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ABSTRACT. In this paper we consider the initial boundary value problem of
the Korteweg-de Vries equation posed on a finite interval

Ut + Uz + Ugze + vuz =0, u(z,0) = ¢(x), 0<z<L,t>0 (0.1)
subject to the nonhomogeneous boundary conditions,
Biu = hi(t), Bau = ha(t), Bsu = h3(t) t>0 (0.2)
where

2
Bi'LL = Z (awag:u(o, t) + bljaiu(L, t)) 5 1= 1, 2, 3,
=0

and aij, bi; ( =0,1,2 and ¢ = 1,2, 3) are real constants. Under some general
assumptions imposed on the coefficients a;j, b;;, the IBVP (0.1)-(0.2) is shown
to be locally well-posed in the space H*(0, L) for any s > 0 with ¢ € H%(0, L)
and boundary values hj, j = 1,2, 3, belonging to some appropriate spaces with
optimal regularity.

1. Introduction. In this paper we consider the initial-boundary value problem
(IBVP) of the Korteweg-de Vries (KdV) equation posed on a finite interval (0, L)

Ut + Uy + Ugpr + Uty =0, u(x,0) = ¢(z), O<z<L, t>0 (1.1)
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with general non-homogeneous boundary conditions posed on the two ends of the
interval (0, L),

Biu = hl(t), Bou = hg(t), Bsu = h3(t) t>0, (12)
where
2
= (a;0lu(0,t) + by;dlu(L,t)),  i=1,2,3,
§=0
and a5, b, 7 =0,1,2, i =1,2,3, are real constants.

We are mainly concerned with the following question:

Under what assumptions on the coefficients a;;, b;; in (1.2) is the IBVP (1.1)-
(1.2) well-posed in the classical Sobolev space H*(0,L)?

As early as in 1979, Bubnov [12] studied the following IBVP of the KdV equation
on the finite interval (0, 1):
Up + Uy + Ugze = f, u(z,0)=0, z€(0,1), te(0,T),
01Uz (0,1) + aou, (0, ) + asu(0,t) =0,
Brtigz(1,8) + Bouy(1,t) + Bau(l,t) = 0,
X1z (1,8) + xou(1l,t) =0
and obtained the result as described below.

Theorem A [12]. Assume that

if a1B1x1 #0, then Fy >0, Fy >0,

if B1 #0, x1 #0, a1 =0, then ag =0, F» >0, az #0,
if 1 =0, x1 #0, a1 #0, then Fy >0, F3 # 0,

if ap=p1=0, x1 #0, then F3#0, as =0, ag #0,
if 1 =0, a1 #0, x1 =0, then Fy >0, F3 #0,

if o1 =p1=x1=0, then as =0, ag #0, F3 #0,

where

2 2
az  aj Boxz B3 X5
F1:7—77F2: —*—*,ngﬁg 2—61 1-
ar 203 Bix1 B 2x3 X X

For any given
f € Hy,(0,00;L*(0,1)) with f(x,0) =0,
there exists a T > 0 such that (1.3) admits a unique solution

w € L*(0,T; H*(0,1)) with u; € L*(0,T; L*(0,1)) N L*(0,T; H*(0,1)).

The main tool used by Bubnov [12] to prove this theorem is the following Kato
type smoothing property for the solution u of the linear system associated to the
IBVP (1.3),

Ut + Uy = f, u(z,0) =0, € (0,1), t € (0,7),
01Uz (0, ) + agu(0,t) + agu(O t) =0,
Brugs(1,t) + Bous(1,1) + Bau(l,t) =0,
X1t (1,) + x2u(1,1) = 0.
Under the assumptions (1.4),
feL*0,T;L%0,1)) = ue€ L*0,T; H(0,1)) N L>(0,T;L*(0,1))  (1.6)

(1.5)
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and
llull 20,581 0,1)) + el Lo 0,7;200,0)) < CllfllL20,1502(0,1))

where C > 0 is a constant independent of f.

In the past thirty years since the work of Bubnov [12], various boundary-value
problems of the KdV equation have been studied. In particular, the following two
special classes of IBVPs of the KdV equation on the finite interval (0, L),

Ut + Uy + ULy + Ugzr =0, u(z,0) = d(x), x€(0,L), t>0, (1.7)

U(O,t) = hl(t)v u(Lvt) = hQ(t)7 ua;(L7t) = hB(t) .
and

Ut + Uy + ULy + Uger =0, u(z,0) = d(x), x€(0,L), t>0, (1.8)

w(0,t) = hi(t), w(L,t) = ha(t), uz(L,t) = hs(t), '

as well as the IBVPs of the KdV equation posed on a quarter plane have been
intensively studied in the past twenty years (cf. [5, 8, 14, 15, 16, 18, 19, 21, 31, 32, 33]
and the references therein) following the rapid advances of the study of the pure
initial value problem of the KdV equation posed on the whole line R or on the
periodic domain T (see e.g. [1, 2, 9, 10, 11, 17, 18, 19, 20, 25, 26, 27, 28, 29, 30]).

The nonhomogeneous IBVP (1.7) was first shown by Faminskii in [18, 19] to be
well-posed in the spaces L?(0, L) and H3(0, L) with boundary data

-

h = (h1, ha, h3)
belonging to the space
W30, T) N LST(0,T) N H5(0,T) x Wete1(0,T7) N H5(0,T) x L2(0,T),
and additionally

Ky € W51(0,T) N L0, T) N Hs (0,T),

hy € Wetel(0,T)n H3(0,T)
and
hy € L*(0,7),

respectively. Bona et al., in [5], showed that IBVP (1.7) is well-posed in the space
H#(0, L) for any s > 0 with boundary data

h = (h1,ha, hs) € H (0,T) x H5 (0,T) x H5(0,T)

possessing optimal boundary regularity. Later on, in [21], Holmer showed that the
IBVP (1.7) is locally well-posed in the space H*(0, L), for any —% <s < %, and
Bona et al., in [8], showed that the IBVP (1.7) is locally well-posed H*(0, L) for
any s > —1.

