).
Then, (1, v) € L2(0, T; [H*(0, L)1) N HY(0, T; [H~2(0, L)1%) and there exists a positive
constant cq such that

G, O 20,718 0.2y < ol 1@, v0)]x.

Corollary 2.4 For any s € [0, 3] and any @®,v%) € [H(0, L)1, the solution (u, v) of
Eq. 2.1 belongs to C([0, T1; [H*(0, L)]?).

2.2 The Nonlinear System
For 0 < s < 3, let X; denote the collection of all the functions w € H*(0, L) satisfying the

s-compatibility conditions

w(0) =w(L) =0when 1/2 <s <3/2,
w(0) = w(L) = w'(L) =0when3/2 <s < 3.

X is endowed with the Hilbertian norm ||w||gs. For any 7 > 0, we introduce the space
Ys,r = C([0, TT; X5) N L([0, TT; H**' (0, L))
endowed with the norm
Nwlly, 7 = llwlleqo, 1 m0,0)) + Nl 220,77 5541 0.L)) -

The next technical Lemma will be related with the nonlinear problem.

Lemma 2.5 ForanyT > 0,1 <p <2andu,v,w € Yy,

/0 NGull2 df < CT lullyy, 24)
T
fo luwyll 200,y dt < CTY* llully,, lwlly, , - 2.5)
| o, < CTC P ully, , fw]] 2.6)
0 2oL or T Yor
/ ol o4t = CTO Tl I @)

where C is a positive constant that depends only on L.

Proof Estimates (2.5), (2.6), and (2.7) can be obtained following closely the arguments used
in [13]. Therefore, we will omit the proofs.
Now, we prove the estimate (2.4). By a direct computation, we have

T T 2 1/2
/ 1Gull7a,,dt =/ (/ u*dx — |o| ™! </ udx> ) dr
0 0 w w
T ;oL 12
5/ (/ uzdx) dr < Tlully, -
0 0 '

Thus, (2.4) hold and the proof is finished. O
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We will consider the following system

Up +yxy + a3vixy +a@uy +ajvvy +ax(@v); + Gu =0

b1v; + vy + Uy + baazuycx +a)vy + brazuuy + bray(uv), + Gv =0, (2.3)
u(x,0) =u’(x), v(x,0) =)

where 0 < x < L, t > 0, satisfying the following boundary conditions

{ u(0,t) =0, u(L,t) =0, u(L,t)=0,

v(0,1) =0, v(L,1) =0, ve(L,1) =0, (2.9)

where Gu and Gv are defined by Eqgs. 1.9 and 1.10, respectively.
The next Lemma and the well-posedness result for the system (2.8)—(2.9) were borrowed
in [11]. Since the proof is similar as made in [11], we will omit it.

Lemma 2.6 Let a = a(x) be a C° function such that, for 0 < p < 4,
la()| < C(A +[x|P), VxeR,

where C is a positive constant. Then, for any T > 0

2
e, 7,06 THIG = @ o

1 (T 2
+E/o [(Jz?zux(o, 1) +/a3b2vx 0, t)) + (1 - agbz) v2(0, r)} dt

2 T
4o [ (NGl + 160, ) dr =0

and
2
[1(u, )| L2(0,T;[H} (0,L)1%)

2 6 812p
<c U+DWWJ%M+TWWth+TWwJ%X”

where C is a positive constant.

Lemma 2.7 Leta = a(x) be a C! function such that
la(x)| < C(1 + |x|?) and |a'(x)| < C(1+|x|”"), VxeR,

where C is a positive constant and 1 < p < 2. Then, for any T > 0 and °, %) € X
system (2.8)—(2.9) has a unique global solution.

As a consequence, we get the following result.

Corollary 2.8 Let a = a(x) be a C* function such that
la(x)| < C(1+ |x|P), |a'(x)| < C(L+ [x|P7), |a"(x)| < C(A+|x|P7%), VxeR,

where C is a positive constant and p > 2. Then, for any (u°, v°) € [HO1 (0, L)1? there exists
a T* > 0, depending only on 1O, UO)“[H'(O,L)]Z’ such that system (2.8)—(2.9) admits a
unique solution (u, v) € L*(0, T*, [HOl 0, L)1%).

