Nonlinear Analysis 207 (2021) 112267

Contents lists available at ScienceDirect g

Nonlinear
Analysis

Nonlinear Analysis

www.elsevier.com/locate/na

Well-posedness and controllability of Kawahara equation in )

weighted Sobolev spaces

Check for
updates

Roberto de A. Capistrano-Filho *, Milena Monique de S. Gomes

Departamento de Matemdtica, Universidade Federal de Pernambuco

(UFPE), 50740-545, Recife-PE, Brazil

ARTICLE INFO

ABSTRACT

Article history:

Received 23 July 2019
Accepted 18 January 2021
Communicated by Nicola Fusco

MSC:

primary 35Q53
93B05

secondary 37K10

Keywords:

Kawahara equation
Null controllability
Exact controllability
Regional controllability
Lax—Milgram theorem
Weighted Sobolev space

We consider the Kawahara equation, a fifth order Korteweg—de Vries type equation,
posed on a bounded interval. The first result of the article is related to the well-
posedness in weighted Sobolev spaces, which one was shown using a general version
of the Lax—Milgram Theorem. With respect to the control problems, we will prove
two results. First, if the control region is a neighborhood of the right endpoint,
an exact controllability result in weighted Sobolev spaces is established. Lastly, we
show that the Kawahara equation is controllable by regions on L2 Sobolev space,
the so-called regional controllability, that is, the state function is exact controlled
on the left part of the complement of the control region and null controlled on the
right part of the complement of the control region.
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1. Introduction

1.1. Presentation of problem

Fifth order Korteweg—de Vries (KdV) type equation can be written as

where u = u(t, z) is a real-valued function of two real variables ¢ and z, o and [ are real constants. When
we consider, in (1.1), 8 = 1 and o = —1, T. Kawahara [32] introduced a dispersive partial differential
equation which describes one-dimensional propagation of small-amplitude long waves in various problems of

fluid dynamics and plasma physics, the so-called Kawahara equation.
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In this article we shall be concerned with the well-posedness and control properties of Kawahara when
the control acting through a forcing term f incorporated in the equation:

Up + Uy + Ugzy — Upggas + Wy = f, t€[0,T], z €[0,L], (1.2)

with appropriate boundary conditions. Our main purpose is to see whether there are solutions in some
appropriate Sobolev spaces and if one can force solutions of (1.2) to have certain desired properties by
choosing an appropriate control input f. We will consider the following controllability issue:

Given an initial state ug and a terminal state uy in a certain space, can one find an appropriate control
input f so that Eq. (1.2) admits a solution u which equals ug at time t =0 and uy at timet =T7

If one can always find a control input f to guide the system described by (1.2) from any given initial state
up to any given terminal state u1, then the system (1.2) is said to be ezactly controllable. If the system can
be driven, by means of a control f, from any state to the origin (i.e. u; = 0), then one says that system
(1.2) is null controllable.

1.2. Previous results

Kawahara equation is a dispersive partial differential equation (PDE) describing numerous wave phe-
nomena such as magneto-acoustic waves in a cold plasma [31], the propagation of long waves in a shallow
liquid beneath an ice sheet [29], gravity waves on the surface of a heavy liquid [15], etc. In the literature this
equation is also referred to as the fifth-order KdV equation [6], or singularly perturbed KdV equation [39].

There are valuable efforts in the last years that focus on the analytic and numerical methods for solving
(1.1). These methods include the tanh-function method [2], extended tanh-function method [3], sine—cosine
method [45], Jacobi elliptic functions method [28], direct algebraic method [38], decomposition methods [33],
as well as the variational iterations and homotopy perturbations methods [30]. For more details see [7,42—
44,46], among others. These approaches deal, as a rule, with soliton-like solutions obtained while one
considers problems posed on a whole real line. For numerical simulations, however, there appears the question
of cutting-off the spatial domain [4,5]. This motivates the detailed qualitative analysis of problems for (1.1)
in bounded regions [21].

In addition to the aspects mentioned above, the Kawahara equation has been intensively studied from
various other aspects of mathematics, including the well-posedness, the existence and stability of solitary
waves, the integrability, the long-time behavior, the stabilization and control problem, etc. For example,
concerning the Cauchy problem in the real line, we can cite, for instance, [15,21,34,40] and references therein
for a good review of the problem. For what concerns the boundary value problem, the Kawahara equation
with homogeneous boundary conditions was investigated by Doronin and Larkin [16] and also in a half-strip
in [22] for Faminkii and Opritova. Still in relation with results of well-posedness in weighted Sobolev space,
we can mention [35] and the reference therein.

We cannot forget the advances in control theory for the Kawahara equation. Recently, the first author,
in [1], studied the stabilization problem and conjectured a critical set phenomenon for Kawahara equations
as occurs with the KdV equation [8,41] and Boussinesq KdV-KdV system [10], for example. The character-
ization of critical sets for the Kawahara equation is a completely open and interesting problem, we can cite
for a good overview about this topic [18].

It is important to note that the (third-order) Korteweg—de Vries equation has drained much attention (see
in particular [4,5,21,26]). With respect of the internal and boundary controllability problem the equivalent
for the Korteweg—de Vries equation has also known many developments lately, see [9,11,12,14,23,25,41] and
the reference therein.

Let us mention the result proved by Glass and Guerrero, in [24], with respect to boundary controllability of
fifth order KdV equation. In this work the authors treated the exact controllability when two or five controls

2



R.A. Capistrano-Filho and M.M.d.S. Gomes Nonlinear Analysis 207 (2021) 112267

are inputting on the boundary conditions. Still related to the control and stabilization problem we can
cite [1,17,18,27]. By contrast, the mathematical theory pertaining to the study of the internal controllability
in a bounded domain is considerably less advanced for Eq. (1.1).

As far as we know, the control problem was, first, studied in [47,48] when the authors considered a periodic
domain T with a distributed control of the form

F) = (Gh)(a,1) = g(a)(hi, ) — / a(0)h(y, B)dy),

T

where g € C*°(T) was such that {g > 0} = w and [, g(z)dz = 1, and the function h was considered as a
new control input.

To finish this historical overview, more recently, Chen [13] considered the Kawahara equation posed on a
bounded interval (0,7") x (0, L), with a distributed control. The author established a Carleman estimate for
the Kawahara equation with an internal observation, as done in [9] for the KdV equation. Then, applying this
Carleman estimate, she showed that the Kawahara equation (1.2) is null controllable when f is supported
inawC(0,L).

In this article, we will try to close the possibilities for the internal controllability issues for the Kawahara
equation. We shall consider the system

Ut + Ugp + UUg + Uggr — Ugzzzs = f in (07T) X (OvL)a
u(t,0) = u(t, L) = uy(¢,0) = uy(t, L) = ugy(t,L) =0 in (0,7), (1.3)
u(0,2) = up(x) in (0,L).

