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Neumann boundary controllability of the Gear—Grimshaw system
with critical size restrictions on the spatial domain

Roberto A. Capistrano-Filho, Fernando A. Gallego and Ademir F. Pazoto

Abstract. In this paper, we study the boundary controllability of the Gear—Grimshaw system posed on a finite domain (0, L),
with Neumann boundary conditions:

Ut + Uy + Uzzz + Azzz + a10Vz + a2(uv)e = 0, in (0,L) x (0,7),
vt + vz + YUz + abUzze + Veze + azbuug + a1b(uv), =0, in (0,L) x (0,T),
U (0,8) = ho(8), us(Lyt) = ha(8), Usa(L,t) = ha(t), in (0,7),
0 (0,1) = 90(8), va(L,1) = 1 (), vaa(L) = g2(0), in (0,7),
u(x,0) = ul(z), wv(z,0) =), in (0,L).

We first prove that the corresponding linearized system around the origin is exactly controllable in (L2 (0, L))2 when ho(t) =

g2(t) = 0. In this case, the exact controllability property is derived for any L > 0 with control functions hq, go € H -3 (0,7)
and hi,g1 € L2(0,T). If we change the position of the controls and consider hq(t) = ha(t) = 0 (resp. go(t) = g2(t) = 0),

we obtain the result with control functions go, g2 € H_%(O,T) and hi,g1 € L?(0,T) if and only if the length L of the
spatial domain (0, L) does not belong to a countable set. In all cases, the regularity of the controls are sharp in time. If
only one control act in the boundary condition, ho(t) = go(t) = ha(t) = g2(t) = 0 and g1(t) = 0 (resp. h1(t) = 0), the
linearized system is proved to be exactly controllable for small values of the length L and large time of control T'. Finally,
the nonlinear system is shown to be locally exactly controllable via the contraction mapping principle, if the associated
linearized systems are exactly controllable.

Mathematics Subject Classification. Primary 35Q53; Secondary 37K10, 93B05, 93D15.

Keywords. Gear—Grimshaw system, Exact boundary controllability, Neumann boundary conditions, Dirichlet boundary

conditions, Critical set.

1. Introduction
1.1. Setting of the problem

The goal of this paper is to investigate the boundary controllability properties of the nonlinear dispersive
system

Ut + Wy + Uggy + AUzre + @100, + az(uv), = 0, in (0,L) x (0,7),
cvy + Tz + Uz + AbUgry + Vpzs + a2buug, + a1b(uv), =0, in (0,L) x (0,T), (1)
uw(x,0) = u'(z), wv(x,0)=12), in (0, L),

with the following boundary conditions
Up (0,8) = ho(t), ux(L,t) = hi(t), wzs(L,t) = ha(t),

Ve (0,8) = go(t), va(L,t) = g1(t), veu(L,t) = g2(t). @
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In (1), a1,as,a,b,c and r are real constants, u = u(x,t) and v = v(x,t) are real-valued functions of the
two variables x and ¢ and subscripts indicate partial differentiation. The boundary functions h; and g;,
for ¢ = 0,1,2, are considered as control inputs acting on the boundary conditions. Our purpose is to
see whether we can force the solutions of the system to have certain properties by choosing appropriate
control inputs. More precisely, we are mainly concerned with the following exact control problem:

Given T > 0 and u°, 0%, u!, v € L?(0, L), can one find appropriate control inputs h;, g;, for i = 0,1, 2,
such that the corresponding solution (u,v) of (1), (2) satisfies

(u(z,T),v(z,T)) = (ul(x),vl(x))? (3)

In order to provide the tools to handle with this problem, we assume that the coefficients a, b, c and
r satisfy
b,c and r are positive and 1 — a?b > 0. 4)

System (1) was derived by Gear and Grimshaw [8] as a model to describe strong interactions of
two long internal gravity waves in a stratified fluid, where the two waves are assumed to correspond to
different modes of the linearized equations of motion (we also refer to [1,14] for an extensive discussion
on the physical relevance of the system). This somewhat complicated model has the structure of a pair
of Korteweg—de Vries (KdV) equations coupled through both dispersive and nonlinear effects and has
been object of intensive research in recent year. It is a special case of a broad class of nonlinear evolution
equations for which the well-posedness theory associated with the pure initial-value problem posed on
the whole real line R, or on a finite interval with periodic boundary conditions, has been intensively
investigated. By contrast, the mathematical theory pertaining to the study of the boundary value problem
is considerably less advanced, specially in what concerns the study of the controllability properties. As far
as we know, the controllability results for system (1) were first obtained in [11], when the model is posed
on a periodic domain and r = 0. In this case, a diagonalization of the main terms allows to decouple
the corresponding linear system into two scalar KdV equations and use the previous results available
in the literature. Later on, assuming that (4) holds, Micu et al. [12] proved the local exact boundary
controllability property for the nonlinear system, posed on a bounded interval, considering the following
boundary conditions:

u(ovt) =0, U(L7t) :fl(t)v u:r:(L’t) :fZ(t)v (5)

v(0,t) =0, v(L,t) = k1(t), va(L,t) = ka(t).
The analysis developed in [12] was inspired by the results obtained by Rosier [10] for the scalar KdV
equation. It combines the analysis of the linearized system and the Banach’s fixed-point theorem. Follow-
ing the classical duality approach [7,9], the exact controllability of system linearized system is equivalent
to an observability for the adjoint system. Then, the problem is reduced to prove a nonstandard unique
continuation property of the eigenfunctions of the corresponding differential operator. Their main result
reads as follows:

Theorem A. (Micu et al. [12]) Let L > 0 and T' > 0. Then there exists a constant § > 0, such that, for
any initial and final data u®,v° ut, vt € L?(0, L) verifying
(1 0°) l2,ny2 <6 and || (u',0") (220,22 <6,
there exist four control functions fi,k1 € H}(0,T) and fa,ke € L*(0,T), such that the solution
(u,v) € C([0,T]; (L*(0, L))*) N L*(0, T; (H(0, L))%) n H(0, T; (H2(0, L))?)
of (1)~(5) wverifies (3).

Later on, the same problem was addressed by Cerpa and Pazoto [5] when only two controls act on the
Neumann boundary conditions, i.e., assuming that f; = k; = 0. In this case, the analysis of the linearized
system is much more complicated; therefore, the authors used a direct approach based on the multiplier
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technique that gives the observability inequality for small values of the length L and large time of control
T. The fixed-point argument as well as the existence and regularity results needed in order to consider
the nonlinear system runs exactly in the same way as in [12].

The program of this work was carried out for a particular choice of boundary conditions and aims to
establish as a fact that such a model predicts the interesting controllability properties initially observed
for the KdV equation. Therefore, to introduce the reader to the theory developed for KdV with the
boundary conditions of types (2) and (5), we present below a summary of the results achieved in [10] and
[3], respectively.

Rosier [10], studied the following boundary control problem for the KdV equation posed on the finite
domain (0, L)

Up + Uy + Uy + Uggy = 0 in (0,L) x (0,7),
u(0,t) =0, w(L,t) =0, u,(L,t) =g(t) in (0,T), (6)
u(z,0) = u’(z) in (0, L),

where the boundary value function g(t) is considered as a control input. First, the author studies the
associated linear system

Ut + Up + Uggy = 0 in (0, L) X (O,T),
u(0,t) =0, w(L,t) =0, u,(L,t) =g(t) in (0,7, (7)
u(z,0) = u’(z) in (0,L)

and discovered the so-called critical length phenomena, i.e., whether the system (7) is exactly controllable
depends on the length L of the spatial domain (0, L). More precisely, the following result was proved:

Theorem B. (Rosier [10]) The linear system (7) is exactly controllable in the space L*(0, L) if and only
if the length L of the spatial domain (0, L) does not belong to the set

27
N:{ k2+kl+12:k,l€N*}. 8
75V (8)
Then, by using a fixed-point argument, the controllability result was extended to the nonlinear system

when L ¢ N.
Theorem C. (Rosier [10]) Let T > 0 be given. If L ¢ N, there exists 6 > 0, such that, for any u®,u™ €
L?(0, L) with
1wl 2(0,) + [l 1 1200,) < 6,
one can find a control input g € L*(0,T), such that the nonlinear system (6) admits a unique solution
u e C([0,T);L*(0, L)) N L*(0,T; H'(0, L))
satisfying
u(z,T) = uT(z).

More recently, in [3], Caicedo et al. investigated the boundary control problem of the KdV equation
with new boundary conditions, namely the Neumann boundary conditions:

u + (1 + B)ug + Usga =0 in (0,L) x (0,T),
Uz (0,8) = 0, uz(L,t) = h(t), uge(L,t) =0 in (0,7), (9)
u(z,0) = u’(z) in (0,L).

In (9), (3 is a given real constant and g a control input. For any 3 # —1, the authors obtained the following
set of critical lengths

— 2 2 2. * { km *}
R : {¢§1H%Vk+m+l.hleN}u kN (10)

and proved that the following result holds:
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Theorem D. (Caicedo et al. [3])

(i) If B # —1, the linear system (9) is exactly controllable in the space L*(0, L) if and only if the length
L of the spatial domain (0, L) does not belong to the set Rg.
(ii) If B = —1, then the system (9) is not exact controllable in the space L*(0,L) for any L > 0.

In addition, for the nonlinear system

Up + Up + Uy + Ugzy = 0 in (0,L) x (0,7),
U (0,1) = 0, ug(L,t) = h(t), uzz(L,t) =0 in (0,T), (11)
u(z,0) = ug(x) in (0, L),

the result below was proved by using a fixed-point argument:

Theorem E. (Caicedo et al. [3]) Let T'> 0, 8 # —1 and L ¢ Rg be given. There exists § > 0, such that,
for any u®, uT € L*(0, L) with

[u® = Bllr2(0,0) + l[u" = Bllz2(0,2) <6,
one can find a control input h € L*(0,T), such that the system (11) admits unique solution
u e C([0,T); L*(0,L)) N L*(0,T; H' (0, L))
satisfying
u(z, T) = uT (z).

