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NEUMANN BOUNDARY CONTROLLABILITY OF THE
KORTEWEG-DE VRIES EQUATION ON A BOUNDED DOMAIN*

MIGUEL ANDRES CAICEDOf, ROBERTO DE A. CAPISTRANO FILHO¥, AND
BING-YU ZHANGH

Abstract. In this paper we study boundary controllability of the Korteweg—de Vries equation
posed on a finite domain with the Neumann boundary conditions. We consider the cases where one,
two, or all three of those boundary data are employed as boundary control inputs. To get the main
result, the system is first linearized and the corresponding linear system is proved to be exactly
boundary controllable if using one, two, or three boundary control inputs. In the case where only
one control input is allowed to be used, the linearized system is shown to be exactly controllable if
and only if the length of the spatial domain does not belong to a set of critical values. Then the
nonlinear system is shown to be locally exactly controllable around a constant steady state if the
associated linear system is exactly controllable.
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1. Introduction. In this paper we study a class of distributed parameter control
systems described by the Korteweg—de Vries (KdV) equation posed on a bounded
interval (0, L) with the Neumann boundary conditions:

Ut + Uz + Uy + Ugge = 0 in (0,L) x (0,7,
(1.1) Ugz(0,t) =0, ug(L,t) = h(t), ugs(L,t) =0 in (0,7),
u(z,0) = uo(x) in (0, L),

where the boundary value function h = h(t) will be considered as a control input. We
are mainly concerned with its exact control problem:

Given T > 0 and ug,ur € L?(0,L), can one find an appropriate control input h
such that the corresponding solution u of (1.1) satisfies

u(z,0) =wuo(x), u(z,T)=ur(z)?

The study of control and stabilization of the KdV equation begun with the works
of Russell [19], Zhang [26], Russell and Zhang [20, 21] in which they studied internal
control of the KAV equation posed on a finite domain (0, L) with periodic boundary
conditions. Aided by then newly discovered Bourgain smoothing properties [2, 3] they
showed that the internal control system is locally exactly controllable and exponen-
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tially stabilizable.! Since then, control and stabilization of the KAV equation have
been intensively studied (see [4, 5, 6, 8, 9, 10, 16, 17, 18, 25] and references therein).
In particular, Rosier [16] studied boundary control of the KdV equation posed on the
finite domain (0, L) with the Dirichlet boundary conditions:

U + Uy + UG + Uggr =0 in (0,L) x (0,7,
(1.2) u(0,t) =0, u(L,t) =0, uy(L,t) = g(t) in (0,7),
u(x,0) = up(x) in (0,L),

where the boundary value function g¢(t) is considered as a control input. Rosier
considered first the associated linear system

Us + Ug + Uggz =0 in (0,L) x (0,7,
(1.3) w(0,t) =0, u(L,t) =0, ug(L,t) = g(t) in (0,7),
u(x,0) = up(x) in (0,L)

and discovered the so-called critical length phenomena; whether the system (1.3) is
exactly controllable depends on the length L of the spatial domain (0, L).

THEOREM A (Rosier [16]). The linear system (1.3) is exactly controllable in the
space L2(0, L) if and only if the length L of the spatial domain (0, L) does not belong
to the set

(1.4) N::{%\/k2+kl+12 Lk 1 EN*}.

The controllability result of the linear system was then extended to the nonlinear
system when L ¢ N.

THEOREM B (Rosier [16]). Let T' > 0 be given and assume L ¢ N'. There exists
§ > 0 such for any ug,ur € L*(0, L) with

lluollz20,) + |lurllr2(0,2) <6,

one can find a control input g € L?(0,T) such that the nonlinear system (1.2) admits
a unique solution

u € C([0,T]; L*(0, L)) N L*(0,T; H'(0, L))

satisfying
u(z,0) = uo(x), u(z,T)=ur(x).

In the case L € N, Rosier proved in [16] that the associated linear system (1.3)
is not controllable; there exists a finite-dimensional subspace of L?(0, L), denoted by
M = M(L), which is unreachable from 0 for the linear system. More precisely, for ev-
ery nonzero state ) € M, g € L*(0,T), and v € C([0,T]; L*(0, L))NL?(0,T; H*(0, L))
satisfying (1.3) and u(-,0) = 0, one has u(-,T) # ¢. A spatial domain (0, L) is called
critical for the system (1.3) if its domain length L € N.

When the spacial domain (0, L) is critical, one usually would not expect the
corresponding nonlinear system (1.2) to be exactly controllable as the linear system
(1.3) is not. It thus came as a surprise when Coron and Crépeau showed in [8] that

IThe system has been shown recently to be globally exponentially stabilizable and large time
exactly controllable by Laurent, Rosier, and Zhang [15].
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the nonlinear system (1.2) is still locally exactly controllable even though its spatial
domain is critical with its length L = 2k7 and k € N* satisfying

Alm,n) € N* x N* with m? + mn +n? = 3k* and m # n.