As the smoothing effect is different from those in a periodic domain, the results in this paper turn out to
be very different from those in [47,48]. First, for a controllability result in L?(0, L), the control f has to be
taken in the space L2(0,T, H=2(0, L)). Actually, with any control f € L?(0,T, L?(0, L)), the solution of (1.3)
starting from ug = 0 at t = 0 would remain in H3(0,L) (see [24]). On the other hand, as for the boundary
control, the localization of the distributed control plays a role in the results. It is important to point out
that the results of the article, presented in the next section, remain valid for the fifth order KdV equation

(1.1).
1.8. Main results

The aim of this paper is to address the controllability issue for the Kawahara equation (1.3) on a bounded
domain with a distributed control. Our first result is the following one:

Theorem 1.1. LetT >0, w = (I3,ls) = (L — v, L) where 0 < v < L. Then, there exists § > 0 such that
for any ug, uy € le with
T—z %"

luollpz . <6 and Julz <6

dx

L—x wadx

one can find a control input f € L*(0,T; H=2(0, L)) with supp(f) C (0,T) x w such that, the solution of (1.3)
u€ C°([0, L], L*(0, L)) N L*(0,T, H*(0, L))

satisfies
u(T,) =y in (0,L) and u € C°([0,T], L%, ).

1
T—= dz

Additionally, [ € L%T_t)dt(O,T, L?(0,L)).

Actually, we shall have to investigate the well-posedness of the linearization of (1.3) in the space L? ; I
L—zx

and the well-posedness of the (backward) adjoint system in the “dual space” L%sz) 4z The proof of this
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result relies on a general version of the Lax—Milgram theorem (see, e.g., [36]). The observability inequality
is obtained by multiplier method, compactness—uniqueness arguments and a unique continuation property.
Finally, the exact controllability is extended to the nonlinear system by using the contraction mapping
principle.

The second result of this work is devoted to prove that it is possible to control the state function on (0,1;),
so that a “regional controllability” can be established:

Theorem 1.2. LetT > 0 and w = (I1,1s) with 0 < 1y < ly < L. Pick any number 1] € (I1,l3). Then there
exists a number § > 0 such that for any ug,u; € L*(0, L) satisfying

H“O||L2(0,L) <49, ||U1||L2(0,L) <4,
one can find a control f € L*(0,T, H=2(0, L)) with supp(f) C (0,T) x w such that the solution of (1.3)
u e C°([0,T],L*(0,L)) N L*(0,T, H*(0, L))

satisfies
) ow(z) if 2 €(0,07);
T, z) = { 0 if «e (L)

The proof of Theorem 1.2 combines [13, Theorem 1.1], a boundary controllability result from [24] and
the use of a cut-off function. Note that, as for the boundary control, the internal control gives a control of
hyperbolic type in the left direction and a control of parabolic type in the right direction.

Thus, our work is outlined in the following way: Section 2 is devoted to prove that fifth order KdV equation
is well-posed in the weighted spaces L2, and L?L_I),l 4p- In Section 3, our goal is to prove Theorem 1.1.
Section 4 we will give the proof of Theorem 1.2. Finally, in the last section, Section 5, we will present some
additional comments and some open issues.

2. A fifth order KdV equation in weighted Sobolev spaces
2.1. The linear system

For any measurable function w : (0, L) — (0, +00) (not necessarily in L*(0, L)), we introduce the weighted
L?-space
w(z

L
L2 (pyaw = {t € Lj,e(0,L); / u(z)?w(z)dr < oo}.
0

It is a Hilbert space when endowed with the scalar product

(u,v) ;2 = /0 u(z)v(z)w(x)d.

w(z)dx

We first prove the well-posedness of the following linear system

Ug + Uy + Blsrr + QUzrzer = 0 in (07 T) X (07 L);
u(t,0) = u(t, L) = ux(t,0) = uz(t, L) = uge(t, L) =0 in (0,7), (2.1)
u(0,2) = up(x) in (0, L),

in both spaces L2, and L*, 4’ where a and 3 are real constants. We need the following general version

L—x
of the Lax—Milgram Theorem (see, e.g., [36]).
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Theorem 2.1. Let W C V C H be three Hilbert spaces with continuous and dense embeddings. Let a(v,w)
be a bilinear form defined on V' x W that satisfies the following properties:
(i) (Continuity )
a(v,w) < M|v|lv|lwlw, YveV, VweW,
(ii) (Coercivity)
a(w,w) > ml|w||?, Yw e W;

Then for all f € V' (the dual space of V'), there exists v € V' such that
a(v,w) = f(w), Yw € W. (2.2)

If, in addition to (i) and (it), a(v,w) satisfies
(iii) (Regularity) for all g € H, any solution v € V of (2.2) with f(w) = (g, w)p belongs to W, then (2.2)
has a unique solution v € W.

Remark 1. In the sense of semigroup theory, Theorem 2.1 gives us the following: Let D(A) denote the set

of those v € W when ¢ ranges over H, and set Av = —g. Then A is a maximal dissipative operator, and

hence it generates a continuous semigroup of contractions (et

)tZO in H.
2.2. Well-posedness on LidI

This subsection is dedicated to give an answer for the well-posedness of (2.1) on L2, . More precisely,

xdx*
for sake of simplicity, let us consider the operator Aju = —Uzzppe — Uges, thus, the following result can be
proved.
Proposition 2.2. Let Aju = —Ugpper — Uz With domain

D(Ay) ={u € H*0,L) N HZ(0,L); Uppres € L4y, Use(L) =0} C L2

zdx*
Then A generates a strongly continuous semigroup in Lidr

Proof. Let
H=12? V=H{0,L), W ={weH{0,L), wges € L?s,,},

zdx

be endowed with the respective norms

luller == IVaullp20,),  I0llv = llveallzo,n)  Iwliw = [#wazal L2(0,1)-

Clearly, V. C H with a continuous (dense) embedding between two Hilbert spaces. On the other hand, we
have that
[wezll L2 < Cllawzzsll 2 Yw e W. (2.3)

In fact, first, we note that we have for w € 7 := C*°([0, L]) N H3(0, L) and p € R, the following
L L
0< / (TWazg + PWay ) dr = / (w2, + 2pTWepWee + pPw?,)da
0 0

L L
— / 2?w?, dz + (p* — p) / w?,dx + pLw?, (L).
0 0

Taking p = 1/2 results in
L L
/ w2, de < 4 / ?w?,, dx + 2L|wee (L)]?. (2.4)
0 0
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The estimate (2.4) is also true for any w € W, since T is dense in W. Let us prove (2.3) by contradiction.
If (2.3) is false, then there exists a sequence {w"},>0 in W such that

L=l llpe = nllzwl, e Yo 0.
Extracting subsequences, we may assume that
w™ — w in HZ(0, L) weakly
zwl,, — 0 in L*(0, L) strongly

and hence zw,,, = 0, which gives w(z) = c;22 + cox + c3. Since w € HZ(0, L), we infer that w = 0. Since
w" is bounded in H?(L/2, L), extracting subsequences we may also assume that w”,(L) converges in R. We
infer then from (2.4) that w™ is a Cauchy sequence in H3 (0, L), so that

n

w™ —w in HZ(0,L) strongly,

and hence

ez = Jim flult |2 =1

This contradicts the fact that w = 0. The proof of (2.3) is achieved. Thus || - ||w is a norm in W, which is
clearly a Hilbert space, and W C V' with continuous (dense) embedding.
Define the following bilinear form on V' x W