@ Springer



Stabilization of the Gear—Grimshaw system

Proof The ideas involved in the proof follow closely the previous arguments and those
presented in [13, Lemmas 2.11 and 2.12]. The extension of such results for the model under
consideration was proved in [1, Proposition 5.3] (see also [2, Remark 5.5]). Therefore, we
will omit the details.

We note that in order to apply the fixed point argument, we first rewrite the system in the
following integral form

U@) = T@0)u® 0%

! b b
—/ T(t—1)| a(wuy+ ajvvy + az(uv)y, @vx + Euux—i-al—z(uv)x dt,
0 by by by

where {T (t)};>0 denotes the C 0 semigroup property generated by the linear part of the
system. To obtain the global well-posedness, one needs to establish the corresponding global
a priori estimate in the space H L0, L), which is not available. O

Using Lemma 2.7, we prove the main result of this section:

Theorem 2.9 Leta = a(x) be a C? function such that
la@)| < CA+xIP), ld' ()| < C(1+[x[P7h, |a"(x) < CA+|x[P7?), VxeR,

where C is a positive constant and 1 < p < 4. Then, for any %, %) € X, system (2.8)-
(2.9) admits at least one solution

(u, v) € Cu(R; X) N Lj,R*; [H' 0, 1)P).
Proof We consider a sequence of functions {a, },cn in C;°(R; R), such that

{ ap(n) — a(u) uniformly on each compact set of R,
(2.10)

G| =C+lulr), Vazo, VueR =012,

where C > (. Observe that
lan ()] < C(1+|ul?) and |ay,(w)] < C)(1 + ulP™").
For each n, Lemma 2.7 give us the existence of a unique function
U = (u,v) € C(RY; X) N L*(R; [Hy (0, L)1P)
which solves

Un,t + anUn)tn x + ttn xxx + 300 xxx + A1V Vn x
+ax(upvp)x + Guy, =0,
b1vn,t + rvpx + an(Vn) Uy x + b2a3un xxx + Vn xxx
+braxuniy x + bray (upvn)x + Guy =0, .11
un(0,1) = un(L, 1) = upx(L, 1) =0,
Vp(0,8) = vp(L, 1) = vpx (L, 1) =0,
un(x,0) = ud(x), va(x,0) =v)(x),

@ Springer



R. A. Capistrano—Filho

where 0 < x < L and ¢ > 0. Moreover, from Lemma 2.6, we get

Gtn T, v, THIR+ / [(f tne (0, 1)+ 32035 0, z)) +(1-alb )v,%,x(o,n}dz

2
—/ bal|Gunl2aq,, +11Gv 2, ) ddt = | (ud, o)

»

’ 6

Tk 2 Tk 2 0 2 0 0
/0 /0 unyxdxdt—l—/(; fo v2 dxdt < C {(1+T) [ (9. 2) X+TH(M,,,U,1)
8+2p
0 .0 4-
erlt)] ).

for any T > 0, where C > 0. Due the estimates above, we have that the sequence

X

2
{Un}nent = {(ttn, vn)}nen is bounded in L (R*; X) N L2, <R+; [Hg (o, L)] ) .

Therefore, there exists a function U = (u, v) and a subsequence, still denoted by the
same index 7, such that

U, —> U weakly* in L°°(R+- X) (2.12)

U, —> U weakly in (RT; [H0 0, L)1?). (2.13)

loc

The goal now is to pass the limit in Eq. 2.11 to prove that U = (u, v) is a weak solution
of the problem (2.8)—(2.9). Here, the main difficult is the study of the nonlinear terms. In
order to deal with this, we introduce the following functions

12

Ay (p) = /j a,(s)ds and X,,((p) ::/0 sa, (s)ds (2.14)

and we will prove that
(An(un), An(vp)) = (A@), A(v)) in [D'((0, L) x (0, +0o)]*, asn — 00.(2.15)
To obtain this result, we divide the prove in several steps:

Stepl. Forany7 > Oand o € (1, p+1] the sequence {(A; (u,), A, (Vn))}nen is bounded

in the space [L¥((0, T') x (O, L)12.
Indeed, from Eq. 2.10

14 12
|An (@)l 5/ Ian(S)IdSS[ Ci1(1+ |s|P)dv < C1(1 + |o|”t1),
0 0

which gives that
|40 (@)% < Co(1 + ||*PTD),
for some positive constants C; and C; that does not depend on n. Then, since

a(p+1)—2

<2,
) =
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we can combine Lemma 2.6 and Gagliardo-Nirenberg’s inequality to obtain

T pL T pL
/ / |Ap(un)|* dxdt < C» (TL + f / |y |¥PFHD dxdt)
0 JO 0 JO

=<
T a(p+1)-2
< Cy (TL+/ ||Mn||Lo€(o,L) ””"”U(O L) dt)
a(p+1)—2 a(p+1)-2

< C2TL+C2C3f ||Mn||Lz(0 L ||14anLz(0 L) ||”””L2(0 4t

NECEE apt)-2
o (rree ] [ sl
< Cq,

for some C3 > 0 and C4 = C4(T, ||®, v°)||x) > 0. Analogously,

T pL
f / A ()" dxdt < Cg,
0 Jo

which complete the proof of the step 1.
Step2. Forany 7 > Oand @ € (1, erl] the sequence {Uy ;}neN = {(Un.r> Un.t)}neN 1S

bounded in LY (0, T; [H~2(0, L)]?).

The estimates obtained for {Up, },,eN guarantees that the terms v, vy x, (UnVn)x, Unlin x
and (u,v,), that appears in Eq. 2.11 are bounded in L*(0, T’; [H_Z(O, L)]z). In fact,
observe that o < 2, LI(O, L) C H_Q(O, L) and

Nunvnxll20,7:010.L)) = ||”ﬂ||L°°(O,T;L2(O,L))”Un”LZ(o,T;H(;(o,L))'
The same result is valid for the linear terms. On the other hand, due to the embedding
L¥0,L) = H™'(0, L)
and by using step 1, we conclude that
0 (A (tn), An (W) = (@ ()it x, @(vp) vy, ) is bounded in [L*(0, T5 [H (0, L)1,

Observing that

Unt = —(@@p)tnx + tpxxx +a30p xxx + a1V Vp x + a2(Unvn)x + Gup)
and
bivp: = —(rvgx + a(Un)vnx + b2a3up xxx + Vnxxx + b2asunitn x)
—(b2ai (upvn)x + Gup)
the result holds.

Step 3. (ERGOROFF THEOREM) Let Q2 be an open subset in RN If{fulnen is a sequence
in LP(Q2), with 1 < p < 00, such that f,, —~ f and f,(x) = g(x) a.e., asn — 00, then

f(x)=gkx)ae
Now, by the steps 1-3, we can complete the proof. Indeed, since
2
{Un e is bounded in L> (0, T [Hg o, L)] )
and

{Un.ttnen in L20, T; [H2(0, L)1%),
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from [15, Corollary 4], we obtain a subsequence, still denoted by the same index, such
that

U, — U in [L*©,T;L*0,L)))? strongly and a. e. (2.16)
Then, from Egs. 2.10 and 2.16, we have
(Ap(n(x,1)), Ay (x, 1)) — (A(u(x, 1)), A(v(x, 1)) ace. for (x,7) € (0, L) x R,
Moreover, from step 1, we can pass to a subsequence, if necessary, to obtain a function
g = (g1.82) € L*O, T: [L*(0, )I")
for which
(An(n(x, 1)), Ap(va(x, 1)) = (g1, g2)  weakly in [L*(0, T; L*(0, L))]*.
Consequently, Ergoroff Theorem (see step 3) allows us to conclude that
(A(u(x, 1), A(v(x, 1)) = (81, 82)
and then
(An(un(x, 1)), Ap(va(x, 1)) = (Alu(x, 1), A(u(x, 1)) in [D'((0, L) x (0, +00))]*.
Taking the spatial derivative, we deduce that
(@ Ut x, @n(Va)Vnx) = (@@Wttx, a()vy) in [D'((0, L) x (0, +00)I*.