The study of IBVP (1.8) began with the work of Colin and Ghidalia in late 1990’s
[14, 15, 16] and is now known to be well-posed in the space H*(0,L) for s > —1

with boundary data
h = (hi,ho,hs) € H5 (0,T) x H3(0,T) x H5 (0,T)

possessing optimal boundary regularity [22, 32, 33].
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As for the general IBVP (1.1)-(1.2), Kramer and Zhang, in [31], studied the
following non-homogeneous boundary value problem,
Ut + WUy + Ugze =0,  u(z,0) =¢(x), x€(0,1), te(0,T),
a1z (0,8) + aoug (0,8) + asu(0,t) = hy(t),
Bruge(1,t) + Baug (1,1) + Bzu(l,t) = ha(t),
X1tz (1,t) + x2u(1,t) = hs(t).
They showed that the IBVP (1.9) is locally well-posed in the space H*(0,1), for

any s > 0, under the assumption (1.4).

Theorem B [31]. Let s > 0 with

s #

T > 0 be given and assume (1.4) holds. For any r > 0, there exists a T* € (0,7

such that for any s—compatible ' ¢ € H*(0,1), h; € H% (0,7),5 =1,2,3 with

(1.9)

2j — 1

j=1,2,3...,

<r,

I9l2o(0.) + il s o o+ Wzl o o+ Thall e o

the IBVP (1.9) admits a unique solution

w e C([0,T"]; H*(0,1)) N L2(0, 7" H*+1(0,1)).
Moreover, the solution u depends continuously on its initial data ¢ and the boundary
values hj,j =1,2,3, in the respective spaces.

In this paper we continue to study the general IBVP (1.1)-(1.2) for its well-
posedness in the space H*(0, L) and attempt to provide a (partial) answer for the
following question asked earlier:

Under what assumptions on the coefficients a;;, b;; in (1.2) is the IBVP (1.1)-
(1.2) well-posed in the classical Sobolev space H*(0,L)?

We propose the following hypotheses on those coefficients a;;, b;j, j =0,1,2,3, ¢
=1,2,3:

AQ) ai12 7é 0, b12 = 0;

Bl) a2 = ag1 = azg =0, bag # 0,ba2 = bay = 0;
BQ) b22 7é 0, ago = 0;

(C) azg = az1 — O7 b31 75 0, b32 =0.

In addition, for any s > 0,

H§(0,T) := {h(t) € H*(0,T) : h9(0) = 0},

for j =0,1,...,[s]*>. Let us consider
s+1 s+1 s
Hi(0.7) = Hy (0.T] x Hy® (0.T] x Hy (0.},
H30,T) = Hy* (0,7] x H§ (0.7] x Hy™ (0,7), o
HAO,T) = Hy© (0,7]x Hy (0,T] % H (0,7),
HZ(O,T) = }IO3 (07T] X HO ° (07T} X I—]Og (OaT]

1See [31] for exact definition, in this case, of s—compatibility.
2 For any real number s, [s] stands for its integer part.
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and
Wi(0,T) == H'S (07T) 5(0,7) x H5(0,T),
W;(0,T) := H™ (O,T) ( T) x H5 (0,7), 111
Ws(0,T) ::H 3 (o,T) (0 T) x H%(O,T), ’
Ws(0,T) := H*5 (0,T) x H5 (0,T) x H3(0,T).

We have the following Well—posedness results for the IBVP (1.1)-(1.2).

Theorem 1.1. Let s > 0 with s # 22,7 =1,2,3..., and T > 0 be given. If one
of the assumptions below are satlsﬁed

(i) (A1), (B1) and (C) hold,
(ii) (A1), (B2) and (C) hold,
(ii) (A2), (B1) and (C) hold,
(i) (A2), (B2) and (C) hold,
then, for any r > 0, there exists a T* € (0,T] such that for any
(¢,h) € Hy(0, L) x H3(0,T)
satisfying
(o, )||L2(0 L)xHo(0,T) ST
the IBVP (1.1)-(1.2) admits a solution

we C([0,T%); H(0, L)) N L*(0, T*; H**1(0, L))
possessing the hidden reqularities (the sharp Kato smoothing properties)
Obu € L®(0, Ly H 5 (0,T%)) for 1 =0,1,2

Moreover, the corresponding solution map is analytically continuous.

The following remarks are now in order.

(i) The temporal reqularity conditions imposed on the boundary values h are op-
timal (cf. 3,6, 7]).

(i) The assumptions imposed on the boundary conditions in Theorem 1.1 can be
reformulated as follows:

(i) (A1), (B1),(C)) % Byv = h,
(ii) ((A1),(C),(B2)) & Byv = h,
(iii) ((A2),(B1),(C)) & Bsv = h,

(iv) ((A2),(C),(B2)) < By = h.
Here,

Biv = (v(0,t), v(L,t), vy(L,t)),
Bav := (v(0,t), vy(L,t)) + baov(L,t), vgu(L,t) + a21v4(0,t) + boov(L, 1)),
Bsv := (v44(0,t) + a10v(0,t) + a11v,(0,1), v(L,t), vy (L,t) + asov(0,1))
and

1

Byv = | v52(0,8) + > a1;050(0,1) + biov(L, 1), va(L,t) + azov(0,t) + bsov(L, 1),
j=0

1
Una (L 1) + Y az;050(0, 1) + baov(L, t)
j=0



588 ROBERTO A. CAPISTRANO-FILHO, SHUMING SUN AND BING-YU ZHANG

As a comparison, note that the assumptions of Theorem A are satisfied if and only
if one of the following boundary conditions is imposed on the equation in (1.3):

(a) u(0,t) =0, wu(l,t)=0, wu.(l,t)=0;

(b)
Uz (0,t) + aug (0,t) + bu(0,t) =0, wux(1,£) =0, wu(l,t)=0
with
a>b*/2; (1.12)
(c)
w(0,t) =0, uz(1,t) +auy(1,t) + bu(l,t) =0, wu,(1,t) + cu(l,t) =0,
with
ac>b—c%/2; (1.13)

(d) ugz(0,t) + a1uz(0,1) + agu(0,t) =0, wuze(1,t) + brug(1,t) 4+ bou(l,t) =0,
ug(1,t) + cu(1,t) =0,
with
ag > at/2, bic>by— /2. (1.14)

Then, it follows from our results that the conditions (1.12), (1.13) and (1.14)
for Theorem A can be removed completely.
(i4i) In Theorem 1. 1 we replace the s— compatibility of (¢, h) by assuming (¢, h) €

H§(0,L) x H0 (0 T) x H0 (0 T) x H0 (0,T) for simplicity.