Both theorems, Theorems B and D, were proved following the classical duality approach [7,9] which
reduces the problem to prove an observability inequality for the solutions of the corresponding adjoint
system. Then, the controllability is obtained with the aid of a compactness argument that leads the
issue to a nonstandard unique continuation principle for the eigenfunctions of the differential operator
associated with the model. The critical lengths in (8) and (10) are such that there are eigenfunctions of
the linear scalar problem for which the observability inequality associated with the adjoint system fails.!
However, in [3], the authors encountered some difficulties that require special attention. For instance, the
adjoint system of the linear system (9) is given by

Ut + (14 B)z 4+ thaaa =0 in (0,L) x (0,7),
(L+B)%(0,t) + 122(0,¢) =0 in (0,T),
(14 B)(L,t) + Ype(L,t) =0 in (0,7), (12)
¥.(0,1) =0 in (0,7),
P(z,T) =" () in (0,L).

The exact controllability of system (9) is equivalent to the following observability inequality for the adjoint
system (12):

198 220,y < CllWoa (L, )lz20,m),
for some C' > 0. Nonetheless, the usual multiplier method and compactness arguments used to deal with
the system (12) only lead to

1911220,y < Culltba (L, )[Z20,m) + Coll (L, 122 0.1y, (13)

where C; and Cy are positive constants. In order to absorb the extra term present in (13), Caicedo et al.
derived a technical result, which reveals some hidden regularity (sharp trace regularities) for solutions of
the adjoint system (12):

! In the case of L € N (resp. L € Rg), Rosier (resp. Caicedo et al. [3]) proved in [10] that the associated linear
system (7) is not controllable; there exists a finite-dimensional subspace of L2(0,L), denoted by M = M(L), which
is unreachable from 0 for the linear system. More precisely, for every nonzero state v € M, g € L?(0,7) and u €
C([0,T); L?(0, L)) N L2(0, T; H(0, L)) satisfying (7) and u(-,0) = 0, one has u(-,T) # 1. A spatial domain (0, L) is called
critical for the system (7) (resp. (9)) if its domain length L € N (resp. L € Rg).
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Theorem F. (Caicedo et al. [3]) For any ¢ € L?(0, L), the solution
v € C([0,T]; L*(0, L)) N L*(0, T; H' (0, L)
of the problem (12) possesses the following sharp trace properties

su op(x, - 1 < Oyt , 14
IE(OI?L)H P i A | L FAICND (14)

I,
forr=20,1,2, where C,. are positive constants.

Estimate (14) is then combined with compactness argument to remove the extra term in (13). We remark
that the sharp Kato smoothing properties obtained by Kenig, Ponce and Vega [13] for the solutions
of the KdV equation posed on the line, played an important role in the proof of the previous result.
The same strategy has been successfully applied by Cerpa et al. [6] for the study of a similar boundary
controllability problem.

1.2. Main result

We are now in a position to return considerations to the control properties of the system (1). First, we
prove that the corresponding linear system with the following boundary conditions

Ug (0,8) = ho(t), ux(L,t) = hi(t), uz(L,t) =0,

UI:E(Oat) = go(t)7 ’UZ<L) t) = gl(t)7 UIZE(L?t) = 07
is exactly controllable in (L?(0, L))2 with controls hg, go € H~3(0,T) and hy, g1 € L2(0,T). In this case,
no restriction on the length L of the spatial domain is required. However, if we change the position of the

controls, a critical size restriction can appear. This is the case when we consider the following boundary
conditions

'U:cgc(oat) = gO(t)v UI(L7t) = gl(t)a vmr(Lyt) = QQ(t)-

In this case, the exact controllability result in (L?(0, L))2 is derived with controls go, go € H~3(0,T)
and hy, g1 € L?(0,T) if and only if the length L does not belong of the following set

1— a2 1— a2
Fr = {27rk Ta b ke N*} U {ﬂ'\/( a?b)ak,l,m;n, 5) k. l,m,n,s € N*}, (15)

{um(O,t) =0, ug(L,t) = hy(t), uss(L,t) =0,

3r
where
a = a(k,l,m,n,s) = 5k? + 812 + 9m? 4 8n? + 55> + 8kl + 6km
+ 4kn + 2ks + 12ml + 8In + 3ls + 12mn + 6ms + 8ns.

As in [3], the hidden regularity for the corresponding adjoint system (1) was required. Here, the result is
given in Proposition 2.4, which is the key point to prove the controllability result.

Finally, for small values of the length L and large time of control 7" we derive a exact controllability
result in (L2(07L))2 by assuming that the controls g;(¢) = 0 (resp. hi(t) = 0) and go(t) = g2(t) = 0.
In this case, the analysis of the linearized system is much more complicated; therefore, we use a direct
approach based on the multipliers technique, as in [5]. In all cases, the result obtained for the linear system
allows to prove the local controllability property of the nonlinear system (1) by means of a fixed-point
argument.

The analysis describe above are summarized in the main result of the paper, Theorem 1.1. However,
in order to make the reading easier, throughout the paper we use the following notation for the boundary
functions:
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@1 = (0,h1,0), g1 = (90,91,92) and f__L:2 = (ho, h1,h2), G2 = (0,41,0),
hs = (ho, h1,0), Js = (90,91,0) and  hy = (0,h1, h2), ga = (0,91, 92),
h5 = (07h170)7 55 = (07070) a’nd hﬁ = (0,070)7 §6 = (Oaglvo)'

We also introduce the space & := (L2 (0, L))2 endowed with the inner product

ol

L L
(,0), (9 0)) = / u(@)p(z)de + / o(@yp(@)de,  ¥u), (p,0) € X,
0 0

and the spaces
Hy = H3(0,T) x L*(0,T) x H-3(0,T) and Z7 := C([0,T); (L*(0,L))*) N L*(0, T, (H' (0, L))?)

endowed with their natural inner products.
Thus, our main result reads as follows:

Theorem 1.1. Let T' > 0. Then, there exists § > 0, such that, for any (uo,vo) , (ulwl) e X = (Lz(O,L))2
verifying

H (uO’,UO) ”X + ” (ulvvl) HX < 57
the following holds:

(i) If L € (0,00) \ Fr, one can find hs,§; € Hr, for i = 1,2, such that the system (1), (2) admits a
unique solution (u,v) € Zp satisfying (3).
(ii) For any L > 0, one can find h;, §; € Hr, for j = 3,4, such that the system (1), (2) admits a unique
solution (u,v) € Zr, satisfying (3).
(iii) Let T'> 0 and L > 0 satisfying
BCr r
1>t [p+ 2]
- T + c
where Cp is the constant in (35) and 3 is the constant given by the embedding H3 (0,T) C L2(0,T).
Then, one can find flk,ﬁk € Hr, for k = 5,6, such that the system (1), (2) admits a unique solution
(u,v) € Zp, satisfying (3).

Before close this section, we observe that the exact controllability result given in Theorem A holds
without any restriction of the Length L. However, we believe that, with another configuration of the
controls, it is possible to prove the existence of a critical set for the system (1).

The article is organized as follows:

— In Sect. 2, we show that the system (1), (2) is locally well posed in Z7, whenever (u®v°) €
(L2(0,L))2, ho, go € H™3(RT), hy, g1 € L2(RT) and hy, g € H~3(RT). Various lincar estimates,
including hidden regularities, are presented for solutions of the corresponding linear system. As we
pointed before, such estimates will play important roles in studying the controllability properties.

— In Sect. 3, the boundary control system (1) is investigated for its controllability. We investigate first
the linearized system and its corresponding adjoint system for their controllability and observability.
In particular, the hidden regularities for the solutions of the adjoint system presented in Sect. 2 are
used to prove observability inequalities associated with the control problem.

—  The proof of our main result, Theorem 1.1, is presented in Sect. 4. Finally, the paper ends with an
appendix, where the proof of a technical lemma used in the paper is furnished.
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In this section, we establish the well-posedness of the linear system associated with (1), (2):

Upz(0,8) = ho(t), uz(L,t) = hi(t), uz(L,t) = ho(t), in (0,T),
Uz (0,8) = go(t), va(L,t) = g1(t), vau(L,t) = g2(t), in (0,T),

Ut + Uggr + AUgzy = 07 in (O, L) X
vy + %vx + %buxzr + %'Uzmx = 0; in (O,L) X

(0,7),
(0,77,

u(x,0) = ul(z), wv(z,0)=1"2), in (0,L).

We begin by considering the following linear nonhomogeneous boundary value problem
Ut + uava:a: + ava::cw fa in (O, L) X (O, T),
Ut + Ut'rr + v'prr =S, n (O,L X (O,T),

)
ufwﬁ(o t) - hO( )7 uI(Lvt) = hl(t)a uII(Lat) = hQ(t)v in (OvT)v
vmw(07t) = 90( )7 Uw(Lvt) = gl(t)7 ’Umx(L,t) = gQ(t)v in (OvT)7
u(x,0) = u'(z), wv(z,0) =), in (0,L)

)

109

(17)

with the notation introduced in Sect. 1. Then, the next proposition shows that the problem (17) is well

posed in the space X.

Proposition 2.1. Let T > 0 be given. Then, for any (u07v0) in X, f,sin L*(0,T;L?(0,L)) and 7,7 €

Hr, problem (17) admits a unique solution (u,v) € Zr, with
Ok, 0% v e L0, L; H'5 (0,T)), k=0,1,2.