L
a(v,w) == / Vga [(2W) gz + (2W)]dex, veV, weW.
0

Let us check that (i), (ii), and (iii) in Theorem 2.1 hold. For v € V and w € W, follows that

la(v, w)| < [Jvee || p2|TWeze + 3Wes + (W) || 2
< Jvze |l 2 (wawww”L? + C||wo:a:HL2)
< Clllv]jwllw

where we used Poincaré inequality and (2.3). This proves that the bilinear form a is well defined and
continuous on V' x W and, therefore (i) is proved.
For (ii), we first pick any w € T to obtain

L L
a(w, w) :/ wm(3wm+xw$m)dm+/ W (Tw) pdx
0 0
5 L 2 L 3 L
= f/ w2, dx + g —f/ widx
2/ 2 |, 2/
5 (L L
f/ w2, dr — §/ widz.
2.Jo 2.Jo
L I 2 ,L
/ w?(z)dr < () / w?, (z)dx,
0 m 0

5 3L%\ [F
a(w,w) > (2 — 271_2> /0 w?, dx.

This shows the coercivity when L < ﬂ'\/% . When L > 7'&'\/% , we have to consider, instead of a, the bilinear
form ay(v,w) = a(v,w) + AM(v,w)y for A > 1. Indeed, we have by Cauchy—Schwarz inequality and Hardy

Y

By Poincaré inequality

and hence

6
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type inequality

1 _1
lwll7 < lo2w]p2lla™2wl| 2
VL|wlallz™ wll

ellwaall72 + CellwllF

A A

and hence, by using twice Poincaré inequality

5 ¢ Ce
oxtw,w) 2 (5= 5) ol + (A= 5 ) i

Therefore, if € < 5 and A > C./2, then a) is a continuous bilinear form which is coercive.
To prove the regularity issue, for given g € H, let us consider v € V be such that

a)\(’l)71U) = (gaw)H Yw € VV>

more precisely,

L L L
/ Ve ((ZW) gz + (2W) 4 )dx + /\/ v(x)w(x)rdr = / g(@)w(x)zdr. (2.5)
0 0 0
Picking any w € D(0, L) we have
(*(—Vazwzz — Vaza + V), W)pr p = (Tg,W)p/ p Yw € D(0, L),

and hence
— Vpezas — Vzas + AU = g in D'(0, L). (2.6)

Since v € HZ(0,L) and g € L?,,, we have that v € H5(g, L) for all ¢ € (0,L) and vy, € L2,,. Taking

zdx)

any w € T and € € (0, L), and scaling in (2.6) by zw yields
L
/ Var (TW) 2w + (TW) 2 )dT + [—Vgze (Tw) — vM(a:w)]EL
g

L
+ ['Uw:rm(xw):r - ’sz(xw)za:]f = / (g - )\U)LL'U}dl‘

Letting e — 0 and comparing with (2.5), we obtain

Ly, (L)wg. (L) =

. 2.7
ilg(l) (eVazaa (E)W(E) + €V (E)W(E) — Vgaa (€) (Ewa (€) + w(€)) + vy (€) (2wa(€) + cWya (€))). (27
Since Vppper € Lidw, we obtain successively for some constant C' > 0 and all € € (0, L) that
1 1
L 2 L p)
[Vgzzz(€) — Vapzaa (L)] < (/ x|vmmm|2dac> (/ x_ldx> < C|logel, (2.8)
€ €
[vaa(e)| < C (2.9)
and
|veza (€)] < C. (2.10)

We infer from (2.8) that v € H*(0, L), and hence v € W. Furthermore, letting e — 0 in (2.7) and using (2.8),
(2.9) and (2.10) yields v, (L) = 0, since w4, (L) was arbitrary. We conclude that v € D(A4;). Conversely, it
is clear that the operator A; — A maps D(A;) into H, and actually onto H from the above computations.
Hence A; — X generates a strongly semigroup of contractions in H. [
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Remark 2. Note that we can use the same approach to get Proposition 2.2 for the Kawahara operator,
that is, Au = Ugpprr — Uzer — Ug. In fact, to do it just consider the following bilinear form in V' x W defined
by

L L
a(v,w) == / Vg (—(WT) 4z + (2W) g )dx — / vy (zw)de, veV, weW.
0 0

2.3. Well-posedness on L?fo)_lda:

In this subsection we are interested to investigate the well-posedness of (2.1) on L?L—x)*l ge- More
precisely, for sake of simplicity, let us consider the operator Asu = —Ugpzpe + BUzer, with § € R. Thus, the

following optimal result can be proved.

Proposition 2.3. Let Asu = —Ugpprr + BUzpe with domain

D(A;) ={u € H°(0,L) N H§(0,L); tUazoan € L> 1, and ume(L) =0} C L*; .
L—z™ L—x

Then Ay generates a strongly continuous semigroup in lez, for 8 > —3/80.
L—zx

Proof. We will use Hille-Yosida Theorem, and (partially) Theorem 2.1. Let us consider

2
H:le,
T—z9%%

V={ueH;0,L), uze € L> 4 _,}, W =Hj0,L), (2.11)

(T—a)2

be endowed respectively with the norms
_1 _
luller = (L = 2)"2ull g2, Nullv = (L = 2)  uaolle,  Mullw = ool 2 (2.12)

Using the estimates proved in [35, Lemma 2.1], we know that V' endowed with || - ||y is a Hilbert space, and
that the following inequalities holds

L 2 L 2
U 4 U
——dx < — — —d Yu eV, 2.13
/0 (L—z)p " 25/0 Lo M€ (2.13)
and L ) I )
/ Ldbﬁmé/ U4y VeV (2.14)
o (L=2)*" 79 Jy (L-2)? ' '
Additionally, the following estimate is provided in [35, Lemma 2.1]:
, L2 , L2 L2
—=2 _dx — (2r + 3qr — ——d 1—5q+ 20 ———dx >0, 2.15
r/o T apte— (rese q)/o T oo T8t T)/o @ —ap " (2.15)
for any real number r and q.
Using the previous inequality, we get
5 -3 16 5
lullzr < L2I(L = 2)ulle < goe L2 |lully  Yue V. (2.16)
Thus V' C H with continuous embedding. From Poincaré inequality, we have that || - || is a norm on W
equivalent to the H3-norm. On the other hand, again from Hardy type inequality
L2 L ,
— 2 —dr < C/ V3 5 AT, (2.17)
/0 (L —x)? 0
for all v € H?(0, L), with v, (L) = 0. Thus, we have that
lolly < Cllollw Vv eW, (2.18)