To prove our theorem, we rewrite the boundary operators By, k =1,2,3,4 as
B = Bro + Br1
with
Bi,ov = (v(0,t),v(L,t),v:(L, 1)), Baov:= (v(0,t),v:(L,t),vea(L,1)),
Bs.ov = (V34(0,¢),v(L, t),v:(L, 1)), Baov := (vg2(0,t),v:(L, 1), 055 (L, 1))

and
Bl,lv = (07 07 0)7

82711} = (0, b301)<L,t), aglvx(O, t) =+ bgoU(Lﬂf)) ,
63711} = (alov(O,t) =+ alle(O,t), O, ago’l}(o,t)),
1

64,11) = Zalj%v(o, t) + blov(L,t), a301}(0,t) + bgov(L,t) R
7=0

Zagj(‘) v 0 t +b20’U(L t)

To prove our main result, we will first study the linear IBVP

U + Ugae +Ou=f, z€(0,L), t>0
u(z,0) = ¢(z), (1.15)

-

B}mou = h,
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for £ = 1,2,3,4 to establish all the linear estimates needed later for dealing with
the nonlinear IBVP (1.1)-(1.2). Here §; = 0 for k = 1,2,3 and 64 = 1. Then we
will consider the nonlinear map I' defined by the following IBVP

Ut + Uggy + OpU = —Vz — VU, + Sgv, x € (0,L), ¢t>0
u(z,0) = é(z), (1.16)
Bk,ou = E — Bk,11}

for k =1,2,3,4 with

I'(v) = u.
We will show that I' is a contraction in an appropriate space whose fixed point will
be the desired solution of the nonlinear IBVP (1.1)-(1.2). The key to show that T’

is a contraction in an appropriate space is the sharp Kato smoothing property of
the solution of the IBVP (1.15) as described below, for example, for s = 0:

For given ¢ € L2(0,L) and f € L'(0,T;L3(0,L)) and h € HY(0,T), the IBVP
(1.15) admits a unique solution u € C([0,T]; L*(0, L)) N L?(0,T; H(0, L)) with

Olu e L®°(0,L;H'5 (0,T)) for 1 =0,1,2.

In order to demonstrate this smoothing properties for solutions of the IBVP
(1.15), we need to study the following IBVP

Up + Ugze +O0pu =0, x€(0,L), t>0,
u(z,0) =0, (1.17)

Bk’ou = E
for k =1,2,3,4. The corresponding solution map
h—u
will be called the boundary integral operator denoted by WISSZ An explicit repre-
sentation formula will be given for this boundary integral operator that will play an
important role in showing the solution of the IBVP (1.17) possesses the smoothing
properties. The needed smoothing properties for solutions of the IBVP (1.15) will

then follow from the smoothing properties for solutions of the IBVP (1.17) and the
well-known sharp Kato smoothing properties for solutions of the Cauchy problem

Ut + Ugzy + Opw =0,  wu(z,0) =9(x), =z, teR.

The plan of the present paper is as follows.

— In Section 2 we will study the linear IBVP (1.15). The explicit representation

formulas for the boundary integral operators Wégl, k=1,2,3,4, will be first pre-
sented. The various linear estimates for solutions of the IBVP (1.15) will be derived
including the sharp Kato smoothing properties.

— Section 3 is devoted to the well-posedness of the nonlinear problem (1.1)-(1.2).

— Finally, in the Section 4, some concluding remarks will be provided together
with a few open problems for further investigation.
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2. Linear problems. This section is devoted to study the linear IBVP (1.15)
which will be divided into two subsections. In subsection 2.1, we will present an
explicit representation for the boundary integral operator WZES}« and then solution
formulas for the solutions of the IBVP (1.15). Various linear estimates for solutions
of the IBVP (1.15) will be derived in subsection 2.2.

2.1. Boundary integral operators and their applications. In this subsection,
we first derive explicit representation formulas for the following four classes of non-
homogeneous boundary-value problems

{vt+vmx=(), v(z,0) =0, z€(0,L), t >0,

(2.1)
Biov = (h1,1(t), ha1(t), h3a(t)), t=>0,

{vt+vmx=(), v(z,0) =0, z€(0,L), t >0, 22)
Baov = (h1a(t), has(t), hsalt)), t>0,
{Ut—l—vwsz v(z,0) =0, z€(0,L), t >0, 23)
Bsov = (h15(t), has(t), hss(t)), t>0
and
{vt-i-vzm—FU:O, v(z,0)=0, x€(0,L), t>0, 20
Baov = (h1.4(t), haa(t), hsa(t)), t>0.

Without loss of generality, we assume that L = 1 in this subsection.
Consideration is first given to the IBVP (2.1). Applying the Laplace transform
with respect to ¢, (2.1) is converted to

@(0, 8) = 61,1(3), ’[)(1, S) = iLQ,l(S), ’f)l(l, S) = ilg,l(s), '
where
+oo
0(x, s) :/ e oz, t)dt
0
and

~ +OO
hj,l(s) = / eisthj,l(t)dt, _] = 1, 2, 3.
0

The solution of (2.5) can be written in the form

3

(x,s) = Z cj(s)e e,

j=1
where A;(s),j = 1,2,3 are solutions of the characteristic equation
s+A =0

and ¢;(s),j = 1,2,3, solve the linear system

1 1 1 ¢l hi
Mo e | ey | = oy
/\16A1 )\26)\2 )\36>\3 Cc3 h371
——
Al
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By Cramer’s rule,
Aj(s)
=1 =123
CJ Al(s)v ] ) Sy
with A! the determinant of A' and A; the determinant of the matrix A' with the

column j replaced by /ﬁl. Taking the inverse Laplace transform of ¥ and following
the same arguments as that in [5] yield the representation