Moreover, there exist C' > 0, such that
2
I(w, 0)l| 22 + D (D5, 050)]|
k=0

- §
1 (B2 ) Ut + 1CF ) s 070200007 |
Proof. We diagonalize the main term in (16) and consider the change of variable

u = 2au + 2av,

{ v= (E-D+NT+((E-1)-N7
where A = (% - 1)2 + 4“721’. Thus, we can transform the linear system (17) into
U+ 0 Taas =
Ut + 0y Vg = S,
U (0, 8) = ho(t), (L, 1) = ha(t), (L 1) = ha(t),
022(0,) = go(t), Vx(L,t) = G1(t), Vea(Lyt) = ga(1),
u(x,0) =u(x), (x,0) =70
where ooy = % ((l — 1) + /\) and

z),

f==3 (S +3%9) To=—3(55u" = 30°), hi=—3(G5hi-
S=—3 (G —38)y D=5 (He' =3, @=35(Ghi - 39),

0,0
L oL 0y = C{” (u”,0") llx

>l
@
S
S—
o~
|
<o
—_
[\]

(18)

(19)
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Note that condition (4) guarantees that ay are nonzero. Therefore, system (19) can be decoupled into
two single KdV equations as follows:

Uy + s =
Upr(0,8) = ho(t), Up(Lyt) = ha(t), Upa(L,t) = ha(t), (20)
u(0,2) = u°(x)
and B B B
Vi + Q4 VUggn = 5,
U2z (0,8) = go(t), Va(L,t) = g1(t), Vax(L,t) = ga(2), (21)
0(z,0) = 0%(z).
Here, we consider the solutions written in the form {Wbﬂfir (t) }1>0 that will be called the boundary integral
operator. For this purpose, we use a lemma, which can be found in [4, Lemma 2.4] (see also [3, Lemma

2.1]), for solutions of (20) (or (21)). For the sake of completeness, we will present the proof in Appendix A.
O

Lemma 2.2. The solution u of the IBVP (20) (or (21)), when f =0, 3 =0 and null initial data, can be
written in the form

. 3
u(z,t) = (W5 hl(x,t) := W, h](x,t) == Z [ijmhm](x,t),
J,m=1
where
(Winhl(@,t) = [Ujmh](2,t) + [Ujmh](2,t) (22)
with
1 7
Ujmhl(z,t) = o / e"”%e>‘a'+(/’)”’f3p2 [Q;rmh](p)dp (23)
T ;
0
forj =13, m=1,2,3 and
1
(Uamhl(a,t) = o / ¢t e (DO=032(QF h](p)dp (24)
p ;
0
form=1,2,3. Here
AL (p) AL (0) s
T p—— LU + T = Z2m T A (et

for j = 1,3 and m = 1,2,3. Here h*(p) = h(ip®), At (p) and Axm(p) are obtained from A(s) and
Ajm(s) by replacing s with ip® and )\;'(p) = \j(ip?) where
A=Az (AM(A3 = A2)e™™M 4+ XAa(A — A3)e ™ 4+ Ag(Aa — Ap)e ™)
Ary = e MAAs(As — A2), Aox = e 2AA3(A = A3), Agx = e A (A2 — A1);
Ao = MA2(eM — &™), Agp = NIN2(eM — M), Azp = A3 (M — &™);

Al’g = )\2)\3()\26)\3 — )\36)‘2), A2’3 = )\1)\3()\36/\1 — )\16/\3), A373 = )\1)\2()\16/\2 — )\26>\1).

Since
_

@,3°) € X, (F,3) € LY0,T; (L*(0,L))°) and h,§ € Hr,
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by [3, Propositions 2.2 and 2.5], we obtain the existence of (w,v) € Zr, solution of the system (19), such
that

OF,0F5 € L°(0,L; H 5 (0,T)), k=0,1,2,
and

ki, OF)] 7 =
||zT+Z||<9 u, 9,0) lx +1Ch, §)le

LOO(OL(H *(0.1))2 ) = {(

+I(F, fs’>||L1(o,T;<Lz<o,L>>2>} 7

for some constant C' > 0. Furthermore, we can write u and v in its integral form as follows

a(t) = wy () + Wb;lr(t)f + / Wy (t —7)f()dT,

B(t) = Wi ()0 + Wik ()7 + / Wi (t — 7)5(r)dr,

where {W3(t)}¢>0 are the Cy semigroup in the space L?(0, L) generated by the linear operators
Ai _ _aig///
with domain
D(A%) = {g € H*(0,L) : "(0) = g'(L) = ¢"(L) = 0},

and {W;5 (t)};>0 are the operator given in Lemma 2.2 (see also [3, Lemma 2.1] for more details). Then,
by change of variable we can easily verify that

u(t) = Wy ()u® + Wy, () h + / Wy (t—7)f(r)dr

v(t) = Wi ()0 + Wy (1) /W+t—7' 7)dr

and the result follows.
The global well-posedness of the system (16) is obtained using a fixed-point argument.

Proposition 2.3. Let T' > 0 be given. Then, for any (uo,vo) € X and 777 € Hr, problem (16) admits
a unique solution (u,v) € Zp with

Ok, 0% v e L0, L; H'5 (0,T)), k=0,1,2.
Moreover, there exist C > 0, such that

2
k k 0
I lr + 321050 0500, 5% s < C {1 ) a4 1 (7. F) lrer

I sz -

Proof. Let Fr := {(u, v) € Zr : (u,v) € L(0, L; (H%(O,T))Q), k=0,1, 2} equipped with the norm

2
1w, 0) 72 = 1w, 0) | 22 + D (@5, Do)

— L (0,Li(H 5 (0,7))2)
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Let 0 < 8 < T to be determined later. For each u,v € Fg, consider the problem

wt + wac:mc + aﬂ?mca: =0, in (O, L
Ui + wa::rx + nzza: = —E’UI, in (
wm(O t) = ho(t )7 we(Lyt) = hi(t), wee(L,t) = ha(t), in (
’r}xﬂ?(oat) = gO(t)v ’I’)x(L,t) = gl(t)7 nﬁcﬁb(L7t) = gQ(t)a in (
w(z,0) =u(z), v(z,0)=7" in (

According to Proposition 2.1, we can define the operator

I':Fg— Fp, givenby I'(u,v)=(w,7n),

(), in

where (w,n) is the solution of (26). Moreover,

.
I 0)lz, < C{IH ) e+ 1 (72 F) s + 100,00l s 220,007 |

where the positive constant C' depends only on 7. Since

1
||(07 UI)HLl(O,ﬁ;LQ(O,L)) < Bz H(U, U)H]:ﬁv

we obtain a positive constant C' > 0, such that

I 0) 7, < C LI 0) I+ 1 (72 F) e |+ CBE (w0l

ZAMP

(26)

(28)

Let (u,v) € By(0) = {(u,v) € Fg: |(w,v)||£, <7}, with r = 20{” (u®,0°) | + | (?,7) ||H5}.

Choosing 8 > 0, satisfying

[N

Cp= <

1
2 b
from (28) we obtain

(1 (u, 0)[| 7, <7
The above estimate allows us to conclude that

I': B,(0) C F3 — B,(0).
On the other hand, note that I'(uy,v1) — I'(u2, v2) solves the following system

wy + wrzm + anzzm - 0, in (07 L) X (03/6),
Mt + wxww + nma:x = g(vlw — U2z ) in (07 L) X (07ﬁ)7
wm(O t) = wx(L 1) = Wy (L, t) = O in (0, 8),
oz (0,) = (L, t) = Nea(L,t) = in (0, B),
w(z,0) =0, ov(zr,0)=0, in (0,L).

Again, from Proposition 2.1 and (29), we have

1T (us, 01) = Tz, v2) |2, < Cll(0,v10 = var)ll 10,6522 (0,207 < CB2 [[(u,01) = (2, v3)l| 7,

< 5”(”1,”1) — (ug,v2)|| 7,

Hence, I' : B.(0) —
(u,v) € B.-(0), such that

I'(u,v) = (u,v) € Fg,

(29)

B.(0) is a contraction and, by Banach fixed-point theorem, we obtain a unique

and (27) holds, for all t € (0, 8). Since the choice of 3 is independent of (u”,v°), the standard continuation

extension argument yields that the solution (u,v) belongs to Fr. The proof is complete.

O
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2.1.1. Adjoint system. Consider the following homogeneous initial-value problem associated with (1),

(2):
Ut + Uggy + QVgge = 07
v + T'U;E + abu;m:w + lvzxw = Oa
um(() t) = uac(L t) = um(L t) =
Vg (0,8) = vy (L, t) = v (L, 1) = 0,
u(z,0) =u’(z), wv(z,0)=1%x),

in (0,L) x (0,T),

in (0,L) x (0,7,

in (0,7), (30)
in (0,7),

in (0,L)

In order to introduce the backward system associated with (30), we multiply the first equation of (30)
by ¢, the second one by ¢ and integrate over (0, L) x (0,T). Assuming that the functions u, v, ¢ and ¢
are regular enough to justify all the computations, we obtain, after integration by parts, the following

identity:
L L

(u(x, T)p(z,T) + v(x, T)Y(x,T)) dx — / (v’ (2)¢(2,0) +v° (2)(2,0)) dz

0 0
T

0

+

L0 (L0 + DL ) e -
u(L,t) (gom(L t) + @/)m(L t) > dt—l—/Tu

T
Vg (L, 1) (cup(L t) + 1/) (L,t) ) dt%—/vm

0
T
+ [ v (L, 1) (agpw(L t)+ wgg (L,t) ) /vw
0

+ |
Tt~ Tt Tt Tt O\a St~ TT— "T—= O\h

u(x ( Z,t) + Qo (x, t) + acdemm(x,t)) dzdt
L
0

sttt () + ot s /T wer0) (0.0 + 200
0

0t< (0,t) + ¢m(0t)>d

0,8) ( e (0, 1) + z/;m(o t)> dt

Gl
(ret00+ 4000
i

ap, (0, ) + %(0 t)) dt

v(L,t) (a%z(Lt) + %@bm(L,t) + Zzp(L,t)) dt

v(0,t) <ag0m(0,t) + %wm(O,t) + iqp(o,t)) dt.
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Having the previous equality in hands, we consider backward system as follows

{wt + Proe + Lihygy =0, in (0,L) x (0,T), 1)
Pt + Lp + arpp + gWuee =0, in (0,L) x (0,7)
satisfying the boundary conditions,
ap,(0,t) + 14,(0,¢) = 0, in (0,7),
£2(0.8) + 2, (0,6) = 0, in (0,7),
Qoa:m(Lat) + %bwmr(L7t) =0, in (OvT)a (32)
©22(0, 1) + Lhae(0,1) = 0, in (0,7),
e (Lyt) + t¥ua (L, t) + Z9(L, ) 0, in (0,7),
P (0, 1) + £002(0,8) + £9(0,1) = in (0,7)
and the final conditions
p(@,T)=¢'(x), Y@T)=9"(z), in(0,L) (33)

Since the coefficients satisfy 1 — a?b > 0, we can deduce from the first and second equations of (32) that
the above boundary conditions can be written as

@m(ov t) = "/}z(ov t) =0, in (07 T)a
Pz (L, 1) + Loy (L) =0, in (0,7),
022(0,1) + L1py(0,) = 0, in (0,7, (34)
e (L, t) + 200 (L, 1) + Zp(L,t) = 0, in (0,T),
0022 (0, 1) + 21h2 (0, 1) + Z¢p(0,£) = 0, in (0,7).