8
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which implies W C V with continuous embedding. It is easily seen that D(0, L) is dense in H, V and W.
Define, for 5 € R, the following bilinear form on V' x W:

a(v,w) = /OL [vm <L7“_Ux>m — Bugs (Lic)gj de (v,w) €V x W,

Then,
L
w w
< v rxrx rxr d
la(v, w)] /Ov (L—a:+3(L—x)2> x
L w w w w
T = 6 - = - d
IR e e e e
Vax Wyy Vg
< TTT T 3
< welin [ 25| #2225 | |l
Vg Wy w w
+ 6|l —25| +6|l—3|| +B8|l7——3| +Ilwe
2=, Ol ol o el reeie)
< Cllollv]lwlw
by (2.13), (2.14), (2.16) and (2.18). This shows that a is well defined and continuous.
Let us prove the coercivity of a. To do this, we rewrite a as follows:
(v, w) /L Wone 4 g Moo 46 ) gy
a(v,w) = Vez
’ 0 L—=x (L —x)? (L—x)3
L
w w w
o [ 6 gt da,
+ [ o (ot - i)
for f € R and (v,w) € V x W. Thus, for any w € D(0, L), yields that
L
Wyzr Weg Wy
atwn) = [Fune (72 4352 o )
L
w
TT - - d
R G e e L
5 (L w?, L w2 Lo w2
= = 7d 15 7d 60 ——d
2/ —m) v / T-ay " / L—ap™
L 2
w
-3 ———dx.
y 5/ Cr e

Let us split the proof of coercivity in two cases.

Case 1: 5 > 0.
In this case, we apply (2.13) and (2.14), to obtain

fﬁ/ 3&/ 75/ —gﬁ/OL(Llj’zyda:
_E/o

Thus,
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or equivalently,

5 / /L 'LU2 /L w2 /L w2
a(w,w) > dx +5 —2 __dx — 30 7dx + 120 ——dx.
o (L—2)? o (L—m)* o (L—x)°

Now, ignoring the first term and applying (2.15), with » = 0.4 and ¢ = 1, we get

-
a(w,w) > 0.2/ .
o (L

— )2

The result is also true for any w € W, by density, showing thus that the continuous bilinear form a(v, w) is
coercive for § > 0, proving thus the case 1.

Case 2: 5 < 0.
Again, applying (2.13) and (2.14), we have

7/3/ :w/ 276/ dx>66/ da

37 /0
Thus, for 5 < 0,

5 L w2 L w? L w?
a(w,w) > ( + 5) / 7d — 15/ —Z —dx + 60/ ———dx,
o (L—x)? o (L—m)* o (L—x)°
equivalently,

16 w2, L w? Eow?

Applying (2.15) with ¢ and r satisfying

\ \/

1 —5q + 207 = 4(2r + 3qr — ¢*) > 0,

yields that

16 3012 Low?
2 >(54+2-— "7 e
a(w’w)_( N 27‘+3qr—q2>/o (=22

In order for a to be coercive, 8 has to satisfy

15 6r>
i L ——
B>16 <2r+3qrq2 )

Finally, considering » = 1/10 and ¢ = 11/20, we have the optimal range of (3, that is,

3
> —_
p 80"
Therefore,
1 16 Eoow?, )
a(w,w) > =t ?6 ; mdx > v|w|i, (2.19)
where 1
- 2.20
Y=t 6 : (2.20)
reaching the case 2, which is also true for any w € W, by density. Thus, cases 1 and 2 proves that the
continuous bilinear form a(v, w) is coercive for 8 > — 3.

10
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Now, to finish the proof, let us show that — A, is maximal dissipative. First, consider g € H be given. By
Theorem 2.1, there is at least one solution v € V' of

a(v,w) = (g,w)mg Yw € W. (2.21)
Consider v € V' a solution, let us prove that v € D(As). Taking any w € D(0, L) in (2.21) yields
— Upzaax + BVzzz = G in D'(0, L). (2.22)

As g€ L?(0,L) and v € H%(0, L), we have that vy,.2, € L2(0,L), and v € H5(0, L). Let us take, finally, w
of the form

w(z) = 23 (L — z)%w(x),

where W € C*°([0, L]) is arbitrarily chosen. Note that w € W and that

w

= € H2(0,L) nC>([0, L]).

By simplicity, consider 5 = 1 in (2.22). Multiplying (2.22) by w/(L — z) and integrating over (0, L), we
obtain after comparing with (2.21) that

w
Ozvzz <)
L—-x zz 10

=~y (62(L — 2)W(L + 2) + 22*(L — )W, (3L — 5z) + 2*(2W + (L — 2)*Wy)) |§

L

ie.,

0 = 2L3,, (L)Yw(L).

As W(L) can be chosen arbitrarily, we conclude that v,, (L) = 0. Using (2.17) we infer that vy, € H, and
hence Vyprer = —g + BUzze € H. Therefore v € D(Ay). Thus, we have that A : D(As) — H is onto.

Lastly, let us check that —As is also dissipative in H. Pick any w € D(As). Then we obtain after some
integration by parts that

(_A2w7 w)H = (wxxma,w — BWeza, w)H

5 (L w2 L w2 3 L w2
__2 _ Waa 1 Wy L9 _ Wy
2/0 @™ 5/0 Tt ™20 ), o™

L 2 L 2 2
w w wz,.(0)
—60 —d 3 der — =& .
[ LR A

Therefore, if 8 > 0, thanks to the case 1, we get

2
0
(—Aw,w)g < —0.1||w||F — w3, (0) <0.
2L
By other hand, if 8 < 0, using the case 2, yields that
2
0
(—Agw, w)g < —v||w||3 — ww;[(/ ) <0,

for «y defined by (2.20). Therefore, we conclude that —A, is maximal dissipative for 8 > —3/80, and thus
it generates a strongly continuous semigroup of contractions in H by Hille-Yosida Theorem, achieving the
proof of the proposition. [

11
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The following result, ensure a global Kato smoothing effect, as is well-known for Kawahara equation [1,35].

Proposition 2.4. Let H and V be as in (2.11)—=(2.12), and let T > 0 be given. Then there exists some
constant C' = C(L,T) such that for any uy € H, the solution u(t) = e“2ug of (2.1) satisfies

[l oo 0,11y + 1wl 20,7,y < Clluolla-

Proof. First, we notice that D(As) is dense in H, so that it is sufficient to prove the result when ug € D(As).
Note that the estimate ||u|/zoo(o, i) < C|lugllm is a consequence of classical semigroup theory. Assume
ug € D(Az), so that uy = —Asu in the classical sense. Taking the inner product in H with u yields

(ue, )i = —a(u,u) < =Clulli;
as done in (2.19). Finally, an integration over (0,7") completes the proof of the estimate of |[ul|12(o,r,v). O

Remark 3. Note that we can use the same approach to get Propositions 2.3 and 2.4 for the Kawahara
operator, that is, Au = Ugzpre — Uzee — Ug- In fact, the results follow considering the following bilinear form

inVxW . L
o [ (25) +(255) Yo [ () e

forveVand we W.

2.4. Non-homogeneous system

We will consider in this subsection the well-posedness of the Kawahara nonhomogeneous system, namely

Ut + Uy + Upzzr — Uzzzzs = f(l‘,t) in (07T) X (OvL)a
w(t,0) =u(t, L) = uy(t,0) = ugp (¢, L) = uze(t,L) =0 in (0,7), (2.24)
u(0,2) = up(x) in (0,L).