3
v(x,t) = vl (z,t)
m=1
with
3
vl (z,t) = Zv] m(T, 1)
j=1
and
vj{m(x, t) = v;'nll(x, t) + vj_ni (x,t)
where " Al )
oo o (8) -
U;:;Tll(x’t) _ ﬁ/o BStA]’In(i)hm,l(S)eAj(s)zdS
and

—1 1 0 st Ajl’m(s) 7 Aj(s)x
V(@) = 2—7”/ e AL(s) .1 ()€ )% ds,

for j,m =1,2,3. Here A} (s) is obtained from Al(s) by letting hma(s) =1 and
hi1(s) =0 for k #m, k,m = 1,2,3. More precisely,
A= (A3 = d)e ™ + (A1 — A3)e 2+ (Ng — Ap)e 3
Afp =g =A)e ™, Ay = (A = Ag)e ™2, Ay = (Ao — Ai)e ™
Aiz = hpe? — Aze??, A%Q = AzeM? — Ajet, Aé,g =AM — Age?;
Ai,s = e — e Aéﬁ =M — M, Aé,3 = et — M,
Making the substitution s = ip?, with 0 < p < oo, in the characteristic equation
s+ =0,
the three roots A; = ;(ip?) := AT (p), j = 1,2,3, are

V3—i

2P,

—1i00

V3 +i
_ 5.

A (p) =ip, A (p) = 5

Thus an% (z,t) has the form

M(p) =

1 [T A-‘hl(P) a +
+,1 _ ip°t —J,m + AT (p)zq 2
;o (@, 1) = 277/0 e’ A1) oy, 1 (p)e’s ¥ 3p%dp

and
-1 1
ijm(m, t) = v:m(x,t),
where iljnl(p) = hma(ip®), AT1(p) and Aj'nll(p) are obtained from Al(s) and
A} . (s) by replacing s with ip? and )\;r (p) = X;(ip?).
For given m, 5 = 1,2, 3, let le,m be an operator on H(R™) defined as follows:
for any h € H§(R™),

(W} hl(,t) = U}, h)(x, t) + UL, Bl (2, ) (2.6)

J,m
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with
1 1 oo ip®t AT (p)zq 27+.1
Uhhl(e.0) 1= o [ e 20T ) (2.7)
for 7=1,3, m=1,2,3 and
o[t
(U3 mhl(@,t) = o / e te 3 NO=I32(QF L h(p)dp (2.8)
) T Jo ;
for m =1,2,3. Here
AT (o) AT st
+,1 . Tim + +,1 . T2m X (p) 7+
) = h = 2\P)p 2.9
[Qg,m ](p) AJﬁl(p) (p)7 [ 2,m ](p) A+’1(p)e (p) ( )

for j = 1,3 and m = 1,2,3, h™(p) = h(ip?). Then the solution of the IBVP (2.1)
has the following representation.

Lemma 2.1. Given le = (h1,1,h21,hs,1), the solution v of the IBVP (2.1) can be
written in the form
3

'U(.’E,t) = [Wbldr}_il](mvt) = Z [le,mhm,l}(xvt)’

j,m=1

Next we consider the IBVP (2.2). A similar argument shows the solution of the
IBVP (2.2) has the following representation.

Lemma 2.2. The solution v of the IBVP (2.2) can be written in the form

3
v(z,t) = [Wl?drEQ]($7t) = Z [W]%mhmﬂ](xvt>7
Jj,m=1
where
(W2 hl(,t) := (U, h] (2, 8) + [UZ,,h] () (2.10)
with N
1 3
URuhl(ant) =5 [ T RQ 2k o) (2.11)
; T Jo ;
forj =13, m=1,2,3 and
+o0 3
U3l t)i= oo [ e MO 3201 2 dp (212)
; 7 Jo ;
form=1,2,3. Here
+,2 +,2
+,2 L j,m(p) 4+ +,2 L AQ,m(p) ,\;(p)A+
[Qj,mh}(p) T A+’2(p) (p)7 [ 2,mh](p) T A+’2(p) € h (p) (213)

forj=1,3andm =1,2,3. Here h™(p) = h(ip®), AT2(p) and AT (p) are obtained
J,m
from A2(s) and A%, (s) by replacing s with ip*® and )\j(p) = \;(ip®) where
Az = )\2)\3()\3 — )\2)6_)\1 + )\1)\3()\1 — )\3)6_)\2 + )\2)\1 ()\2 — )\1)6_A3;
A%,l = 67)\1)\2>\3(>\3 — )\2), A%l = 67)\2)\1>\3(>\3 — )\1), Ag,l = 67)\3>\1)\2()\2 — )\1);
Aiz = )\%6)\2 - >\§6>\3a Ag,Q = >\§6A3 - A%EM, Aﬁ,g = /\%6)‘1 — )\%6)\2;
AT g = A3e™ — e, A5 = AeM — Az, A5 = Age™ — N,

For solutions of (2.3), we have the following lemma.
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Lemma 2.3. The solution v of the IBVP (2.3) can be written in the form

3
(@, t) = (Wig hsl(@,t) = > W2, 3](2, 1),
J,m=1
where
(W2, () = (U2, Bl 8) + (O3, Bl 1) (2.14)
with N
1 X+ =
Ul ) = 5 [ @ O3] bl o) (2.15)
forj=1,3, m=1,2,3 and
+oo
U ot = 5o [ e O30 N (dp (210)
’ 27T 0
form=1,23. Here
A (). ATE(0) i
-‘&-,3 . —im + +,3 o 2m )\;(p) 4 21
[Qg,mh}(p) . A+’3(p)h (p)7 [QQ,mh](p) . A+’3(p)e h (p) ( . 7)

forj=1,3 andm =1,2,3. Here h*(p) = h(ip®), At1(p) and A;rni(p) are obtained
from A3(s) and A}, (s) by replacing s with ip* and /\;' (p) = \;(ip?) where
A3 =Xz —A)e ™ + X3\ — Az)e 2+ X2(Ng — Ap)e
A1 1= ¢€ /\1(>\3 = A2), Az 1= € /\20\1 — As3), Ag,l = e_)\S()\Z —A1);
A, =N A3(Ase™ — Aae™), AJ, = MAs(Are™ — Aze),
A3 5 = Ado(Ae™ — Aet);
A}, = \2eMs — N2t L A3, =2 M N2 LAY, =22 o \2eM
For solutions of (2.4), we have