Finally, putting the convergences above together, we can pass the weak limit in the sys-
tem (2.11). However, to conclude that U is a weak solution of Eq. 2.11, it remains to prove
that U satisfies

Ux,0) = @ (x), v°(x))
and

U € Cy([0, TT; X).
As {U, }nen is bounded in L*°(0, T'; X) and
{Unidnen € L%, T3 [H™2(0, L)),
witha > 1, we can apply again [15, Corollary 4] to obtain a subsequence {Uy, },en satisfying
U,— U in C(0,T);[H'0, L)%, foranyT > 0. (2.17)
In particular,
UR(x) = Up(x,0) = U(x,0),

since
UeL®0,T; X)NCJ0, T: [H' (0, L)1),

from [16, Lemma 1.4] we deduce that U € C,([0, T]; X). Therefore, the prove of
Theorem 2.9 is archived. O
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3 Exponential Stabilization

In this section, we prove the uniform exponential decay of the total energy E(¢), defined
by Eq. 1.12, associated to the following system

U + Uyxx + a3Vxxx +a@)uy +arvvy +ax(wv)y + Gu =0

b1y +1vy 4 Vyxx + boazuxyx +a()vy 4+ brasuuy + bray(uv)y + Gv =0,

u(0,1) =0, u(L,t) =0, uy(L,t) =0, 3.1
v(0,1) =0, v(L,t) =0, vy (L,t) =0,

u(x,0) =u(x), vx,0) =)

where 0 < x < L, t > 0, with

Gu =1, (u(t, x) — L/ u(t, x)dx) 3.2)
o] Jo
and
Gv =1, (v(l, x) — L v(t,x)dx) , (3.3)
lw| Jo

where w C (0, L) is a nomempty open set and 1, denotes the characteristic function of the
set w.

To show our main result, we will use the so-called “Compactness-Uniqueness Argument”
due to J.-L. Lions (see [9]) which reduces the problem to prove a Unique Continuation
Property for weak solutions. As the weak solution of Eq. 3.1 may fail to be unique, we will
say that the solution is exponential stable if the following property holds.

Definition 1 System (3.1) is said to be locally uniformly exponentially stable in X if for
any R > O there exist positive constants C and « such that for any U? = (4°, v0) with
E(0) < R and for any weak solution U = (u, v) of Eq. 3.1, the following holds

Es(t) < CEs(0)e™™, Vit>0.

If the constant « is independent of R, the system (3.1) is said to be globally uniformly
exponentially stable in X.

The next proposition give us a local uniform result.

Proposition 3.1 Let a = a(x) be a C* function such that
la(®)| < C(A+ x|, la' ()] < C(1L+|x|P7h), |a"(x)| < CA+[x[P7?), VxeR

where C is a positive constant and 1 < p < 4. Then, the system (3.1) is locally uniformly
stable.

Proof To obtain the exponential decay of E(f) is known be necessary to prove the
following observability inequality
E;© = Cfy (ballGull, , +11GIE, )
. 2 (3.4)
+o |2 <Jbzux(0, 1) + \/a3bav: (0, t)) + 3 (1= a3b2) v3(0, 1) | d1,
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for every finite energy solution of Eq. 3.1, where C = C(R, T) is a positive constant. To
prove (3.4), we first multiply the first equation of Eq. 3.1 by (T — t)bou and add with the
second one multiplied by (T — t)v. Therefore, by using integration by parts, we have

B [y aOdx + 5 fif 00Pdx < 4 (%[ fiuPdxdr + 5 [ [ dxdr)
2
+%f07 |:<\/FZMX (0,1) + \/a3brv. (0, t)) + (1 — a3by) v2(0, t)i| dt (3.5)

T
+fy (B211GuIR, ,, +11GVIE,, ) dr.