More precisely, we are interested to prove the existence of a “reasonable” solution when f € L?(0,T, H 2
(0,L)).

Proposition 2.5. Let ug € L2, and f € L?(0,T; H=2(0,L)). Then there exists a unique solution

xdx
u e C([0,T),L2,,) NL?(0,T,H*(0,L)) to (2.24). Furthermore, there is a constant C > 0 such that
HUHLOO(O,T,LidI) + ||“||L2(0,T,H2(0,L)) < O(HUOHLidz + ”fHLQ(O,T,H*?(O,L)))' (2.25)

Proof. Assume first that ug € D(A;) and f € C°([0,T], D(A;)). Multiplying (2.24) by xu and integrating
over (0,7) x (0, L) where 0 < 7 < T yields

1 L 9 1 L 9 5 T rL 9
- z|u(r, x)|"de — = z|ug(x)|“dx + = [ty |“dcdt
2 Jo 2 Jo 2 Jo Jo
3 T rL ) 1 T prL 9 T L
+ - |ug|“dedt — - |u|”dxdt = zufdrdt.
2.JoJo 2.JoJo 00

We denote (., '>H*2,Hg the duality pairing between H~2(0, L) and H3(0, L). Thus, for all € > 0, we have

that T pL T T pL T
// xufdxdt:/ (f,zu) o Hzgf// uidwdt—I—C’E/ 1112, o dt.
0J0 0 o T2 Jo o 0

12

(2.26)
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The last term in the left hand side of (2.26) is decomposed as follows

1 T L 1 T \/g 1 T L
7// lul*dedt = 7// |u|2d:cdt+7// lu?dedt =: Iy + I.
2 JoJo 2 JoJo 2 Jo NG

The following inequalities are verified

T L
gf// | |2 dadt (2.27)
2 JoJo
and
1 T L 2 ( )
I §—// x|u|“dxdt. 2.28
2= fody

Indeed, as (2.28) is obvious, we prove (2.27). Note that «(0,¢) = 0, thus

Ve L Ve 1
lu(z, )| g/ | d ggz(/ iy %)
0 0
for (¢t,x) € (0,T) x (0, /). Hence
Ve Ve
/ lul*dx < 5/ |ue|*da,
0 0

which gives (2.27) after integrating over t € (0, 7).
Putting (2.27) and (2.28) in (2.26), we obtain that

7/ zlu(r, z)Pde + = // |t | dazdt + 7—5// |ug|* dadt
Si/ x|ug(x |d3:—|— // x|ul d;z:dt—|—C’/ | £1I3,—2dt,
0

for 0 < e < L2. Taking ¢ € (L?, min{0,3/2}) and applying Gronwall’s Lemma, yields that

2 2 2 2
||u||LOO(O’T’L92cdx) + ”umm”[?(o,T,LQ(o,L)) < C(T)(HUOHLidx + ||f||L2(O,T,H—2(O,L)))

which proves the inequality (2.25) for ug € D(A;) and f € C°([0,T], D(A;)). A density argument allows us
to construct a solution u € C([0,T], L2 ,,) N L*(0,T, H*(0, L)) of (2.24) satisfying (2.25) for ug € L2, and
f € L?0,T,H~2(0, L)). Finally, with respect to uniqueness, this follows from classical semigroup theory. [J

Our aim in the next proposition is to obtain a similar result in the spaces H and V defined by (2.11)-
(2.12). To do that, we limit ourselves to the situation when f = (p(z)h).. with h € L?(0,T, L*(0,L)).
Consider Au = Ugpppe — Uzzz — Uy With domain

D(A) ={u € H*(0,L) N HF(0,L); Uparaz € L1, and ug(L) =0} C L2 Lo
L—x

Proposition 2.6. Let ug € H, h € L?(0,T,L*(0,L)) and set f := (p(x)h)ze. Then there exists a unique
solution

u € C([0,T], H)n L*(0,T,V)

o0 (2.24). Furthermore, there is some constant C' > 0 such that

||U||L°°(0,T,H) + ||UHL2(0,T,V) < C(”UO”H + ||hHL2(o,T,L2(0,L)))~ (2.29)

13
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Proof. Assume that ug € D(A) and h € C$°((0,7T) x (0, L)), so that f € C*([0,T], H). Taking the inner
product of uy — Au — f =0 with v in H yields

L 2 L 2
uz 3 uz
(ue, u)g = —a(u,u) + (f,u)g < 15/0 mdfﬂ + 5/0 mdm + (f,w)m, (2.30)
where a(v,w) is defined by (2.23). Then
L u
(ol = | [ (ol ol
L u u

=1 | pon(p g + )

L—zx
< Cllhllg2(lullv + [lull#),

< O[] 2 (] 2 + |

Tl

where we used (2.14) in the last line. Thus, we have that

C C
(£ w)ul < Sy + 5 lullf + ClIR]Z2.

Additionally, Hardy type inequality gives
L 2 L 2 L 2
U 3 U U
15 —r —d - —=* —dx < C(L —=r d
|y ) e < 0w [ e

<C(L)</0 (L—a:)4dx+/0 (L—a:)ﬁdx>

< Cllullg + Cllullv,

when combined with (2.30), gives after integration over (0,7) for 0 <7< T

T T T pL
lu(r)[3 +C / (all?s + lall2p)et < Jluol% + € ( / (el + )t + / / 02 drdt).

An application of Gronwall’s Lemma yields (2.29) for ug € D(A) and h € C§°((0,T) x (0,L)). A density
argument allows us to construct a solution u € C([0,T], H)NL?(0,T, V) of (2.24) satisfying (2.29) for ug € H
and h € L*(0,T, L?(0, L)). The uniqueness follows from classical semigroup theory. [

3. Exact controllability for Kawahara equation
Pick any function p € C*°(0, L) with

(2) = 0 if 0<z<L-—v, (3.1)
PO=V1 i L-s<a<l, '

for some v € (0, L). This section is devoted to the investigation of the exact controllability problem for the

system
Ut + Ug + Uz + Ugzr — Uzrzor = fv in (07T) X (07 L)’
u(t,0) = u(t, L) = uy(t,0) = uyp (¢, L) = uge(t, L) =0 in (0,7), (3.2)
(0, z) = up(x) in (0, L),

where f = (p(x)h) . We aim to find a control input h € L?(0,T; L?(0, L)). Actually, with (p(z)h(t,2)) s in

some space of functions, to guide the system described by (3.2) in the time interval [0, 7] from any (small)

given initial state ug in L2, 4, b0 ANy (small) given terminal state up in the same space. We first consider
T

the linearized system, and next proceed to the nonlinear one. To prove the main theorem we will need the
results involving some weighted Sobolev spaces which was proved in Section 2.

14
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3.1. FExact controllability: Linearized system

Our attention in this section is related to the control properties of the linear system

Uy + Uy + Ugry — Ugzzzr = (P(x)h)m; in (0, T) X (07 L)7
u(t,0) = u(t, L) = ugy(t,0) = ugy(t, L) = uge (¢, L) =0 in (0,7), (3.3)
u(0, ) = uo(x) in (0, L).