The following proposition is the key to prove the controllability of the linear system (16). The result
ensures the hidden regularity for the solution of the adjoint system (31)—(34).

Proposition 2.4. For any (¢*,¥') € X, the system (31)—~(34) admits a unique solution (p,) € Zr, such
that it possess the following sharp trace properties

< Crlle*lL2(0,1),
< Crll 220,19

sup |05 (. )
0<z<L
sup [0 (x, )|

O<x<L

25 (0,1) = (35)

25 0,1) =
for k=0,1,2, where Cr is a positive constant.

Proof. Proceeding as the proof of Proposition 2.3, we obtain the result. Indeed, first we consider the
change of variable t — T — ¢ and @ — L — z, then for any (¢, ) in Zp, we consider the system

Ut + Uggr + & 'Uw:cm =0, in (O, L) X (O, T),
Vit + QUgps + cvmm = —Luy, in (0,L) x (0,T),
(2,0) = °(x), P(z,0) = ¢°(x), in (0,L),

with boundary conditions

Uy (L, t) = v, (L,t) =0, in (0,7,
uwz(L,t) ?"bm:(Lat)’ in (07T)>
Uy (0, 1) = = %21,,(0,1), in (0,7),
Ve (L, 1) = —acpye (L, t) — rp(L,t), in (0,7T),
Ve (0,8) = —acp,,(0,t) —ry(0,t), in (0,7).

By using a fixed-point argument, the result is archived. O
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The adjoint system possesses a relevant estimate as described below.

Proposition 2.5. Any solution (p, 1) of the adjoint system (31)—(34) satisfies

1 1 b br
64 8B < 21 D0 + 5100 (L Magoiry + 5o e (s Moy + o3 L Mo
1 2 2
: ; (36)
L2(0,T)

b
+ —

1
%2 acpr(Lv ) + Ewr(Lv )

@z (L, ) + %bwz(La )

L2(0,T)
with initial data (¢*, ') € X

Proof. Multiplying the first equation of (31) by —typ, the second one by —ﬂf?/} and integrating by parts
over (0,7) x (0, L), we obtain

I T L ) T L
%/@2(1’ %//gp xtdmdt—i—a//tcpxmxt (z,t)dzdt
c
0 00 00
i 1 b b
a a
= [t ornte0pte.0) = Je200) + Daalo ol ) - Lttt
0
ab o
+ w(%t)(pm(x,t)] dt
¢ 0
and
- L ) T L ) T L
- / Ve, Tdw = / / ¥ (a, tydad — 2 / / [P (2, 1), 1)t
0 00 00
IaE b b r
_ 2 _ 22 O o2
[t |Gt 0o = i) + i) e
0
Adding the above identities, it follows that
T r g
SO = 310D B = [t 2000 (0relent) + 2vmalot) + ot | at
0
0
T L
b 1 1 ab
— /t [1/) (z,t) (aga:c(x,t) + 7,/&(17,15)) — —pu(x,t) <<px(x,t) + wx(x,t)>} dt
2c c 2 c 0

L

T
" / t[ot.0) (pustont) + Linatent)) - 20wt a.

0
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Then, from (34), we obtain

T
T

T 1 1
U OB < 510 Do + 5o [ 0L) (apa(.0)+ 0utL ) a
0
T T
+5/soz <90th)+ —a(L, t))dt
0

br /WLtdt——/WOt

Finally, (36) is obtained by applying Young inequality in the right-hand side of the above inequality. O

2.2. Nonlinear system

In this subsection, attention will be given to the full nonlinear system (1), (2). The proof of the lemma
below is available in [2, Lemma 3.1], and therefore, we will omit it.

Lemma 2.6. There exists a constant C > 0, such that, for any T > 0 and (u,v) € Zr,
1 1
luvg |10, 7522(0,0)) < C(T7 +T3)|[ull 2, [|v]| 2, -
We first show that system (1), (2) is locally well posed in the space Zr.

Theorem 2.7. For any (u”,v°) € X and = (ho,hi,h2), G = (g0, 91,92) € Hr, there exists T* > 0,
depending on || (u®,v°) ||x, such that the problem (1), (2) admits a unique solution (u,v) € Zp« with

0Fu,0Fv € L°(0, L; H 5 (0,T7)), k=0,1,2.
Moreover, the corresponding solution map is Lipschitz continuous.
Proof. Let Fp = {(u,v) € Zr : (u,v) € L(0, L; (HI%’C(O,T))Q)7 k=01, 2} equipped with the norm

2
1(w, 0) |77 = 1w, 0) 22 + D (Ou, )|

P Lg=(0,L; (HS(0.1))2)

Let 0 < T* < T to be determined later. For each u,v € Fp«, consider the problem

wy —|—wmx + cmmgC = f(u,v), in (0,L) x (0,7%),
e+ < wmm + nmw = s(u,v), in (0,L) x (0,7*),
wm(O t) = ho(t ), we(Lyt) = hi(t), wea(L,t) = ha(t), in (0,7%), (37)
nxx(07t) = gO(t)v nx(Lat) = gl(t)v nxx(Lat) = gQ(t)v in (OaT*)v
w(z,0) = uo(‘r)v v(x,0) = UO(I)v in (0,L),
where
fu,v) = —aq (vvg) — az(uv),
and
r asb aib
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Since [|ve||L1(0,7%;02(0,)) < B2 |v||z,., from Lemma 2.6 we deduce that f(u,v) and s(u,v) belong to
LY(0,T*; L?(0, L)) and satisfies
1
10wz < €1 (TF + @) (lulz,. + (llzp. + Dllolz. +0liZ,.) s (8)
for some positive constant Cl. Then, according to Proposition 2.1, we can define the operator
F:fT* HfT*a given by F(uvv):(wan)a

where (w, ) is the solution of (37). Moreover,

.
I )lrre < C {100 e+ 1 (B F) Dt + 109z 02220, § (39)

where the positive constant C' depends only on T%. Combining (38) and (39), we obtain
—
17 wlle. <€ LI 00) e+ 1 (7,7 ) e
1 Bt
+CCr (T2 + (1)) (lullz,. + (lullzp. + Dlelz,. + ol -

Let (u,v) € B-(0) := {(u,v) € Fpr~ : ||(u,v)|| £,.. <7}, where r = QC{H (u®,0%) |lx + || ( , ) HHT}
From the estimate above, it follows that

|00l < 5 +CCy((T)E+(T94) (3r+ D). (40)
Then, by choosing T > 0, such that

oy ()E 4 @) Gren < 3, (41)
from (40), we have
1w, )| 77 <7
Thus, we conclude that
I': B.(0) C Fr- — B,(0).

On the other hand, I'(uy,v1) — I'(uz,v2) solve the system

we + wmzz + anzzx = f(ulavl) f(u27U2)7 in (07-[/) X (OvT*),
nt + wIIl + T}.LLI - 3(“’171]1) - S(’LL27U2), in (07L) X (OvT*)v
wm(() t) = wx(L 1) = wee (L, t) =0, in (0,77),

Nz (0,t) = 0z (L, ) = 022 (L, ) = 0, in (0,77),

w(z,0) =0, wv(z,0)=0, in (0,L),

where f(u,v) and s(u,v) were defined in (37). Note that
[f(ur,v1) = fluz, v2)| < Cof (v2 — v1)v2,0 +v1(v2 = V1)o + (U2(v2 = v1))2 + ((u2 — u1)v1)a) |
and
s(u1,v1) = s(ug,v2)| < Co ((v2 — v1)s + (U2 — wr)uz,x + u1(uz — u1)y
+ (uz(v2 = v1))a + ((u2 — w)v1)a) |,
for some positive constant Cs. Then, Proposition 2.1 and Lemma 2.6, give us the following estimate
117 (w1, v1) — I'(u2, v2)|| 7. < CI(f(wr,v1) = fu2,v2), s(ur, v1) = s(u2, v2))[ L1 0,7+:(22(0,0))2)

< C3((T*)? + (T*)5)(8r + 1) (ur — uz, v1 — v2)l 7y
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for some positive constant Cy. Choosing T*, satisfying (41) and such that

()} + )+ 1) < 5,

we obtain
1
17 (ur,v1) = I'(ug, v2)|| 7 < 51w — uz,v1 = vo) || £ -

Hence, I' : B,(0) — B,(0) is a contraction and, by Banach fixed-point theorem, we obtain a unique

(u,v) € B-(0), such that I'(u,v) = (u,v) € Fr+, and therefore, the proof is complete. O
Remark 2.8. From the proof of Proposition 2.1, we deduce that solution of the system (1), (2) can be
written as
u(t)) _ u(x) "
(U(t)) —WO(t) ('UO(:L') +Wbdr(t) ?
¢
a1 (vug)(7) + a2 (uv) 4 (T)
- /Wg(t —7) X . dr,
" 02 (7) + 922 (uug ) (1) + 42 (w0)a(7)
with
_(We (@) O _(Wear(®) 0O
w0 = ("4 i) w0 = (M ).
where {Woi(t)}tzo are the Cy semigroup in the space L?(0, L) generated by the linear operators
AT = _aig///
where

—_

1 1 2 4q2
e ((E) = (B )
2 c c c

D(A*) = {ge H*0,L): g"(0) = ¢/(L) = g"(L) = 0},

and {W;5 (2)}¢>0 is the operator defined in Lemma 2.2.

with domain

3. Exact boundary controllability for the linear system

N
In this section, we study the existence of controls h := (hg, i, ho) and g := (go, g1, 92) € Hr, such that
the solution (u,v) of the system

Ut + Uggy + AVgge = 0 in (Oa L) X (Oa T)a
Ut + %vx + %bux:r:v + %UIJL’:E = 0 il’l (07 L) X (07T)7 (42)
u(x,0) = u'(z), wv(x,0)=1"=x), in (0,L),

satisfying the boundary conditions

{ Uz (0,1) = ho(t), uz(L,t) = hq(t), upe(L,t) = ho(t) in (0,T), (43)
'U:vw(ovt) = gO(t)? vw(L7t) = gl(t)v ’wa(L,t) = 92(t) in (O’T)v
satisfies

u(-,T) = u' (), and v(-,T) =v'(-). (44)

More precisely, we have the following definition:
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Definition 3.1. Let 7 > 0. System (42), (43) is exactly controllable in time T if for any initial and final

data (u°,v") and (u',v') in X, there exist control functions = (ho, h1,h2) and g = (g0, 91, 92) in Hr,
such that the solution of (42), (43) satisfies (44).