Thus, to obtain (3.4), we have to prove the following claim:
Forany 7 > 0 and R > 0, there exists a constant C(R, T') > 0 satisfying

%fonOLuzdxdt + fOTfoL v2dxdt
2
=D <f°T [(“@”’C(O’ 1)+ faZbau. 0. ”) + (1 = a3b2) v (0, t)} dr (3.6)

T
+ Jo 2 (b2lIGuIR, )+ 11GUIR, ) ) di)

for any weak solution U of Eq. 3.1, whenever @, v9]x < R.
Indeed, if Eq. 3.6 is not true, there exists a sequence of functions

(Wb = (G, vlses & G075 00 22 (0.7: [ 0.1)] )
such that
N@n(:, 0), va (-, 0)Illx < R, (3.7
solution of
b1Un, + AUpxxx + RUp x + B(Un)Up x + C(Up)Uy + GU, =0,
Un(0,t) = Uy(L,t) =U,x(L,1) =0, (3.8)
Un(x,0) = U,)(0),
where x € (0, L), t > 0 with U = (u, v),

_( b1 bias
A= <b2a3 1 > ’
biasv bi(apu + ayv)
by(apu + ayv) braju

(20

_ (bia@w) 0
C(U)_< 0 a(v)>.

G is as diagonal matrix whose diagonal elements are damping operators b,G and G.
Additionally,

BWU) = (

and

by 2 2
- Htnlli2 0 70200,y T 1nllL20,7:020,1) _

n—o00 In

0, (3.9)
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where

2
L= Jy |:<\/172un,x(0, 1)+ /a3brv, (0, z)) + (1 —a3by) v2 (0, t)] dt

+2Jy (b201GuI R, +11GVI2,,,, ) dr.

L% (w)
Let
b 1
. 2 2 2
Op = (E”un”LQ(O,T;LZ(O,L)) + ||vn||L2(O,T;L2(O,L))) = ||Un||L2(0,T;X) (3]0)
and consider
Zu(e, 1) = —Up(xot) = 2D 3.11)
" ’ ' n " ’ wil(x7 t) ' ’

For each n € N, Z, satisfies the following system
blzn,t + AZn,xxx + RZn,x + GnB(Zn)Zn,x +C(onZy)Zy + an =0,
Zn(oa t):Zn(L, t):Zn,x(Lat):07 (312)

U (x)

9
On

Zy(x,0) = Z0(x) =
withO <x < Landt > 0,

1Zal 3207230 = 1 (3.13)

and
- 2
Jo <\/b2)’n,x(o,t)+ a§bzwn,x(0,t)> + (1 —a3ba) wy (0, 1) | dt
(3.14)
T2 (b1 Gy 2 Gwpl|? dt — 0
+f 2 (B211Gynl 2y, + 11Gwnli2, ) ) di = O,

as n — o00. Observe that the energy dissipation law and Eq. 3.7 guarantee that o, is
bounded. Then, extracting a subsequence, still denoted by the same index, we can assume
that

o, > o > 0.

Moreover, combining (3.5), (3.13), and (3.14), we deduce that ||Z,9|| x is bounded. Then,
following the arguments used in the proof of Theorem 2.9, there exists a function Z =
(v, w) such that

Z,—~Z in L*®0,T;X) weak?¥*,
Z,—Z in L%*0,T;[H'0,L)* weak,
Z,—~Z in L*0,T;X) ae., (3.15)
Zy—Z in C(0,TL[H'O, L)P),
C(onZp)Znx - C(0Z)Z, in D'((0,L) x (0, T)).
The last convergence follows from the fact that
la(oni)| < C(1 + lonl” |1lP) < C'(1+ |nlP),
where C is a positive constant. Consequently, by Egs. 3.14 and 3.15, we obtain