Lemma 2.4. The solution v of the IBVP (2.]) can be written in the form

3
v(x,t) = [leldrh‘l](xvt) = Z [W;%mhm,‘d(xvt)a
j,m=1
where
(Wiimbl(2,t) = U} k) (2, t) + (U}, ] (x, 1) (2.18)
with N
1 o0
Ufhl(ant) = 5 [ @ O3RQ b o) (2.19)
0
forj =13, m=1,2,3 and
1 [T .3
Uhallat)i= 5= [ e e MO 032000 0 dp  (220)
; T Jo ;
form=1,2,3. Here
Afn(p); AT (0) s+
QUhI(0) = 5 0), QEAR(e) = T VR () 22

forj=1,3andm =1,2,3. Here h*(p) = h(ip®), AT*(p) and A;f;i(p) are obtained
from A*(s) and A%, (s) by replacing s with ip*> and )\j(p) = \;(ip®) where

A4 = )\1)\2)\3 ()\1 ()\3 — )\2)6_/\1 + )\2()\1 — )\3)6_)\2 + )\3()\2 — )\1)6_/\3) ;
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ATy = e MAds(As — Aa), ALy = e A 500 — As), ALy = e M Aa (A — Ap);
Alo = NN — ), AL, = AN3(eM — M), AF, = AA3(eM — e™);
Aéll,?’ = )‘2)‘3()‘26/\3 - )‘36/\2% A%,g = /\1)\3()\36Al — )\16/\3),

A3 5= Ado(Are™ — Ape™),
and A\;(s),j =1,2,3 are solutions of the characteristic equation

s+1+A=0.

Remark 2.5. From s9 + 934, = 0 with boundary conditions B;0 = 0 for j =1,2,3
or sU + ¥ + Uz = 0 with boundary conditions B4so = 0, it can be easily shown
that there are no nontrivial solutions 9 for any s with Res > 0. Therefore, A¥(s) #
0,7 =1,2,3,4 for any s with Res > 0.

The following lemma is helpful in deriving various linear estimates for solutions
of the IBVP (1.15) in the next subsection.

Lemma 2.6. Form=1,2,3 ,k=1,2,3,4 and 5 = 1,3, set

7x 21tk 2A.I;r]§(p)ﬂr
B i (P) = 307[Q] 1 hm k] (p) = 3p Whm,k<p)
and i
N A (0) st is
. 9,21tk _q.272m A +
s m 1 (P) := 3p7[Q3 1 han,k] (p) = 3p NGO @ht, o (p)
and view h . . as the inverse Fourier transform of iL;mk, Then for any s € R,

hige HTVP@®RY) = hiy e HS(R), j=1,2,3,
hoy € HETVP(RY) = by, € HA(R),  j=1,2.3, (2.22)

hsy € HY*(RT) = hiy, € H'R), j=1,2,3

hig € HEWPRY) = hiy, € HY(R), j=1,2,3
hoo € HY®(RY) = Wi,y € HS(R), j=1,2,3, (2.23)

has € HVP(RY) = hi,, € HY(R), j=1,2,3.

his € B VP(RY) = hi,, € H(R), j=1,2,3
has € HEYDPRY) = hryy € HUR), j=1,2,3, (2.24)

hss € HY*(RY) = Wis3€ H(R), j=1,2,3.

hae HSVPRY) = ni, e H'(R), j=1,23

hos € HY®(RY) = Wi, € HS(R), j=1,2,3, (2.25)

hsa € HEVP®RY) = by, € HY(R), j=1,2,3.
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for p > 0, and for k = 4,

Proof. Recall that for k = 1,2, 3, we have

. V3 —i V3+i
Mp)=ip, M(p)==F—p Mp)=-"F—p
: V3 —i V34
M (p) ~ip, M(p) ~ =5—p A ()~ =5
: N ALk (p)
as p — +oo. Thus, the following asymptotic estimates of A’;‘f;’(p),
1,2,3, k=1,2,3,4, as p — +o0, hold:
AR | —Fp | AL VB AL 4
AT T(p) AT T(p) AT T(p)
Alale) Al 5, AL () 4
AT 1(p) AT I(p) € A+ 1(p)
ATl (p) _ AT (p) 1 B, | AT _
st ~ P | By v R BRgy A
AL | —p | AL —vEp ALE() 4
AF7(p) A+ 2(p) AF7(p)
ATZ(0) | ATR) B, | AfRG()
vy ~ o | Rty ~ P | wby e
AR o | AL o B, | AT o
aEp P |y P Ry P
AfP ) o _E, | AP o R -
A'l':’ls(Z) ~p fem5r Ai,lS(Z) ~p 2e=Vor Ai}fﬁ(i) ~p 2
AP (p) _\3 A3 (p) _V3 AT ()
o~ | mp e | mEp vl
AfS) ATS) 1 B, | AL
A+ A3 TP C A3
ATE) o B, | ALY o ATt
gy ~ e | SRy e S~
AT ATY ) ME, | MY
sery ~ e | mEy e e T | mE g~
AT ATd ) o _vE, | AfHG)
sy ~ P | Ay e e T | Sy e

2t + Zpxe + 5k2 = f(xat)v

Then (2.22)-(2.25) follow consequently.

We consider next the linear IBVP with homogeneous boundary conditions

2(x,0) = ¢(x),

Bk702’ =0

xz € (0,L), t>0,

for k = 1,2,3,4. By the standard semigroup theory, for any ¢ € L2(0,L),
(R*; L%(0, L)), the IBVP (2.26) admits a unique solution z € C(R*; L?(0, L))
which can be written as

2(et) = Wor(t) + / Wo k(t — ) f (-, 7)dr

595

(2.26)

f e
L
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where Wy ,(t) is the Cyp-semigroup associated with the IBVP (2.26) with f := 0.
Recall the solution of the Cauchy problem of the linear KdV equation,

Wi + Weze + 0w =0, z€R, t>0, (2.27)
w(z,0) = Y(x), z € R, ’
has the explicit representation
v(z,t) = [Wex(t)]p(z) = C/ €Ot T ) . (2.28)
R

Here v denotes the Fourier transform of ¢. In terms of the Cy-group Wr i (t) and
the boundary integral operator WISSZ , we can have a more explicit representation
of solutions of the IBVP (2.26).