Remark 3.1. Without any loss of generality, we shall consider only the case u’ = v = 0. Indeed, let

(u®, %), (u',v') in X and F g in ‘Hr be controls which lead the solution (,v) of (42) from the zero
initial data to the final state (u v') — (w(T),v(T)), where (u,v) is the mild solution corresponding to
(42), (43) with initial data ( 0w ) It follows immediately that these controls also lead to the solution
(@, 0) + (u,v) of (42), (43) from (u’,v°) to the final state (u',v?).

In the following pages, we will analyze the exact controllability of the system (42), (43) for different
combinations of four controls and one control.

3.1. Four controls

3.1.1. Case 1. Consider the following boundary conditions:

{ Uge(0,) = ho(t), ug(L,t) = hi(t), tuge(L,t) =0 in (0,7,
V2 (0,8) = go(t), va(L,t) = g1(t), vze(L,t) =0 in (0,T).

We first give an equivalent condition for the exact controllability property.

(45)

Lemma 3.2. For any (ul,vl) in X, there exist four controls = (ho,h1,0) and g = (g0, 91,0) in Hr,
such that the solution (u,v) of (42)—(45) satisfies (44) if and only if

T

/ (som (L,1) + ?%(L,t)) at

0
T
N O/go (w 0,¢) + w(o t)) dt (46)

Tt~

1
+ /gl(t) (asox(L,t) + C%(LJ)) dt,
0
for any (o, ') in X, where (p,1) is the solution of the backward system (31)—(34) with initial data
(@', 91).

Proof. The relation (46) is obtained by multiplying the equations in (42) by the solution (¢, ) of (31)—
(34), integrating by parts and using the boundary conditions (45). O

The following observability inequality plays a fundamental role for the study of the controllability
properties.
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Proposition 3.3. For T > 0 and L > 0, there exists a constant C := C(T, L) > 0, such that

2 2

H@%WM%SC{Wﬂ&ﬁ<MQJ+?wWJ> e, + Ly (L)

"

L2(0,T)
2

L2(0,T)

2
, (47)
L£2(0,T)

for any (p',91) € X, where (p,1) is a solution of (31)—(34) with initial data (¢*, '), where Ay := 0?2.

+

1
a’@z(ljv ) + 7¢I(L7 )
L2(0,T) ¢

+ =208 (ast0.+ 2uc0.9)

Proof. We argue by contradiction, as in [10, Proposition 3.3], and suppose that (47) does not hold. In
this case, we obtain a sequence {(p}, 1) },en, satisfying

1 ab 2 ab 2
— ek wb)l > 0 | -20% (0009 + Len09) |+ lomalt) + Ll
¢ L2(0,T) c L2(0,T)
, 1 2 1 2
# |20 (a0 4 L0n0) |+ fapnatm) + ot .
c L2(0,L) ¢ L2(0,T)
(48)
Consequently, (48) imply that
on(0,) + L1, (0, ) — in H3(0,7),
0 0) =0 in HIOT) "
agpn,x(L ) —I— ¢n I(L, ) in L?(0,7),
as n — oo. Since 1 — a?b > 0, (49) guarantees that the following converge hold
on(0,) =0, ¥n(0,) =0 in H3(0,T), (50)
(Pn,m(La ) - 0, 'l/)n,z (La ) - 0 in L2(07 T),

as n — oo. The next steps are devoted to pass the strong limit in the left-hand side of (48). First, observe
that from Proposition 2.4 we deduce that {(¢n, %) }nen is bounded in L2(0,T; (H'(0,L))?). Then, (31)
implies that {(¢¢.n, Vt.n) }nen is bounded in L?(0,T; (H2(0,L))?) and the compact embedding

H'(0,L) — L*(0,L) — H%(0,L)

allows us to conclude that {(¢y, %) }nen is relatively compact in L2(0, T; X). Consequently, we obtain a
subsequence, still denoted by the same index n, satisfying

(OnsPn) = (@, ) in L2(0,T; X), as n — oo. (51)
On the other hand, (35) and (48) imply that the sequences
{on(0, ) }neny and {1, (0, ) }nen are bounded in H%(O,T).
Then, the following compact embedding
H3(0,T) — L*(0,T) (52)

guarantees that the above sequences are relatively compact in L?(0,T'), that is, we obtain a subsequence,
still denoted by the same index n, satisfying
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{90”(0, ) - ‘P(Oa ) in LQ(OvT)’ (53)

¢n(07)—>¢(07) in L2<O’T)7

as n — oo. Then, from (50) and (53) we deduce that

Moreover, (35), (48) and (52) imply that {¢n(L,t)}nen and {¢n(L,t)}nen are relatively compact in
L?(0,T). Hence, we obtain a subsequence, still denoted by the same index, satisfying

(54)

Qon(La ) - @(L» ) in L2(0’T)a
"/}n(lﬁ ) — (L,-) in LQ(O,T),

as n — oo. In addition, according to Proposition 2.5, we have

1 1
(o oi)l1% < TH(%Wn)HL?(O,T;X) + §||80n,m(La Mz 0.m)
b br
+ 2*C||7/fn,z(La M2 + Cj||¢n(Lv Mi20.1)
1 2
]

b 2
+ —

_l’_
r201) 2€

ab 1
SDn,:r(L> ) + ?an,z(La ) a@n,m(lh ) + Ewn,z(Lv )

L2(0,T) .

Then, from (49), (50), (51) and (54) we conclude that {(¢L,¥})},en is a Cauchy sequence in X, and
therefore, we get

(ns¥n) = (01, 91) in X, as n — oo (55)

Thus, Proposition 2.4 together with (55) imply that

@n,x(lﬁ ) - @x(Lv ) in LQ(O’T)7 (56)
VYnz(L,+) — ¥ (L, ) in L*(0,T)
and
(pn,xx(Lv ) + %bd’n,m(L ) - ‘Pm( ) awa:c( s ) in L2(07T)7
Son,zx(oa ) + %b'd]n,mz(oa ) - @mm( ) abwzr( ) in LQ(OvT)v

as n — 00. Since (p,,¥,) is a solution of the adjoint system, we obtain that

905690( ) awam( ) =0,

P (0,7) + 24, (0,-) = 0,

apua (L, ) + ¢ua (L, ) + £o(L, ) = 0
apzz(0, ) + %77[1363:(0’ )+ %1/)(/3, )=

On the other hand, from (50) and (56), we have
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Finally, we obtain that (p,) is a solution of

Pt + Prza + a%waam =0, in (07 L) X (0, T)7
wt + %me + APrxx + %wmzz - 07 in (O,L) X (OaT)a
P (L, t) + %z/Jm(L,t) + LyY(L,t) =0, in (0,7),
@Pra(0,6) + L (0,8) + £6(0,1) =0, i (0.7), -
Pra(Lyt) + %wa:c(Lat) =0, in (0,7),
Pus(0,1) + 2Lp,,(0,1) = 0, in (0,7),
0z (0,t) = ,(0,t) =0, in (0,7,
p(x,T) =" (), ¢, T)=4"(z), in(0,L),
satisfying the additional boundary conditions
©(0,t) = 9(0,t) = @ (L,t) = ¢ (L,t) =0 in (0,7) (58)
and
(!, o )]lx = 1. (59)
Observe that (59) implies that the solutions of (57), (58) cannot be identically zero. However, by
Lemma 3.4, one can conclude that (¢,%) = (0,0), which drive us to a contradiction. O

Lemma 3.4. For any T > 0, let Ny denote the space of the initial states (¢*,') € X, such that the
solution of (57) satisfies (58). Then, Ny = {0}.

Proof. The proof uses the same arguments as those given in [10].
If Ny # {0}, the map (¢*,%!) € Ny — A(Nr) C CNr (where CNr denote the complexification of
N7) has (at least) one eigenvalue. Hence, there exist A € C and g, 1o € H(0, L) \ {0}, such that

Ago + ¢ + Ly’ =0, in (0, L),
Mo + Lo + apl’ + 29y’ =0, in (0, L),
eo(x) = Yy(z) =0, in {0, L},
agf(z) + 24f () + Lepo(x) = 0, in {0, L},
w5 () + 2Ly (x) = 0, in {0, L},
©0(0) = ¥0(0) = 0.

The notation {0, L}, used above, mean that the expression is applied in 0 and L.
Since 1 — a?b > 0, the above system becomes

Ao + ¢y + Ly’ =0, in (0, L),
Mo + L + apy’ + <y’ =0, in (0, L),
©0(0) = ¢5(0) = ¢4 (0) =0,
¥0(0) = ¥4(0) = 45 (0) = 0.