NZIl20,7.x) =1 (3.16)
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and

2
s [(@yx(o, 1)+ \/a3brw, (0, z)) + (1 — a3bz) wi(0, t)i| dt

(3.17)
T 2 2
+Jo 2 (B2AIGYIR,,,, +1IGwIR,, ) di <0.
The previous statements ensures that Z fulfills
b1Z;+AZyx +RZ, +0B(Z)Z, +C(cZ2)Z+GZ =0, 3.18)
Z(0,1) = Z(L,1) =0, ’
in D'(w x (0, T)). In addition, from Eq. 3.17, we get
Gy=0
and
Gw =0,
or equivalently,
1 1
y(x,t) — —/ yx,)dx =0 < y(x,1) = —/ y(x, t)dx
lw| /o o] Jo
and | |
w(x, 1) — —/ wx,)dx =0 < w(x,t) = —/ w(x, Hdx,
lol Jo lol Jo
which implies that
y(x, 1) =s1(t)onw x (0,T)
and
w(x,t) =sy(t)onw x (0, T),
for some functions s (¢) and s»(¢). Therefore, we have that Z fulfills
b1Z;+AZyxx + RZ, +0B(Z)Zy + C(c2)Z+GZ =0,
Z(0,t)=Z(L,t) =0, (3.19)
(51
= (sz(t)) onw x (0, T).

The first equation of Eq. 3.19 gives Z’(x, t) = 0 implying 5| = s}, = 0 which, combined
with a unique continuation property proved in [11, Corollary 3], yields that Z(x, t) = s for
some constant s € Rin (0, L) x (0, T'). Since Z(L,t) = 0, we deduce that

Z=0 on (0,L)x(0,T). (3.20)
Therefore, this completes the proof. O

Remark 3.2 Observe that to apply [11, Corollary 3] we need Z € L0, T; [H'(0, L)]?),
however, by using [11, Proposition 3] with minor changes, we have Z in the appropriate
class.

Now, we are able to prove the main result of this paper.

Proof of Theorem 1.1 Proposition 3.1 guarantees the existence of a constant @ > 0, such
that if E;(0) < 1, the corresponding solution fulfill

Es(t) < C'Eg(0)e™®, Vit >0,
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where E(¢) is defined by Eq. 1.12. Moreover, given R > 0 we obtain positive constants
C = C(R) and B = B(R) such that

Es(1) < CE;(0)e P!, Vi>0,
whenever E(0) < R. Then, setting T := ,B_l In(RC), we get
E(t) < C'Eg(Tr)e ®""™, V1> Ty,

which ensures that

Es(t) < C'CE4(0)e*TRe™ | Vi > 0.

This completes the proof and main Theorem is proved. O

4 Extension Results: Stabilization for the Critical Case and Weak
Solutions

4.1 The Critical Case

In this subsection, we will follow the arguments due to [8] to prove that for the critical
case a(u) = u* we have the exponential decay of the total energy E(f) in space X =
[L2(0, L)]?, assuming that [1@®, v9)||x << 1. Moreover, for a(u) = u?, p € (2,4), the
existence of weak solutions is also verified.

4.1.1 Exponential Decay

Note that the energy dissipation law (1.13), as well as Eq. 3.5, is still valid when a(u) = u*.
Then, the main result of this subsection can be read as follows:

Theorem 4.1 Consider E(t) defined by Eq. 1.12. Then, there exist positive constants C
and k, such that for any @®, v%) e [L2(0, L)]* with

E; (0) =< Ry,

the corresponding solution (u, v) of

U + Uyrx + a3vccx + utuy + ajovy + az(uv), + Gu =0 @1
b1vs + rvy + Vexx + baazigr + v¥u, + brasuuy + bray (uv), + Gv =0, )
satisfying the following boundary conditions
u@©,1) =0, u(L,1) =0, ux(L,1) =0, 42)
v(0,7) =0, v(L,1) =0, ve(L,1) =0, '

where 0 < x < L, t > 0, Gu and Gv are defined by Eqs. 1.9 and 1.10, respectively, satisfies
Es(1) < Ce ™ ME(0), Vt>0. 4.3)

Proof To prove the exponential decay, the following claim will be needed. O
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Claim Forany T > 0 and R > O, there exists a constant C = C(R, T) > 0, such that
fonoLuzdxdt + %fOTfOL v2dxdt
2
<C(R,T) ( Jo [(@m(& 1) +/azb2vx 0, r)) + (1 = a3b2) v (0, z)} di (4.4)

T,
o 2 (aliGul sy, +UGVIE ,, ) dr).
for any solution solution of Eqs. 4.1-4.2, whenever ||(u®, v°)||% < R

To prove the previous claim, we use the approach developed in the proof of the
Proposition 3.1. To use it, the following estimates are required.