Let s > 0 be given and By : H*(0,L) — H*(R) be the standard extension
operator from H*(0, L) to H*(R). For any ¢ € H*(0, L) and f € Li,(R*; H*(0,L))
let

¢* = Bs¢
and
f* = Bsf.
Lemma 2.7. For given ¢ € L?(0,L) and f € L{, (R*;L?(0,L)), let

loc

qk(l',t) = WR’k(t)qb* +/O WR’k(t - T)f*(T)dT

and

—

hi :=Broq, k=1,2,34.
Then the solution of the IBVP (2.26) can be written as

t
2o, t) = Was()6" + / Wes(t — ) (r)dr — Wy,
0

2.2. Linear estimates. In this subsection we consider the following IBVP of the
linear equations:

{vt + Vpge + v = f, 0(z,0) =¢(x), ze€(0,L), t>0,

o 2.29
By ov = h(t), t>0 ( )

and present various linear estimates for its solutions. For given s > 0 and T > 0,
let us consider:

Z, 1= C([0,T]; H*(0, L)) N L*(0,T; H*T'(0, L))

and
Xip = H§0,L) x H;(0,T), for k=1,2,3,4.
Recall that when f = 0 and ¢ = 0, the solution v of the IBVP (2.29) can be written

in the form ;

vz, t) = Wikl (@ 6) == > W hl(x, 1),
J,m=1
where
W h)(x,t) == U B (2, ) + U B (x, 1)
with

7,1,

+oo 3 .
Ut =5 [ e O (e
0
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for k=1,2,3,4,7=1,3, m=1,2,3 and

—+oo
k 1 ip3t —AT —x) ] *
[Uéﬂzlh](x,t) = %/0 otP o= (p)(1 )hz,m,k(P)dP

for k=1,2,3,4 and m = 1,2,3. Here

. ATE(p) . . ATE(p) .
% _ o 224m + * _ o 252m AT (p) 7+
h’j,m,k(p) - 3)0 A+’k(p) h‘ (p)? h’2,m,k(p) - 3p A+’k(p) € r h (p)

for k=1,2,3,4,7=1,3and m=1,2,3.

Proposition 2.8. Let 0 < s < 3 with s # %,j =1,2,3, and T > 0 be given.
There exists a constant C' > 0 such that for any he H;(0,T) ,

2k = Winh

satisfies

12k ]

2

zZ,0t z;) ||3izk|\Lw(0,L;Hs+§—f 1) < Cl|Rl3: 0,1)
i=

fork=1,23,4.

Proof. We only consider the case that h = (h1,0,0) and k = 4; the proofs for the
other cases are similar. Note that, the solution z4 can be written as
zq(z,t) = wi(x,t) + waz, t) + ws(z,t)
with
wy(@,1) = (Wi ha)(,0) = (U ] (@) + (U ] (1), = 1,2,3.

Let us prove Proposition 2.8 for w;. It suffices to only consider

1 [t .
/ ewgtem”’””hi‘,l,zi(p)dp-
0

2

wi (a,t) = U (e, t) =

Applying [5, Lemma 2.5] yields

+oo 2
sup (o] (Ol <C [ [iiaato)] do
te[0,T] 0
< Cllhl“i]*%(nw)
and
3.+ 2 e +0 76 |7 * 2
sup (102w} (DlFe0y <C [ O [Biaale)] dp
te[0,T] 0
2
<O, .
By interpolation,
+ 2 2
su wy (-, )] %s < Clh .
te[&PT] [wy () (0,L) [ 1||H 7 (&)
for 0 < s < 3. Furthermore, for [ = 0,1,2, let u = p3, p > 0, then
l 1 e + U ip®t AT (p)ai *
Opwi(z,t) = o ()‘1 (P)) er et hi1.4(p)dp
0
1t
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Applying Plancherel theorem, in time ¢, yields that, for all « € (0, L),

“+oo
(s+1=1)
S e A

H™ 3 (0,T)

1O\ et s e
(AT(H?’)) A ) 11a(p3)p™3 | du

0
<C oo )\+ 2 23—2ld
( ))) 1,1,4(P) P P

+oo
<C/ 2s

<Ol o

‘ 2

T,1,4(P) dp

R+’
for [ =0,1,2. Consequently, for 0 < s <3 and ! =0,1,2, we have

su Obwi(z, )| sxa- <C|h
IG(OPL)H w1 (@ )| eamr 0 S Cllhall

which ends the proof of Proposition 2.8 for w;. The proof for w;, j = 2,3, are
similar, and therefore will be omitted. 0

Next we consider the following initial boundary-value problem:

{vt + Vpgz + v = f, v(z,0) =¢(z), z€(0,L), t>0,

(2.30)
By.ov =0, t >0,

for k = 1,2,3,4. Recall that for any s € R, ¢ € H*(R) and g € L}, .(RT; H*(R)),
the Cauchy problem of the following linear KdV equation posed on R,

{wt + Wyge + 0w =g, xE€R, £ >0, (231)

U}(l‘, O) = 1/1(95), reR

admits a unique solution v € C(R™; H*(R)) and possesses the well-known sharp
Kato smoothing properties.

Lemma 2.9. Let T > 0 be given. For any v € L*(R) and g € L*(0,T; L?(R)), the
system (2.31) admits a unique solution w € Zy 1 with

BweL‘X’(RH (0 T)) for1=0,1,2

and

[wll 2o, + Z 10w (z,

My o5t iy < € Wl + gl o.rizzmy)

where C' > 0 is a constant depending only on T.