By straightforward computations, we see that (¢g,%0) = (0,0) is the unique solution of (60) for all L > 0,
which concludes the proof of Lemma 3.4 and Proposition 3.3. g

(60)

The following theorem gives a positive answer for the control problem:

Theorem 3.5. Let T > 0 and L > 0. Then, the system (42)—(45) is exactly controllable in time T.
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Proof. Let us denote by I the linear and bounded map defined by
r: L20,L)x L*0,L) — L2*(0,L)x L*(0,L)
@' ()¥H) o T@H(),¥1 () = (u(- T),v(-, 1)),
where (u,v) is the solution of (42)—(45), with

ho(t) = (=40)F ((0,8) + L0(0,)) , h(t) = (L, ) + (L, ), (61)
gO( ) ( )% (a@(o t) + w(o t)) ’ gl(t) - agpw(L,t) + %'(/)w(lﬂt)a

and (¢,v) the solution of the system (31)-(34) with A, = 97 and initial data (p!,9!). According to
Lemma 3.2 and Proposition 3.3, we obtain
2 2

ab 1
(F(Sola ¢1)7 (90171/}1)) L2(0.0L)2 — S%(La ) + wx(Lv ) + a@x(La ) + 7/(/)513(-[/7 )
(L2(0,L)) C L2(O T) L2(0,T)

+ (203 (@(0 509 900, + 200, ->)L2(O’T)
)

L '>)
L2(0,T)

_‘%(L )+ Lo, S| I e (L) 2
L2(0,T) L2(0,T)
H —A) é( (0 ,-)+iw<0,~>> ;«m
+-a0% (w009 + Lui.) ;(O,T)

>0 (e vhI%-
Thus, by the Lax—Milgram theorem, I" is invertible. Consequently, for given (ul,vl) € (L%(0,L))?, we
can define (¢!, ¢!) := I'"1(ul,v!) to solve the system (31)—(34) and get (p,%) € Z7. Then, if ho(t),
hi(t), go(t) and g (t) are given by (61), the corresponding solution (u, v) of the system (42)—(45), satisfies
(u(-,0),v(-,0)) = (0,0) and (u(-,T),v(-, 1)) = (ul(')7 = Ul('))‘
0

Remark 3.6. An important question is whether the exact controllability holds, in time 7' > 0, when we
consider the boundary condition with another configuration, for example,

Upz(0,8) =0 ux(L,t) = hi(t) uge(L,t) = ha(t), in (0,7), (62)
Vpr(0,8) =0, vp(L,t) = g1(t), wvea(L,t) = g2(t), in (0,T).

Observe that, in this case it would be necessary to prove that the following observability inequality

2 2

o) + D (L)

I )l < 0{H<—At>é (b2 + Loz )

L2(0,T)
2

L2(0,T)

2
L2(07T)} 7

holds for any (¢!, +!) in X, where (p,1)) is solution of (31)—(34) with initial data (p!,9!). It can be
done using Proposition 2.4 together with the contradiction argument used in the proof of Proposition 3.3.
Thus, the next result about the exact controllability of the system (42)—-(62) also holds:

# a0t (aptzr+ o)t faga(r+ Ttz

12(0,T)



109 Page 22 of 36 R. A. Capistrano-Filho, F. A. Gallego and A. F. Pazoto ZAMP

Theorem 3.7. Let T > 0 and L > 0. Then, the system (42)—(62) is exactly controllable in time T.

3.1.2. Case 2. We consider the following boundary conditions:

{ Uy (0,8) = 0 Uy (Lyt) = ha(t)  ugs(L,t) =0, in (0,7), (63)
Umc(oat) = gO(t)v Uz(Lat) = gl(t)v Uzz(Lvt) = gQ(t)v in (OvT)

First, as in subsection above, we give an equivalent condition for the exact controllability property. It
can be done using the same idea of the proof of Lemma 3.2.

Lemma 3.8. For any (ul,vl) in X, there exist four controls 7 = (0, h1,0) and g = (90,91, 92) in Hr,
such that the solution (u,v) of (42)—(63) satisfies (44) if and only if

L T

[t @t @) + @)t @)ae = [ anle) (apt0.0)+ Lol ) at

0 0

+ / 1(0) (w22 (L.0) + (L0 )

_ /Tg2(t) (aw(L,t) + iq/;(L,t)) dt (64)

T

+ 100 (et + Loa(r.0) .

for any (o', 1) in X, where (p,1) is the solution of the backward system (31)—(34).
To prove the exact controllability property, it suffices to prove the following observability inequality:

Proposition 3.9. Let T > 0 and L € (0,00) \ Fy, where F, is given by (15). Then, there exists a constant
C(T,L) > 0, such that

2 2

o=

ab
+ ¢I(L»')+7wr(La')
L2(0,T) ¢

2

I )l < C{H<—At> (a0, + 20(0.)

L£2(0,T)

2
L2(07T)} ’

for any (o', 1) in X, where (p,) is solution of (31)—(34) with initial data (o', 1), where Ay := 02.

+ ||awz (L, ) + %7/195(13, )

12(0,T)

+ 208 (aptzr + Lot

Proof. We proceed as in the proof of Proposition 3.3 using the contradiction argument. Therefore, we
will summarize it. Firstly, we show that the sequences {(¢k, L) }en,

{0500, + (0, Ve
{apn(L, ) + (L Vhner

{WPn,m(La )+ %@[}n,r(La ) }nen,

and

b
{Pn(L) + Ztn (L nen,
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are relatively compact in X and L?(0,T; X), respectively. Next, we proceed as in the proof of Proposi-
tion 3.3 to get that

apn (0, ) + %'@bn(oa ) — 0,

apn(L,) + a(L) =0,
Pna(L,) =0, ¥a(L,-) =0,
as n — 00, and
(e V) (L20,2y)2 = 1-

Finally, combining the hidden regularity of the solutions of the adjoint system (35) and the compact
embedding H3 (0,T) < L2(0,T), we conclude that (p,1) satisfies

Pt + Paze + Ltpga =0 in (0,L) x (0,7),
Vet ¥ + 0Prar + (Vrza =0 in (0, L) » (0,T),
$aw(Lt) + Lhra(L,1) = 0 in (0,7),
Paa(0,1) + %10 (0, 1) = 0 in (0,7), (65)
e (Lst) + ta(Lyt) + LY(L,t) =0 in (0,7T),
00 (0,8) + $02(0,8) + £0(0,8) =0 in (0,7),
@2 (0,1) = ¥2(0,1) = 0 in (0,7),
o(@,T) =¢'(2), P(z,T) = ' () in (0, L)
and
ap(L,t)+ 2(L,t)=0 in (0,7),
ap(0,t) + L(0,t) =0  in (0,7), (66)
Pa(L;t) = ¢u(L, 1) =0 in (0,7),
(e, )l = 1.
Notice that the solutions of (65), (66) cannot be identically zero. Therefore, from Lemma 3.10, one
can conclude that (¢,1) = (0,0), which drive us to a contradiction. O

Lemma 3.10. For any T > 0, let Ny denote the space of the initial states (o',y') € X, such that the
solution of (65) satisfies (66). Then, for L € (0,00) \ F,, Ny = {0}.

Proof. By the same arguments given in [10], if Ny # {0}, the map (',9!') € Ny — A(Nr) C CNr has
(at least) one eigenvalue. Hence, there exist A € C and ¢g, 1o € H3(0, L) \ {0}, such that

Ao+ gl + St — 0, in (0, L),

Ntio + Lo+ agll + Lt =0, in (0,L),

ago(x) + Lo(e )=0 in {0, L},
¢ 67
() = vh(x) = in {0, L}, (67)

eile) + 2 (w) in {0, L},

agl)(2) + Ly (a) + wo() in {0,L}.
O

To conclude the proof of the Lemma 3.10, we prove that this does not hold if L € (0,00) \ F,. To
simplify the notation, henceforth we denote (g, %) := (¢, ).
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Lemma 3.11. Let L > 0. Consider the assertion

Ap + " 4 Ly =0, in (0,L),

N+ 9+ ag" + 9" =0, in(0,L),

, 3 ap(z) + cp(x) =0, in {0, L},
(N): INeC,3p,¢p € H*(0,L)\ (0,0), such that () = /() = 0, in 0.1},
¢’ () + Ly (x) = 0, in {0, L},

ap’ (z) + 19" (z) + Ly(z) =0, in{0,L}.

Then, (N) holds if and only if L € F,.

Proof. We use an argument similar to the one used in [10, Lemma 3,5]. Let us introduce the notation
o) = foL e "¢ p(z)dz and 1[)(5) = fOL e~ %%y (x)dz. Then, multiplying the first and the second equations
in (V) by e~%¢ and integrating by part in (0, L), it follows that

(2 + X) () + 2 )b e)
# (s + Lor) + 60 (#+ Lur)) + 62 () + Lot ) ) emi] =0

and

(F0° + 20 +2) 960 + atie?e(©) + | (a"@) + 20" + Zuto))

#69) (a/ @)+ 70@) + 09 (apte) + 00 ) )] =0,

0

The boundary conditions allow us to conclude that

(66)° + () + (a8 (¢) = (ie)? («:m) + Do) - (@(L) ; %(L)) 5) |

(68)
21(68)7 +r(i€) + eAIB(E) + ali€) p(e) = 0.
Then, from the first equation in (68), we obtain
i&)? (a e~ il ab(i )
p(e) = (B (ot Bem™)  ab(it)™(e) (69)

(i€)% + A c((i€)* + X)

ab

where o = ¢(0)+“2¢)(0) and 3 = —¢(L) —“4)(L). Replacing the above expression in the second equation
in (68) it follows that

1(, .3 . a2b(i5)6 R B a(i§)5 (a + ﬁe—iLg)
- (1€)° + r(i&) + eX — 6% + A v(E) =~ (@)% + A '
Thus,
; ac(i€)® (o + Be—iLE
B(E) = — (i)° (o + pe= %) .