Estimate 1 Multiplying the first equation in Eq. 4.1 by xu, the second by xv and integrating
by parts we obtain

ST E (2 +v?)dxdr < C [||(u0, WO+ T fEws + v(’)dxdt] , (4.5)

where C = C(T, L) is a positive. Now, we will bound («, v) in L%(0, T; [HO1 (0, L)% By
using the Gagliardo-Nirenberg inequality and Eq. 1.13, we get that

fO fO dedl < Cf() HM(Z)”LZ(O L)HMX(I)“LZ(O L)

4.6)
< C I OISy |ux<t)||Lz(0L)

for some constant C > 0. Analogously, we can estimate fOTfoL vOdxdt. Thus, by (4.5), we
have that

(1= Cl@®, %) 11, v < C(T, )|, )15 (4.7)

L2(0,T;[ H 0,L)1» —

Estimate 2 We need bound u,, respectively v;. To do this, we we should have to pay some
attention to the nonlinear term u*u, = %8,( (u5 ), respectively v*v,. First, observe that the
argument used in Eq. 4.6 give us

Jo Jo 131 dxdr < e JuCl* 3 e 125 4 dt < €16 0O fo lux @12, ,,d
Therefore, from the Egs. 1.13 and 4.7, the following holds
() is bounded in L ((0, T) x (0, L)).
On the other hand, since
L3500, L) — H™'(0, L),

we conclude that

4 1 N .op 8 -2
{u u,} = gax(u )¢ isboundedin L5(0,T; H (0, L)).
The result is also verified for v*v,.
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Estimate 3 Here, we can obtain a bound for (u,, v;). Indeed, since
U = —(yxx + a30xxx + Uy + ajvvy + az(uv)y + Gu),
bivy = —(Vy + Vxax + b2a3Uxcy + V405 + brasuuy + bray (uv), + Gv),
the second estimate allows to conclude that
(g, v;) is bounded in L5 (0, T; [H2(0, L)]?). (4.8)
Estimate 4 Finally, arguing by contradiction (see Proposition 3.1), the main difficult
is to pass to the limit in the nonlinear term wfl wp x when {wy,},en is bounded in
L?(0, T; HJ (0, L)) NL>(0, T; L*(0, L)). To deal with this nonlinear term, we prove that:
Claim There exists s > 0 such that
{wy Inen is bounded in L*(0, T; H* (0, L)),
the embedding H*(0, L) < L*(0, L) being compact.

In fact, by interpolation we can deduce that {w,} is bounded in
[L9(0, T3 L*(0, L)), L*(0, Ts Hy (0, L)lp = L”(0, T3 [L*(0, L), Hy (0, L)]p).

where L = 1=¢ % and 0 < 6 < 1. Thus, choosing g = 00, 0 = 1/2, so that p = 4, the
claim holds with s = 1/2, i.e.,

[L*(0, L), H; (0, Dy = H? (0, L).

Furthermore, the embedding H 3 O,L) — L4(O, L) is compact. Therefore, from of the
previous estimates and using a classical compactness result shown by [15, Corollary 4], we
can extract a subsequence of {w,, },en, still denoted by the same index 7, such that

w, — w strongly in L*(0, T; L*(0, L)), 4.9
which allows us to pass to the limit in the nonlinear term. Then, arguing as in Theorem 1.1,
we deduce that E(¢) decays to zero exponentially.

4.1.2 Existence of Weak Solutions

Definition 2 For (uO, vo) € X and T > 0, we denote by a weak solution of Egs. 1.14-1.15
any function
€ Cy([0, T1; X) N L*(O0, T; [H' (0, L)1)
which solves (1.14)—(1.15), and such that, as p — 4,
up — u weakly x in L=(0, T; X),
up — u weakly in L*(0, T; [H'(0, L)1%),

u, denoting a solution of Egs. 1.14-1.15 (as given by Theorem 2.9) for a(x) = x” and
2<p<4

Theorem 4.2 For any %% € [LZ(O, L)1? there exists a weak solution of

{ Uy + Uxxy + a3Vxxx + uPuy +ajvvy +ax(uv)y + Gu =0 (4.10)

b1vs + rvy + Vxx + b2azuyyy + VP Uy + brapuuy + bra;(uv), + Gv =0,
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satisfying the following boundary conditions

u(0,1) =0, u(L,t) =0, uy(L,t) =0,
v(0,¢) =0, v(L,t) =0, vx(L,t) =0,

where 0 < x < L, t > 0, Gu, Gv are defined by Eqs. 1.9 and 1.10, and2 < p < 4.