Theorem 3.1. LetT >0, v € (0,L) and p(x) as in (3.1). Then there exists a continuous linear operator

I: L2 S — L2(0,T, L*(0,L)) N L{p_ 44, (0, T, H*(0, L))

such that for any uy € L* the solution u of (3.3) with ug = 0 and h = I'(u1) satisfies u(T, x) = uy (x)

in (0, L).

1d7

Proof. We will use the Hilbert Uniqueness Method (see e.g. [37]). Consider the following adjoint system
associated to (3.3):

—V¢ + Vpzoze — Vgzz — Vg = 0, in (0, T) X (07 L),
v(t,0) =v(t, L) = v,(t,0) = vy (t, L) = v44(¢,0) =0 in (0,7, (3.4)
o(T, z) = vr(x). in (0,L).

If ug =0, vr € D(0,L), and h € D((0,T) x (0, L)), multiplying (3.3) by v and integrating over (0,T) x (0, L),

yields that
L T (L
/ u(T,:c)vT(z)dx:// (p(z)h) gevdedt = // ) hvgdedt.
0 0Jo

Considering the usual change of variables © — L — x, t — T — ¢ and using Proposition 2.5, gives

||UHL00(0,T HU”L2 0,T,H2(0,L)) < OHUTHL2

LlL—2)dz —a)de

By a density argument, we obtain that for all h € L(0,7, L?(0, L)) and all vr € L%sz)dz,

<U(Ta ')7 UT)LQ

2
de’L(L—m)dz
L—x

T
- / (hy pl)vs) 2,
0

where u and v denote the solutions of (3.3) and (3.4), respectively, and (-,-),2 . denotes the
dz’ (L—z)dz
L—x

duality pairing between LL e and L%fo) 4z- We have to prove the following observability inequality

orl3,  <cC / / 2)vpa|2dudt (3.5)

or, equivalently, letting w(t,z) = v(T — t, L — x),

lwoll2; < cC / / L — 2)wau|Pdudt, (3.6)

where w solves
Wt — Wegrger T Wage T Wy = 07

w(t,0) = w(t, L) = w,(t,0) = wy(t, L) = we,(t,L) =0, (3.7)
w(0,z) = wo(x).
15
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Multiplying (3.7) by wq, for q(t,x) = (T —t)b(z) € C>([0,T] x [0, L]) where b € C*°([0, L]) is nondecreasing
defined by

z if O0<z<v/4,
b(x) = .
1 if v2<az<l,

with v € (0, L), after integrating by parts we have

T pL 2 L 2 L 2
0 0

T 2
// qew?dadt + = // qew? dmdt+/ (qwg””)(t,o)dtzo.

Due to the choice of ¢(t,z) and b(z), this yields

L
Juoll3s, < C(Lov) [ ba)ud(ods
Trax O

T % T % T pL
C(T,L,v) ( / / w2dzdt + / / w?, dadt + / / dea:dt> (3.8)
0Jo 0J0 0J0
T r% T oL
<C(T,L,v) ( / / w?, dxdt + / / w2d:cdt>,
0J0 0J0

using Poincaré inequality. We claim that

2 r % 2
lwollzz <€ w3, drdt, (3.9)

holds. In fact, if the estimate (3.9) does not occur, then one can find a sequence {w§} C L2, such that

Ty
1= ”“’gHiidT > n/o/o lw? [2dxdt, (3.10)

where w™ denotes the solution of (3.7) with wp replaced by wj. By (2.25) and (3.10), {w™} is bounded
in L2(0,T, H?(0, L)), hence also in H*(0,T, H=3(0,L)) thanks to Eq. (3.7). Extracting a subsequence if
necessary, Aubin-Lions’ Lemma ensures that

w" — w in L?(0,T, H*(0,L)).

Thus, using (3.8) and (3.10), we see that w is a Cauchy sequence in L2, , and hence it converges strongly

zdx?

in this space. Let wy denote its limit in L2, , and let w denote the corresponding solution of (3.7). Then

zdx)

l[woll 2, =1

and
w" = w in L2(0,T, H*(0, L)).
But w?, — 01in L?(0,7T, L?(0,v/2)) by (3.10). Thus w,, = 0 in (0,T) x (0,/2), and hence w(t, ) = zg(t)+
¢(t) (for some functions g and ¢) in (0,T") x (0, v/2). Since w satisfies (3.7), we infer from w(t,0) = w,(¢,0) =0
that w =0 in (0,7) x (0,v/2). By Holmgren’s theorem we have that w =0 in (0,7) x (0, L), implying that
w(0,z) = 0, which is a contradiction with ||wg|/;2 = 1. Therefore (3.9) is proved, and (3.6) follows.
Let us now apply the Hilbert Uniqueness Method. Consider the following operator

A: L%Lfa:)dz - L?wa)dw

16
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defined by
A(UT) = (L - {E)_IU(T, ) € L%sz)dw

where u solves (3.3) with h = p(z)v,,. Then operator A is clearly continuous. On the other hand, from (3.5)

T
(Awner)y = G@Tere | ga = [ lp(e)eladt = ClurlZ,
de’ (L—z)dz 0 (

)
(L—z)dz T—= L—zx)dx

and it follows that the map vy — A(vr) is invertible in L%wa)dx.
Define the map
r: r?
ﬁdz
by I'(u) = h := p(x)vae, where v is the solution of (3.4) with vy = A~*(L — z) 'u(T, ).
Firstly, I is continuous, and the solution w of (3.3) with ug = 0 and h = I'(u) satisfies u(T,-) = u;.

To prove that I' is also continuous from L%dz into IJ%ZLt)Lit(O,Y“7 H?(0,L)), it is sufficient to show the

— L*(0,T,L*(0,L))

following estimate

T
| 10l =0t < Clorlz

)
x)dx

for the solutions of (3.4) or, equivalently,
T
[ lolatar < ool (5.11)
for the solutions of (3.7). Thanks to Proposition 2.5, we have
T
| ol < Cllunls (3.12)

which yields, for wg € L?(0, L), that

T
1wl %2 0,2y < Cllwollzs-
0 0( ’ )

Assume now that wy € D(A) and let ug = Awy = Wo prrze — Wo,zzz — Wo,z- Denote by w (resp. u) the
solution of (3.7) with initial data wg (resp. ug). Then

AW = Wagpre — Wage — Wy = u € L2(0,T, H3(0, L)),
and we infer that w € L2(0,7T, H"(0, L)). By interpolation, this gives that
w € L*(0,T, H3(0,L))

if wg € HZ(0, L), with an estimate of the form

T
| Tl 0yt < ol (3.13)

The different constants C' in (3.12)—(3.13) may be taken independent of T" for 0 < T' < Tp. Thus, finally, due
to Fubini’s Theorem we get

T T T T
ASU@N%%=A(AHwﬁﬁwgﬁﬁcélmwﬁm@ﬁéCWﬂ%ﬁ

This completes the proof of (3.11) and, consequently, Theorem 3.1 is shown. O

Remark 4. It is important to note that the forcing term f = (p(z)h). € L%T_t)dt(O, T, L?(0,L)) is in fact
supported in (0,7) x (L — v, L).