(1 —a?b)(i€)8 + r(i&)* + (c + 1)A(E€)3 + rA(i€) + cA?’
Replacing (70) in (69), we obtain

(i6)* ((16)? + r(i€) + cA) (a + Be~"¢)

@(f) = (1 — a2b)(i§)6 + T(if)4 + (c + 1))\(i§)3 + T)\(lf) +ea?’
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Setting A = ip, p € C, from the previous identities we can write 1(¢) = —i [acf(€)] and @(€) = —ig(€),
where
_ € (a+Be7)

(8 - re—ep) (a+ e
g(§) = P ,

with

P(&) := (1 — a®b)e® — 7€ — (c + 1)p€> + rp€ + cp*.
Using Paley—Wiener theorem (see [15, Section 4, p. 161]) and the usual characterization of H?(IR) functions
by means of their Fourier transforms, we see that (N') is equivalent to the existence of p € C and
(o, 8) € C2\ (0,0), such that

(i) f and g are entire functions in C,

(i) [ 1FQ)P(1+ 166 < o0 and f l9(©)P(1 + ¢ < .

R
(iii) V& € C, we have that |f(&)] < e1(1 4 |€])FeH™El and |g(€)| < 1 (1 + |€])FelI™mEl for some positive

constants ¢; and k.
Notice that if (i) holds true, then (ii) and (iii) are satisfied. Recall that f and g are entire functions
if and only if the roots &y, &1,&2,&3,&4 and & of P(€) are roots of &5 (a—i—ﬁe’i“) and £2(&3 — r¢ —
cp) (a+ Be %),

Let us first assume that £ = 0 is not a root of P(&). Thus, it is sufficient to consider the case when

a + e and P(¢) share the same roots. Observe that the roots of a + Be™*F¢ are simple, unless
a = =0 (indeed, in this case ¢(0) + %bw(O) =0and p(L)+ %bzlx(L) = 0 and using the system (67) we
conclude that (p,%) = (0,0), which is a contradiction). Then, (i) holds provided that the roots of P(&)
are simple. Therefore, it follows that (A) is equivalent to the existence of complex numbers p and &, and
positive integers k, [, m,n and s, such that, if we set

2 27 2 2 27
&1 :§0+fk7 &2 :€1+fl, &3 :§2+fm, &4 :§3+fn and &5 :§4+757 (71)

P(&) can be written as follows

P(&) = (£ —&)(€ —&)(§ —&)(€ —&3)(§ —Ea) (€ — &5)-

In particular, we obtain the following relations:

So+t&+&+83+86+86=0, (72)
Sollir+&L+8+6+86)+a(+E8+8a+86) 66+ +E)
+&3(6a+ &) + s = —ﬁ (73)

and

08162838485 = (lca?b> p*.
(71) and (72) imply that
ot (6 T0) + (0 T+) + (0 Tlhsr4m) + (64 Tk t4mem)

2
+<§0+L7T(k+l+m+n+s)) —0.
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Straightforward computations lead to

§0:—3—L(5k+4l+3m+2n+s) (74)

On the other hand, from (73), we obtain

21

2 2
&o (5§0+ ;(5k+4l+3m+2n+s)) + (§o+ Lk) <4§0+ L7r(4k+4l+3m+2n+s)>

+ (50 + 2;(k—|—l)> <3£o + 22(3k—|—3l—|—3m+2n—|—5)>

2 2
+(€o+£(k‘+l+m)) <2§0+;(2kz+21+2m+2n+5)>

r

2m 2m
+<50+L(k+l+m+n)) <§O+L(k+l+m+n+s)> =12

Thus, we have

2m 472 r
1563 + —(25k +20 + 15m + 10n + 5s)éo + 2= Ty (75)
where
1 = k(10k 4+ 100 + 9m + Tn + 4s) + [(6k + 61 + 6m + 5n + 3s)
+mBk+3l+3m+3n+2s)+nk+Il+m+n+s).
Replacing (74) in (75), we obtain
L2
o “57 = ™ (5(5k + 41+ 3m + 2n + ) — 12n)
From the discussion above, we can conclude that
I 7T\/(l —a®b)a(k,l,m,n, s)7
3r
foz—g(5k+4l+3m+2n+s), (76)

D= \/(1 — a”b)&0€1£26364E5

C
where
alk,l,m,n,s) =5k + 812 + 9m? + 8n? + 55 + 8kl 4 6km + 4kn + 2ks + 12ml
+ 8In + 3ls + 12mn + 6ms + 8ns.

Now, we assume that &y = 0 is a root of P(£). Then, it follows that p = 0 and

B 55 (a_'_ﬁe—iLE) B g(a+ﬂe—iL§)
16 = (1—a2b)&6 —rét (1 —a2b)€2 — 7’

_ (€ —rg) (at fem™) (& —r) (ot fe')
O e e (- e - 7 |
In this case, (N) holds if and only if f and g satisfy (i), (ii) and (iii). Thus, (i) holds provided that

So=0, & =4/7 _ra% and & =— /37—
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are roots of a + Be~ "¢, Therefore, we can write &; = & + 2%/6, for k € Z. Consequently, it follows that

1—ab
—
Finally, from (76) and (77), we deduce that (N) holds if and only if L € F,., where F, is given by (15).

This completes the proof of Lemma 3.11, Lemma 3.10 and, consequently, the proof of Proposition 3.9.
O

L =27k

(77)

The next result gives a positive answer for the control problem, and can be proved using the same
ideas presented in Theorem 3.5, and thus, we will omit the proof.

Theorem 3.12. Let T > 0 and L € (0,00)\F,, where F, is given by (15). Then, the system (42)—(63) is
exactly controllable in time T .

Remark 3.13. As in the previous subsection, the question here is whether system (42)—(78) is exactly
controllable with another configuration of the boundary condition, for example,

{ Uy (0,8) = ho(t), wux(L,t) = hi(t), uge(L,t)=hao(t) in (0,7,

ven(0,8) = 0, wu(Lyt) = gi(), vwe(Ly) =0 in (0,T). (78)

The answer for this question is positive if we prove that the following observability inequality

2 2

I w g < {H(—A)é (0.9 + Zu0.) oo, + L)

i

L2(0,T) L2(0,T)

2
L2(0,T) } 7

holds, for any (p!,%?!) in X, where (p,) is solution of (31)-(34) with initial data (¢!, %!). Note that
it can be proved using Proposition 2.4 together with the contradiction argument as in the proof of
Proposition 3.9.

1

tlei (s Lo 4

1
a@z(L, ) + 71/}1(‘[’7 )
L2(0,T) ¢

Thus, the exact controllability result is also true in this case.

Theorem 3.14. Let T > 0 and L € (0,00) \ F;.. Then, the system (42)—~(78) is exactly controllable in time
T.
3.2. One control

In this subsection, we intend to prove the exact controllability of the system by using only one boundary
control hy or g and fixing hg = hy = go = g2 = 0, namely

Upn(0,) = 0 wn(Lot) = ha(t), wau(L,t) =0, in (0,T), 79
e (0.8) =0, va(Lot) =0, wvpu(Lt) =0, in (0,T). (79)
Upz(0,8) =0 wy(L,t) =0 Uz (L, t) =0, in (0,7), 20
{ Van(0.8) = 0, (L t) = gi(t), van(L.t) =0, in (0,T). (80)

The result below give us an equivalent condition for the exact controllability and the proof is analogous
to the proof of the Lemma 3.2.
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Lemma 3.15. For any (ul,vl) i X, there exist one control o= (0,h1,0) and g = (0,0,0) (resp.

W= (0,0,0) and g = (0,1,0)) in Hr, such that the solution (u,v) of (42)—(79) (resp. (42)-(80))
satisfies (44) if and only if

O/L )+ o' (2)' (2))de = O/Thl(t) [%(L,t) + acb%(L’t)] dt
/ R S 1
resp. ! 2) + v} (@) ())d Z@uﬂwﬂgﬂ+ﬂ%gﬂdt

for any (o', 9Y) in X, where (o,1) is the solution of the backward system (31)—(34).

Note that using the change of variable 2’ = L — x and ' = T — t, the system (31)—(34) is equivalent
to the following forward system
Yt + Paga + %bqurmc =0, in (Oﬂ L) X (OvT)’
wt + %% + APzzx + %¢9Mrz = 07 in (O7L) x (07T)’ (81)
p(2,0) = ¢°(2), ¥(2,0) = ¢°(z), in (0,L),

with boundary conditions

Paa(@,1) + Lapyy(z,) = 0, in {0, L} x (0,T),
APz (T, t) + %ilﬁm(it t) + Z¢(z,t) =0, in {0,L} x (0,T), (82)
@m(Lvt):wm(L7t):0 in (O,T)

It is well known (according to the previous sections) that the observability inequality

b 2
1, 8013 < C (|02 (0, ) + 24 (0, ) (83)
¢ L2(0,T)
or
1 2
1%, 402 < C |lag.(0,-) + =1,(0, ) (84)
¢ L2(0,T)

plays a fundamental role for the study of the controllability. To prove (83) (resp. (84)), we use a direct
approach based on the multiplier technique that gives us the observability inequality for small values of
the length L and large time of control T

Proposition 3.16. Let us suppose that T > 0 and L > 0 satisfy

,BCT r
1> [p+ 2]
> |+ - (85)
where Cr is the constant in (35) and (3 is the constant given by the embedding H%(O,T) C L?(0,T).
Then, there exists a constant C(T,L) > 0, such that for any (©°,9°) in X the observability inequality
(83) (resp. (84)) holds, where (p,) is solution of (81), (82) with initial data (°,°).