(4.11)

We follow the same steps of the previous estimates and for the sake of simplicity, we
drop the notation u;, and use the notation u.

Proof We will only present a sketch of the proof. O

Estimate 1 Using the multipliers xu and xv the solution fulfill
fonoL (”)zc + vjzc) dxdt = C [”(uo’ v)II% + fonoL(”p+2 + vp+2)dxdt] ) (4.12)

where C = C(T, L) is a positive constant. By Gagliardo-Nirenberg inequality we obtain

T oL
/ / uPt2dxdt
0 JO

IA

T 2
(=55 (p+2)
c/o ||u(t)||L2(0ff) ||”x(l)||iz(07L)dt

IA

T
C W% /0 liex (D117 20, 1+ (4.13)

for some constant C > 0 that does not depend on p. The same holds to fOT fOva+2dxdt.
The above estimate and Eq. 4.12 give us that

(L= 11 DO BN T2 7 0.1y = € N1V 4.14)

Estimate 2 We are interested to bound the term u”u. By the previous subsection and using
(4.13)—(4.14), we deduce that

F1y e
{uP”™"} is bounded in L7+ ((0, T) x (0, L)),
with a bound uniform in p. Therefore,
+2
((p + DuPuy) = {8, @P1)) is bounded in L7771 (0, T: H2(0, L)),
ie.,
1y R o -2 § )
{uPu,} = {0, @)} is bounded in L»+1 (0, T; H ~(0,L)) C L5(0, T; H ~(0, L)),
since p is intended to go to 4 and i—ﬁ > g. The same holds to v”v,.
Estimate 3 Combining the equations in Eq. 4.10 and the previous estimates, we deduce that
+2
(g, v;) is bounded in L7710, T: [H~2(0, L)?) € L$(0, T; H~2(0, L)),
with a bound uniform in p.

Estimate 4 Finally, to deal with to the nonlinear term, we claim that the following hold:

Claim There exists s > 0 such that {up} is bounded in L*(0, T; H*(0, L)), the embedding
H*(0, L) < L*(0, L)

being compact.
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As made in the previous subsection and using interpolation, the results holds. Indeed,

since 1 = 1q;0 + %, choosing 8 = % and ¢ = oo we obtain the claim with s = %
Due to the statement above and classical compactness results due to [15, Corollary 4],

we can extract a subsequence of {u )}, still denoted by {u}, and a function
we L™, T; X)NL*O, T; [H'(0, L)),

such thatu, — u, as p — 4, in the sense described above. Therefore, the result is archived.

5 Further Comment
5.1 Only One Damping Mechanism

Note that the energy dissipation law (1.13), as well as, Eq. 3.5 is still valid for only one
damping mechanism Gu (or Gv). So it is natural to believe that the same method devel-
oped here should ensures the exponential decay of solution of the system (1.14)—(1.15) with
only Gu (or Gv). However, we can not apply directly the ideas contained in the proof of
Proposition 3.1 because that the unique continuation property proved in [11] it is valid when:

(u,v) = 0in w implies (u,v) =0in (0, T) x (0, L),

due the Carleman estimate proved by the authors in [11, Theorem 3.1]. Thus, to get the
result with one damping mechanism a new Carleman estimate will be need with only one
observation in u (or v). Therefore, the following problem remains open:

Open problem Is the system (1.14)—(1.15) with one damping mechanism Gu (or Gv)
asymptotically stable ast — +00 ?

Acknowledgments The author thank the anonymous referee for their helpful comments and suggestions.
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