17
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3.2. Fxact controllability: Nonlinear system

Let us prove the local exact controllability in L? ,
i

4, Of the system (3.2). Note that the solutions of (3.2)

can be written as
U =ur, + uy + us,

where uy, is the solution of (2.1) with initial data ug € L? , PREGEE solution of
=

Ut + U1,z + Ul zxx — Ul,zxoce = f = (p(x)h)a:w in (07T) X <07 L)7
ur(t,0) = uy(t, L) = uy 5 (¢,0) = uy 5 (¢, L) = uy 45(t, L) =0 in (0,7, (3.14)
u1(0,2) =0 in (0,L)

with h = h(t,x) € L*(0,T;L?*(0, L)), and us is solution of

u2,t + u2,z + u2,zx:r - u2,xzrajx = g(t7 LC) in (07 T) X (07 L)v
u2(£,0) = ua(t, L) = u2,5(t,0) = u2 2 (¢, L) = ug 45(t, L) =0 in (0,7, (3.15)
u2(0,2) =0 in (0, L),

with g = g(t,2) = —uu,.
The following result is concerned with the solutions of the non-homogeneous system (3.15).

Proposition 3.2. Consider H and V defined as in (2.11)—(2.12).
(i) If u,v € L?(0,T;V), then uwv, € L*(0,T; H). Furthermore, the map
(u,v) € L*(0,T;V)* = wv, € L'(0,T; H)
is continuous and there exists a constant ¢ > 0 such that
lwvell o,y < €llullpzo. vy 10l 220,750y - (3.16)
(ii) For g € L*(0,T; H), the mild solution u of (3.15) given by Duhamel formula satisfies
uy € C([0,T]; H)NL*(0,T;V) = G
and we have the estimate
l|uzl[zoe (0, 7,8 + ||U2||L2(0,T,V) < C||9||L1(0,T,H)~ (3.17)
Proof. For u,v € V, we have

Vg
< P — <
HUU:EHLQ g HUHL"OH T — 2 xHLQ = CHUHVHU”Vv

L—x

and (i) holds. For (ii), we first assume that g € C*([0, 7], H), so that us € C1([0,T], H) N C°([0,T], D(Asz)).
Taking the inner product of us; = Asus + g with ug in H yields

(uz,e,uz2) i < —Clluz|fy + C'uzlFy + (9, u2)m
where C,C’ denote some positive constants. Integrating over (0,7) and using the classical estimate
l[uzllroe0,m,m) < CllgllLr 07,8

coming from semigroup theory, we obtain (ii) when g € C*([0,T], H). The general case (g € L'(0,T, H))
follows by density. [

18
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Let ©1(h) := u; and Os(g) := ua, where uy (resp. us) denotes the solution of (3.14) (resp. (3.15)). Then
Oy : L*(0,T;L*(0, L)) — G
and

Oy : LY0,T;L%,

L—x

d:t>_>g

are well-defined continuous operators, due to Propositions 2.6 and 3.2.

Using Proposition 3.2 and the contraction mapping principle, one can prove as in [1,24,35] the existence
and uniqueness of a solution u € G of (3.2) when the initial data ug and the forcing term h are small enough.
As the proof is similar to those of Theorem 3.3, we will omit it.

We are in position to prove the main result of Section 4, namely the (local) exact controllability of system
(3.2).

Theorem 3.3. Let T > 0. Then there exists § > 0 such that for any ug, u; € L?, e satisfying
=

lluoll 2 ) <6 and |luilpe ) <4,

dx

L—x dz L—x
one can find a control function h € L2(0,T; L*(0, L)) such that the solutionu € G of (3.2) satisfies u(T,-) = uy
in (0,L).

Proof. To show the result, we will apply the contraction mapping principle. Let F denote the nonlinear
map
F:L*0,T;V) =G,
defined by
F(u) =up + 610 I'ur —ur(T,-) + Ox(uuy)(T, ")) — Ox(uuy,),

where uy, is the solution of (2.1) with initial data ug € L? g ©1 and Oy are defined as above and I is
p=

defined in Theorem 3.1.
Observe that if u is a fixed point of F, then u is a solution of (3.2) with the control

h = F(’U,T — ’U/L(/T7 ) + QQ(UUI)(Tu ))7

and satisfies
u(T,-) = ur,

as desired. In order to prove the existence of a fixed point of F, we apply the Banach fixed-point Theorem

to the restriction of F to some closed ball B(0, R) in L?(0,T;V).
(i) F is contractive.

Pick any u, @ € B(0, R). Using (2.29), (3.16) and (3.17), we have

(| F () — ]:(a)HLQ(O,T;V) <2CR Hu - ﬂHLQ(O,T;V) ) (3.18)
for some constant C' > 0, independent of u, % and R. Hence, F is contractive if R satisfies
1
— .1
R < Yok (3.19)

where C' is the constant in (3.18).
(ii) F maps B(0, R) into itself.
Using Proposition 2.4 and the continuity of the operators I', ©; and ©-, we infer the existence of a

constant C’ > 0 such that for any u € B(0, R), we have

IF@l L2000y < C'(lluollz - +llurlz o R?).

a L—x

L—x
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Thus, taking R satisfying (3.19),
R <1/(2C")

and assuming that |lugl| 2 ) and [jur|| 2 ) are small enough, we obtain that the operator F maps
szdx L—x

B(0, R) into itself. Therefore the map F has a fixed point in B(0, R) by the Banach fixed-point Theorem.
The proof of Theorem 3.3 is complete. [

dx

Remark 5. As in the linear case, the forcing term f = (p(z)h).. indeed is a function in
L%T—t)dt (Oa T, L2(07 L))

supported in (0,7) x (L — v, L).

4. Regional controllability for Kawahara equation

In this section we prove a regional controllability of the following system

Ut + Uy + UUg + Uggr — Uzzzrs = f in (07 T) X (07 L)7
u(t,0) = u(t, L) = uy(t,0) = up(t, L) = uge(t,L) =0 in (0,7), (4.1)
u(0, z) = ug(x) in (0,L).

In detail, we prove that internal control of the Kawahara equation gives a control of hyperbolic type in the
left direction and a control of parabolic type in the right direction. Before presenting the proof of the result
we remark that the existence of a solution for the system (4.1) in the Sobolev space was shown in [23] (see
also [13]).

Now, let us state and prove the main result of this section.

Theorem 4.1. Let T > 0 and w = (I1,1z) with 0 < Iy < Iy < L. Pick any number ] € (I1,13). Then there
exists a number § > 0 such that for any ug,u; € L*(0, L) satisfying

HUOHL2(0,L) <4é and ||U1HL2(0,L) <9,

one can find a control f € L?(0,T,H2(0,L)) with supp(f) C (0,T) x w such that the solution u €
C°([0,T],L*(0, L)) N L?(0,T, H*(0, L)) of (4.1) satisfies
(T, z) = { ur(z) if x € (0,1});

0 if v € (lo,L). (42)

Proof. By [13, Theorem 1.1], if 6 is small enough one can find a control input f € L?(0,7/2, L?(0, L)) with
supp(f) C (0,T) x w such that the solution of (4.1) satisfies u(7/2,.) = 0 in (0, L), where w is a subset of
(0,L).