Proof. We multiply the first equation in (81) by (T —t)¢, the second one by 2(T — )i and integrate over
(0,T) x (0, L), to give us:
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g/L<%()+ 1/10() % /L( (2,t) + zb( ))dxdt
0 0

(T —1) :so(L,t) <<pm(L7t) + acbwm(L,t)ﬂ dt

[ wxm(L»t)

Cc

(€ =1) |20(.0) (gLt + o)

@ -1 ]-Luo.n (asam(o,t) L ;"Czp(o,t))} dt

c

T
/
T
/
T
I ab
- 0/(T —t) _ga((),t) (gom(&t) + Cwm(O,t))] de
T
/
T
/

1 2ab b
s 5 [0 [ 200+ 22000000+ Sudo.n] a
0
From the boundary conditions (82), we have that

T
1 br br [T —1
1%, )% < TH(%WH%Z(O,T;X) + ﬁ”w(ov')HQH(o,T) T2 / T¢(L7t)2dt
0

+0/{ 0t+—w@<0t)%(0t>+ b, )}dt,

2

—_

por

7l ) Ea 0,y + 2T||w< >||23<0T>+a2b‘

QDI(O, ) + %bwm(oa )

)

L2(0,T)

1
resp. (6% 9% < 2l (0 a0y + 0012

HS 0,T)
2
LQ(O,T)>

where 3 is the constant given by the compact embedding Hs (0,T) C L?(0,T). On the other hand, note
that L>°(0, L) C L?(0, L); thus,

loC Oz 0,0y < ZleC DT o,ny: and (000720 0y < LI C O Tx 0,15 (86)

N

1
) a‘)ow(07 ) + Eww(ov )

_|_
S

Hence,

b
||(80’7/1)||2L2(0,T;X) = ||<P('at)||%2(o,L) + czﬁ(',t)”%%o,m} dt

O\H
—N

<L

St~

b
{1600 + 21Ol 0
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bLﬂ
2 2
LBHSOHHS(OTLOO(O L)) ”dJHHS(OTLx(O L)
Thanks to Proposition 2.4, we obtain
LﬂCT bLﬂCT ﬂCTbT
1%, 9°) 1% 1€°1220,) + —— 191 Z20.2) + —57 1¥°lI72(0,1)
1 ab 2
+ = T 07 )+ — Vs 0,-
a%\w O+ G0
LBCr BCrr 1 ab ?
< =@ E + = 1% )% + =2 o2 ||Pe(0:) + e (0,) :
T T b & LQ(O,T)

Finally, it follows that
2

1600 <K 0.9+ (0.9
L2(0,T)
under the condition .
_ 1 ﬂCT r B
K=— (1—T[L+CD > 0. (87)

From the observability inequality (83), the following result holds.

Theorem 3.17. Let T > 0 and L > 0 satisfying (85). Then, the system (42)—(79) (resp. (42)—(80)) is
exactly controllable in time T .

Proof. Consider the map
I:L*0,L) x L*(0,L) — L?*(0,L) x L*(0, L)
(@' ()0 () — L' (), %' () = (u(-,T),v(- T))
where (u,v) is the solution of (42)—(63), with
hi(t) = pu(L,t) + Lu(L, 1),
{gl(t) = apy(L,t) + ;¢ (L,1),

and (¢,) is the solution of the system (31)—(34) with initial data (¢!, 11). By (83) (resp. (84)) and the
Lax—Milgram theorem, the proof is achieved. O

4. The nonlinear control system

We are now in a position to prove our main result considering several configurations of the control in the
boundary conditions. Let T" > 0, from Theorems 3.5, 3.7, 3.12, 3.14 and 3.17, we can define the bounded
linear operators

A X XX — Hp X Hrp (i1=1,2,3,4,5,6),
such that, for any (uo,vo) € X and (ul,vl) e X,

() () = (5)

where }_il and g; were defined in the Introduction.
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Proof of Theorem 1.1. We treat the nonlinear problem (1), (2) using a classical fixed-point argument.
According to Remark 2.8, the solution can be written as

(i) - () o (5

= Jte=n (o, Sl B, ) e

Ta(T) + 922 (uug ) (1) + 2 (uv

for i = 1,2,3,4,5,6, where {Wy(t) }+>0 and {Wpa,(t)}+>0 are the operators defined in Proposition 2.1.
We only analyze the case ¢ = 1, since the other cases are analogous we will omit them.
For u,v € Zp, let us define

(satay) = [ W= o) et .,
and consider the map

o) =m0 (i) rwwen (1) (1) +(uir'in)

t

B . a1 (V02 )(T) + az(uv) (1) -
[ wate = (zvm) T 228 () (7) + “;b<uv>z<7>) ar

()= ((5) () (oariem)) o

If we choose

from Theorem 3.12, we get

and

()= () Cortin) = ) = ()

Now we prove that the map I is a contraction in an appropriate metric space, then its fixed point (u,v)

is the solution of (1), (2) with iy and g defined by (88), satisfying (3). In order to prove the existence
of the fixed point, we apply the Banach fixed-point theorem to the restriction of I" on the closed ball

B, = {(u,v) € Zr : |[(u,v)|| 5, <7},

for some r > 0.
(i) I" maps B, into itself.
Using Proposition 2.3 there exists a constant C; > 0, such that

(), =l I () () + Gt

o o )

ol

dr
X

c c
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W =)L)

Moreover, since

HAl () () (v(T,Uu,v)))‘
) )|}

applying Lemma 2.6, we can deduce that

()

where Cy is a constant depending only 7. Thus, choosing r and ¢ such that
T = 2035

X

< O30+ Calr + 1)1,
Zr

and

1
203045 + 04 S 5,

the operator I maps B, into itself for any (u,v) € Zp.
(ii) I"is contractive.

Proceeding as the proof of Theorem 2.7, we obtain

() () (2=5)

for any (u,v), (w,v) € B, and a constant C5 depending only on T'. Thus, taking § > 0, such that
v=2C53C50 + C5 < 1,

()Gl =)

Therefore, the map I' is a contraction. Thus, from (i), (ii) and the Banach fixed-point theorem, I
has a fixed point in B, and its fixed point is the desired solution. The proof of Theorem 1.1 is, thus,
complete. ]

S C5(T + 1)7“
Zr

)

Zr

we obtain

Zr
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Appendix A. Proof of lemma 2.2

In this appendix, we prove the Lemma 2.2 used in the proof of Proposition 2.1. Without loss of generality
we can consider the following linear nonhomogeneous boundary value problem,

{wt—kwmw:O, w(x,0) =0 xz € (0,L),t >0,

Wan(0,8) = By (), wa(Lnt) = ho(t), wen(L,t) = ha(t) £ 0. (89)



ZAMP Controllability Gear—Grimshaw with critical size restrictions Page 33 of 36 109

Proof of Lemma 2.2. Applying the Laplace transform with respect to t, (89) is converted to

W + Wgae = 0, A A (90)
Wer (0, 8) = hi(s), We(L,s) = ha(s), Wea(L,s) = hs(s),
where
“+o0
w(x,s) = / e Stw(z,t)dt
0
and
—+oo
hj(s) = / e th(t)dt, j=1,2,3.
0
The solution w(x, s) can be written in the form
3
w(x,s) = ch(s)e)‘j(s)m,
j=1
where \;(s), j = 1,2,3, are the solutions of the characteristic equation
s+ =0
and ¢;(s), j = 1,2, 3, solve the linear system
A2 A2 A2 ¢ In
/\1(3)\11' /\QeAzL /\3(3)\31' Co = h,2 (91)
NeMl  \Zerel  \2eAsl 3 hs
——
A 3

Let A(s) be the determinant of the coefficient matriz A and A;(s), j = 1,2,3, the determinant of the
matrix A with the jth column replaced by h. By Cramer’s rule,
49
¢ = ,
As)

J=123,

provided that A(s) # 0.
Claim: A(s) # 0, for any Re(s) > 0.

Indeed, if otherwise, suppose A(s) = 0, for some s with Re(s) > 0. Then, there exists a nontrivial
f € H3(0, L) satisfying

SH@)+ @) =0, e ,0), )
f7(0)y=0, f(L)=0, f"(L)=0.

Consider now the conjugate of (92), that is, the following system
sf(z) + f(z) =0, x € (0,L), (93)
f"0)=0, f/(L)=0, f"(L)=0.

Multiplying both sides of (92) by f and integrating over (0, L), we get
L

/ sfFdz + /L £ Fde = 0. (94)
0

0
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Then, if we multiply both sides of (93) by f and integrate over (0, L), it follows that
L L
/s?fdm—i—/ﬁfdm =0. (95)
0 0

Integrating by parts (94) and (95) and adding the two resulting identities together yields that

L
2Re(s) / F@)Pdz = — [ (0.
0

Consequently, we must have Re(s) < 0, as ||f|[z2(0,z) # 0 by the assumption. This is a contradiction.
Thus, we conclude that A(s) # 0, for any Re(s) > 0.
Note that the solution w(z,t) for (89) can be written in the form

3
w(z,t) = Z Wy (2, 1), (96)

where w,, (z,t) solves (89) with h; = 0 when j # m, j,m = 1,2, 3. Using the inverse Laplace transform
yields

r—+ioco r4+i00

3
1 . 1 Aj(s) .
t) = — St ds = i e ACOVIOEF
w(z,t) 57 / ez, s)ds jEZl 5l / Als) e s,
for r > 0. Combining this formula and (96) we can write the values of w,, as follows, for m = 1,2, 3,
3 1 T+iooA ( )
j S i(s)x 7, —
o)=Y 5 [ R ) = W] 0)

In the last two formulas, the right-hand sides are continuous with respect to r for » > 0. As the left-hand
sides do not depend on r, we can take r = 0 in these formulas. Moreover,

Wjm(z,t) = wlh (x,t) + w;m(m, t)

J.m
where
+ - st Sj,m\S }Al )\j(s)zd
w;,, (T, t) 57 0/ e Als) m(s)e s
and
1 0 Ajm(8)
- - st Dj,m\5) 2 \j(s)x
w; (7, t) 57 e Als) him(s)e™'¥%ds,
—100

for j,m = 1,2,3. Here, A ,,(s) is obtained from A;(s) by letting ham(s) = 1 and hy(s) = 0 for k # m,
k,m = 1,2,3. Making the substitution s = ip> with p > 0 in the characteristic equation

s+ A =0,

the three roots are given in terms of p by

M) = ip, &(p)z—z‘p(”;ﬁ), A3<p>=—ip<1‘;\/§>, (97)
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thus w;fm has the following form
—+oo
1 30 A0 () 5 +
+ _ ip°t T J,m + AT (p)xa, 2
winlet) = g [ @ QR (e Osintap
and

11)]7’m(:1c7 t) = w;-fm (x,1),

where if, (p) = hm(ip®), A*(p) = A(ip®), AT,,(p) = Ajm(ip®) and A (p) = X (ip?).

Therefore, we have that the solution of the IBVP (89) has the representation in the form (22)—(25) as

required. Thus, the proof is finished. O
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