Corollary 2.10. Let T > 0 be given. For any ¢ € L*(0,L) and g € L*(0,T; L*(R)),
let 1 € L*(R) be zero extension of ¢ from (0,L) to R. If

q}c = Bk,Owa k= 17 2a 35 47
then
Gx € HY(0,T).
Moreover, for k=1,2,3,4,
[Zell#o0.1) < C (19l 20,y + gl 0, 7:22R)) ) -

The following two propositions follow from Proposition 2.8 and Lemma 2.9.
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Proposition 2.11. Let T > 0 be given. There exists a constant C' > 0 such that
for any (¢, h) € X(’)“,T and f € LY(0,T; L?(0,L)), the IBVP (2.29) admits a unique
solution v € Zy 1 satisfying

Pollze <€ (16 Blxg, + I1Fl0ra200y)

Proposition 2.12. Let T > 0 be given. For any ¢ € L*(0,L), h e ”Hg,T and
f € LY0,T;L?(0, L)) the solution v of the system (2.29) satisfies

s 150G 152y < € (16 Py, + W lromasonn) (23
z€ (0, ’ ’

forr=20,1,2.

3. Nonlinear problems. In this section, we will consider the IBVP of the non-
linear KdV equation on (0, L) with the general boundary conditions

Ut + Uggy + Uz +uu, =0, € (0,L), t>0
u(,0) = $(2), re0.L), (3.1)
Biu = h(t), t>0,

where the boundary operators By, k = 1,2, 3,4, are introduced in the introduction.
For given s > 0 and 7" > 0, let

2
Yor = {w € Zs,T; Z ||aiw(x, .)||L90(R-Hs+é7l 1)) < +OO}

=0
2 2
-—_ 2 l 2
Ys,T p— <||U}| Zs,T + ; ||axw(x7 .)||L;°(R;HS+§7L ([LT))) .

The next lemma is helpful in establishing the well-posedness of (3.1) whose proof
can be found in [5, 31].

and

]

Lemma 3.1. There exists a C > 0 and p > 0 such that for any T > 0 and
u, vE }/O,T;

T
/ luvellr2(0,1) A < C(TE +T5) |[ullyy 2 [0]v (3.2)
0

and
1Br1vlla0 0,1y < CTH[[0]lvg
fork=1,234.

Consider the following linear IBVPs

VUt + Vpaw + v =f, z€(0,L), t>0
v(x,0) = ¢(x), x € (0,L), (3.3)
Biov = h, t>0,

for k =1,2,3,4. The following lemma follows from the discussion in the Section 2,
and therefore proof will be omitted.
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Lemma 3.2. Let T > 0 be given. There exists a constant C' > 0 such that for any
(¢, h) € X(’)“,T and f € LY(0,T;L?(0,L)), the IBVP (3.3) admits a unique solution
v € Yy 1 satisfying

lellvor <€ (16 B)lxg, + 1 In 07:0200,0 )
fork=1,234.

Next, we consider the following linearized IBVPs associated to (3.1)

Ve + Vg + Vg + (a(z,t)v) = f, z€(0,L), t>0

By = h(t), t>0,
for k =1,2,3,4 and a(x,t) is a given function.

Proposition 3.3. Let T > 0 be given. Assume that a € Yor. Then for any
(¢, h) € X{p and f € L*(0,T;L*(0,L)), the IBVP (3.4) admits unique solution

v e %,T-

Moreover, there exists a constant C' > 0 depending only on T and ||a||y, , such that

lollvor < € (16 Mlxg, + 1l 07:020,00)) -
Proof. Let r >0 and 0 < 8 < T be a constant to be determined. Set
Sori={u € Yop: |ullv,, <1}
which is a bounded closed convex subset of Y ¢. For given (¢, ﬁ) € X(’iT, a€Yyr
and f € L*(0,T;L%*(0,L)), define a map I' on Sy, by
v ="TI(u)

for any u € Sp,, where v is the unique solution of

Vt + Vgma + Op0 = —ty — (a(x,t)u), + 0w 2 € (0,L), t >0,

v(z,0) :_'qzﬁ(x), xz € (0,L), (3.5)

By ov = h(t) — B 1u, t>0.
By Lemma 3.2 (see also Propositions 2.11 and 2.12), for any u,w € Sy,

IP@ v, < (1@ Rlxg, + 1072010
+C2||Br,10|340 0,0y + Csl(av)all L1 (0,0,22(0,1)
< G (I6Blxp, + Ifloreon)

+(C20" + 0% + 0% allvar ) Iollve.s
and
1 1
ID(w) = DW)llvo, < (C20% + 0% +0%] flallvor ) llw = v
Thus I is a contraction mapping from S, g to S, ¢ if one chooses r and ¢ by
r =20 (18 B)lxg, + 1l 022000

and

DN | =

(Ca0 + [0% +6%] llallvar ) <
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Its fixed point v = I'(u) is desired solution of (3.5) in the time interval [0,6]. Note
that ¢ only depends on |[la|ly, , and thus by standard extension argument, the
solution v can be extended to the time interval [0,T]. The proof is completed. [

Now, we turn to consider the well-posedness problem of the nonlinear IBVP (3.1).

Theorem 3.4. Let s > 0 with s # %,j =1,2,3..., T >0 and r > 0 be given.
There exists a T* € (0,T) such that for any (¢,h) € XP(0,T) with

-

(¢, h)HX,j(O,T) <

the IBVP (3.1) admits a unique solution u € Y 7« . Moreover, the corresponding
solution map is real analytic.

Proof. We only prove the theorem in the case of 0 < s < 3. When s > 3 it follows
from a standard procedure developed in [3]. First we consider the case of s = 0.
As in the proof of Proposition 3.3, let » > 0 and 0 < § < T be a constant to be
determined. Set

Sori={u €Yo |ully,, <7}
For given (¢, h) € X} p, define a map T' on Sy, by
v=T(u) forueYog

where v is the unique solution of

Vi + Uggr + 0V = —Uy, — utty + Su, « € (0,L), t >0
0(,0) = 6(x), e (0,1), (3.6)
Biu(t) = h(t), t>0

By Proposition 3.3, for any u, w € Sy,

-

ID(@) o0 < Coll(, Py, + Crbllullyy,, + Cz (6% +6"2) Jull3,,
and
C 1/3 1/2
I0() = D)y, < Crflln = wllya, + 5 (072 +0"2) u+ wlyg ol = wllys,o-