Let us consider any number I}, € (I1,12) C (0, L). By [24, Theorem 1], if § is small enough one can pick a
function g, h € L?(T/2,T) such that the solution

y € CU([T/2,T), L*(0,15)) N L*(T/2,T, H*(0,1}))

of the system

y(tv 0) = yz(ta 0) = ywz(tv ll2) =0, y(tv 1,2) = g(t)a ym(t7 1,2) = h(t) in (T/2a T)>
y(T/2,2) =0 in (0,15)
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satisfies y(T, z) = ui(x) for 0 < z < I5. Define a function u € C*([0, L]) as
@ 1 ifz <l
H\T) = ’ gl
0 ife> 4tk

and set for T/2 <t <T
p(@)y(t,z) if o <1,
u(t,z) = .
0 if o > 15.

Note that, for T/2 <t < T, ut — Uggwzs + Uzze + Uy + v, = f with

f — _(u/////y + 5M////yx + loﬂl"yxx + lol_l,llyxxx + 5u/yxxa“):)
+ (WY + 30" Yo + 3 Yoo + 1Y) + 'y + (e — 1) yye.

Since [9l2 014009y < CIole 0.1.120,00) 307 1200, 1y 36 15 clear that
f € (0.7, H7(0, L))

with supp(f) C (0,T) x (I1,l2). Furthermore, v € C([0,T], L?(0, L)) N L?(0, T, H?(0, L)) solves (4.1) and
satisfies (4.2), proving the result. O

5. Further comments and open issues

In this work we treated the well-posedness and controllability of the Kawahara equation, a fifth order
KdV type equation, in a bounded domain. Here, we were able to give an almost complete picture of the
internal controllability for the Kawahara system started by [13]. Thus, the following remarks are now in
order.

i. A result of the controllability to the trajectories remains valid for the system (1.3). Precisely, the result
can be read as follows

Theorem 5.1. Let w = (I3,l) with 0 < Iy < ly < L, and let T > 0. For ug € L?(0,L), let
ue C°([0,T); L*(0,L)) N L? (0, T; H*(0, L)) denote the solution of

Ut + Uy + Uy + Uy — Uggzzz = 07 in (Oa T) X (Oa L)a
a(t,0) = u(t,L) = uy(t,0) = uy(t,L) = uye(t,L) =0, in (0,7), (5.1)
(0, x) = up(x), in (0,L).

Then, there exists § > 0 such that for any ug € L?(0, L) satisfying ||ug — Uollp2(9,) < 0, there exists
f € L2((0,T) x w) such that the solution

ue C°([0,T);L*(0,L)) N L* (0, T, H*(0, L))

of (1.3) satisfies u(T,-) = u(T,-) in (0, L).

ii. The proof of Theorem 5.1. is a direct consequence of the Carleman estimate shown by Chen [13], being
precise: [13, Theorem 1.1] is equivalent to the previous result. In fact, consider v and « fulfilling the
system (1.3) and (5.1), respectively. Then g = u — u satisfies

gt + gz + (g + ﬁQ) + Gazz — Qezzzs = 1wf(t7-73)a in (0>T) X (07 L),
Q(ta 0) = Q(tv L) = qgc(t,o) = Qz(tv L) = qgcgc(t; L) =0, in (O7T)a (52)

9(0,2) = qo(x) = uo(x) — uo(x), in (0, L).
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So, the objective is to find f such that the solution ¢ of (5.2) satisfies
q(T,-) =0.

However, this is exactly what has been proven in [13, Theorem 1.1], this means that the null con-
trollability for the Kawahara equation is equivalent to the controllability to the trajectories for this
equation.

Observe that with Theorems 1.1, 1.2, 5.1 and [13, Theorem 1.1] we have almost completed the answers
regarding internal controllability for Eq. (1.3). However, it is important to note that due to the techniques
used here the issue whether v may also be controlled in the interval (I{,1l3) C (0, L) is open, missing a final
step to give a complete answer on Kawahara’s internal controllability. This open problem can be presented
as follows:

Problem A: Is it possible to control the Kawahara equation in the interval (1},12)?

Anyway, other problems about internal controllability can be attacked using new techniques and argu-
ments. In this way, below, our plan is to present some problems that seem interesting from a mathematical
point of view. More precisely, we present open issues about internal controllability of the Kawahara equation
with an integral condition in unbounded and bounded domains.

5.1. Controllability of Kawahara equation: Unbounded domain

In the context of control on unbounded domains, Faminskii [19], in a recent work, considered the initial—
boundary value problems, posed on infinite domains for the Korteweg—de Vries equation. Precisely, he elected
a function fy on the right-hand side of the equation as an unknown function, regarded as a control. Thus,
the author proved that this function must be chosen such that the corresponding solution should satisfy
certain additional integral conditions.

Thus, we believe that these techniques can be applied for the Kawahara equation posed on the right/left

half-lines:
Ut + Uy + Ugry — Ugzzax + Ulgy = fo(t)’l)(l‘,t), (t7$> € (OaT) X (07 OO),

(0, z) = uo(x), z € (0,00), (5.3)
u(t,0) = h(t), ug(t,0) = g(t), te(0,7),

and
Ut + Ug + Ugzpr — Ugggrr T Uy = fo(t)’l)(it,t), (t,iC) S (OaT) X (_007 0)»

(0, z) = ugp(z), z € (—00,0), (5.4)
u(t,0) = h(t), ug(t,0) = g(t), uz(t,0) =k(t) te (0,7T).
Here v is a given function and fj is an unknown control function. Therefore, the following open issue naturally

appears.

Problem B: Can we find a pair {fo, u}, satisfying

/RJr u(t, x)w(z)dr = p(t), or /7 u(t, x)w(z)dz = p(t),

such that the functions w and ¢ are given and u is the solution of (5.3) or (5.4)?

5.2. Controllability of Kawahara equation: Bounded domain

With respect to the control issues in a bounded domain a new approach, different from the one used in
this article, was recently introduced by Faminskii [20]. Faminskii established results for the Korteweg—de
Vries equation in a bounded domain under an integral overdetermination condition. More precisely, with
smallness conditions on either the input data or the time interval, the author showed the controllability
when the control has a special form.
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In this spirit, we believe that the following problem seems very interesting. Consider the Kawahara

equation as follows:

Ut + Uy + Uggr — Ugzzzs + Uty = fo(t)v(z,t), (t,2) € (0,T) x (0, L),

u(0,2) = up(x), x € (0,L),

u(t,0) = hy(t), u(t,L) = ha(t), te (0,7), (5.5)
Um(t7 O) = hS(t)7 uz(t7 L) = h4(t)7 te (OvT)u

Uz (t, L) = hs(t) te (0,7)

Problem C: For given functions ug and h;, i = 1,2, 3,4, 5, can we find a function fy such that the solution

u of system (5.5) satisfies the overdetermination condition

/0 u(t, v)w(z)dx = p(x), te€(0,T)

where w and ¢ are known functions?
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