Choosing r and 6 with

—

r = 2Co]|(, h)”Xc’iT’ Ci0 + Cs (91/3 + 01/2) r<

DN | =

I" is a contraction whose critical point is the desired solution.
Next we consider the case of s = 3. Let v = u; we have v solves
Uy 4 Vg + Vgga + (a(z, 6)v), =0, € (0,L), t>0
v(x,0) = ¢*(x), x € (0,L), (3.7)

-

Biv =k (t), t>0,

where ¢*(z) = —¢'(z) — ¢"(z) and a(z,t) = Lu(z,t). Applying Proposition 3.3
implies that v = u; € Yy r-. Then it follows from the equation

Up + Uy + Uy + Ugge =0

that ugze € Yo7« and u € Y3 p«. The case of 0 < s < 3 follows using Tartar’s
nonlinear interpolation theory [34] and the proof is achived. O
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4. Concluding remarks. In this paper we have studied the nonhomogeneous
boundary value problem of the KdV equation on the finite interval (0,L) with gen-
eral boundary conditions,

Up + Uy + Ugge + Uy = 0, O<xz<L,t>0
u(z,0) = () (4.1)
Bku =h

and have shown that the IBVP (4.1) is locally well-posed in the space H*(0, L) for
any s > 0 with s # %,j =1,2,3..., and (¢, fl) € Xj p- Two important tools
have played indispensable roles in approach; one is the explicit representation of
the boundary integral operators W}EZ) associated to the IBVP (4.1) and the other
one is the sharp Kato smoothing property. We have obtained our results by first
investigating the associated linear IBVP

Up + Ugpr + Opu = f, O<z<L,t>0,
u(z,0) = ¢(x), (4.2)

Bk70u = ]_7:
The local well-posedness of the nonlinear IBVP (4.1) follows via contraction mapping
principle.

While the results reported in this paper have significantly improved the earlier
works on general boundary value problems of the KdV equation on a finite interval,
there are still many questions to be addressed regarding the IBVP (4.1). Here we
list a few of them which are most interesting to us.

(1) Is the IBVP (].1) globally well-posed in the space H*(0, L) for some s >0 or
equivalently, does any solution of the IBVP (4.1) blow up in the some space
H#(0,L) in finite time?

It is not clear if the IBVP (4.1) is globally well-posed or not even in the
case of h := 0. It follows from our results that a solution u of the IBVP (4.1)
blows up in the space H*(0, L) for some s > 0 at a finite time T > 0 if and
only if

li Lt — too.
Jim (-, )|l L2(0,) = +00
Consequently, it suffices to establish a global a priori L2(0, L) estimate

sup |lu(-,t)||z20,) < +00, (4.3)
0<t<o0o

for solutions of the IBVP (4.1) in order to obtain the global well-posedness of
the IBVP (4.1) in the space H*(0, L) for any s > 0. However, estimate (4.3)
is known to be held only in one case

Ut + Ug + Uy + Ugge = f, O<az<L,t>0
u(z,0) = ¢(z)
U(O,t) = hl(t), U(L,t) = hz(t), ’U,w(L,t) = hg(t).

(2) Is the IBVP well-posed in the space H*(0,L) for some s < —1¢

We have shown that the IBVP (4.1) is locally well-posed in the space
H?®(0,L) for any s > 0. Our results can also be extended to the case of
—1 < s < 0 using the same approach developed in [8]. For the pure initial
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value problem (IVP) of the KdV equation posed on the whole line R or on
torus T,

Ut + Uy + Ugew = 0, u(x,0) = p(x), =z, teR (4.4)

and
Ut + WUy + Ugge =0, u(z,0) =¢(x), z€T, teR, (4.5)
it is well-known that the IVP (4.4) is well-posed in the space H*(R) for any
s > —32 and is (conditionally) ill-posed in the space H*(R) for any s < —3
in the sense the corresponding solution map cannot be uniformly continuous.
As for the IVP (4.5), it is well-posed in the space H*(T) for any s > —1. The
solution map corresponding to the IVP (4.5) is real analytic when s > —1, but
only continuous (not even locally uniformly continuous) when —1 < s < —%.
Whether the IVP (4.4) is well-posed in the space H*(R) for any s < —32 or
the IVP (4.5) is well-posed in the space H*(T) for any s < —1 is still an
open question. On the other hand, by contrast, the IVP of the KdV-Burgers
equation
Ut + WUy + Uggy — Uz =0, u(z,0) =¢(x), z€R, t>0
is known to be well-posed in the space H*(R) for any s > —1, but is known
to be ill-posed for any s < —1. We conjecture that the IBVP (4.1) is ill-posed
in the space H*(0, L) for any s < —1.
While the approach developed in this paper can be used to study the non-
homogeneous boundary value problems of the KdV equation on (0, L) with
quite general boundary conditions, there are still some boundary value prob-
lems of the KdV equation that our approach does not work. Among them the
following two boundary value problems of the KdV equation on (0, L) stand
out:
Up + Uy + Ugey =0, x € (0,L)
u(z,0) = ¢(x), (4.6)
w(0,t) = u(L,t), uz(0,t) = up(L,t), tpr(0,t) = Uge (L, 1)
and
Ut + Uy, + Ugpzw =0, x € (0, L),
u(z,0) = o(x), (4.7)
u(0,t) =0, u(L,t) =0, uz(0,t) = usz(L,1).
A common feature for these two boundary value problems is that the L2 —norm
of their solutions are conserved:

L L
/ u?(z,t)dx = / ¢*(z)dx for any ¢t € R.
0 0

The IBVP (4.6) is equivalent to the IVP (4.5) which was shown by Kato
[23, 24] to be well-posed in the space H*(T) when s > 2 as early as in the
late 1970s. Its well-posedness in the space H*(T) when s < % , however, was
established 24 years later in the celebrated work of Bourgain [9, 10] in 1993.
For the IBVP (4.7), its associated linear problem

Ut + Ugee =0, T € (0, L),
u(z,0) = ¢(x),u(0,t) =0, (4.8)
u(L,t) =0, uz(0,t) = uy (L, t)
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has been shown by Cerpa (see, for instance, [13]) to be well-posed in the space
H?*(0,L) forward and backward in time. However, whether the nonlinear
IBVP (4.7) is well-posed in the space H*(0, L) for some s is still unknown.
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