For those values of L, the unreachable space M of the associated linear system is a
one-dimensional linear space generated by the function 1 — cos(x). As for the other
types of critical domains, the nonlinear system (1.2) was shown later by Cerpa [4] and
Cerpa and Crépeau in [6] to be locally, large time exactly controllable.

THEOREM C (Cerpa [4] and Cerpa and Crépeau [6]). Let L € N be given.
There exists a Ty, > 0 such that for any T > Ty, there exists § > 0 such for any
ug, ur € L*(0,L) with

luollz20,L) + |lurllL2(0,2) <,
there exists g € L*(0,T) such that the system (1.2) admits a unique solution
u e C([0,T); L*(0,L)) N L*(0,T; H' (0, L))
satisfying
w(z,0) = uo(x), u(z,T)=ur(x).

In this paper, we will investigate the boundary control system (1.1) of the KAV
equation posed on the finite domain (0, L) with the Neumann boundary conditions to
see if it possesses similar control properties as that possessed by the boundary control
system (1.2). First we will study the following linearized system associated with (1.1),

ut + (1 + B)ug + Ugge =0 in (0,L) x (0,7),
(1.5) Uz (0,1) = 0, uz(L,t) = h(t), uge(L,t) =0 in (0,7,
u(z,0) = uo(x) in (0, L),

where 3 is a given real constant. For any 8 # —1, we define

2m . km N
(1.6)  Rp .:{\/ﬁ\/kukuzz’ k1 eN }u{Tm.kGN }

The following theorem is one of the main results in this paper.

THEOREM 1.1.

(i) If B # —1, the linear system (1.5) is exactly controllable in the space L*(0, L)
if and only if the length L of the spatial domain (0, L) does not belong to the
set Rg.

(ii) If B = —1, then the system (1.5) is not exact controllable in the space L*(0, L)
for any L > 0.

The next theorem addressing controllability of the nonlinear system (1.1) is an-
other main result of the paper.

THEOREM 1.2. Let T > 0, 8 # —1, and L ¢ Rg be given. There exists a 6 > 0
such that for any ug,ur € L?(0, L) with

lluo — Bllz2(0,) + llur — Bllz2(0,L) <9,

one can find a control input h € L?(0,T) such that the system (1.1) admits a unique
solution
u € C([0,T]; L*(0, L)) N L*(0, T3 H' (0, L))
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satisfying
u(z,0) =uo(x), w(z,T)=ur(x).

The following remarks are now in order.

Remark 1.3. In the case 3 = 0, N is a proper subset of Rg. The linear system
(1.5) has more critical length domains than that of the linear system (1.3). In the
case f = —1, every L > 0 is critical for the system (1.5). By contrast, if we remove
the term w, from the equation in (1.3), every L > 0 is not critical for the system
(1.3).

Theorem 1.1 will be proved using the same approach that Rosier used to estab-
lish Theorem A. However, one will encounter some difficulties that demand special
attention. The adjoint system of the linear system (1.5) is given by

e+ (14 B)g + Ypge =0 in (0,L) x (0,7,
(1 =+ ﬂ)w(ovt) + 1/)m(0, t) =0 in (Oa T)a
(17) (1 + ﬂ)w(La t) + ¢zz(La t) =0 in (Oa T)a
¥:(0,¢) =0 in (0,7),
¢($aT) = '@[]T(x) in (O,L).

It is well known that the exact controllability of system (1.5) is equivalent to the
following observability inequality for the adjoint system (1.7):

(1.8) [[Yrllz200,0) < CllYe (L, )||L2(0,1)-

However, the usual multiplier method and compactness arguments as those used in
dealing with the system (1.7) only lead to

(1.9) 1erl7200,0) < Cullvoa (L, )220, + Call¥ (L 120,17 -

One has to find a way to remove the extra term present in (1.9). For this, a tech-
nical lemma presented below, which reveals some hidden regularities (or sharp trace
regularities) for solutions of the adjoint system (1.7), is needed.

LEMMA 1.4 (hidden regularities). For any 7 € L?(0, L), the solution
¢ € C([0,T]; L*(0, L)) N L*(0,T; H'(0, L))
of IBVP (1.7) possesses the following sharp trace properties

(1.10) sup ||0p(, )
0,L)

e

||H13r(O)T) < Crl[thol|L2(0,1)

forr=20,1,2.

The sharp Kato smoothing properties of solutions of the Cauchy problem of the
KdV equation posed on the whole line R due to Kenig, Ponce, and Vega [12] will play
an important role in the proof of Lemma 1.4.

Following the work of Rosier [16], the boundary control system of the KdV equa-
tion posed on the finite interval (0, L) with various control inputs has been intensively
studied (cf. [9, 10, 11] and see [5, 18] for more complete reviews):

Ut + Uy + Uy + Uggr = 0 in (0,L) x (0,7,
(111) U(O,t) = gl(t)v u(Lvt) = gQ(t)v uz(Lvt) = gS(t) in (OvT)v
u(z,0) = up(x) in (0,L).
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The system (1.11) has been found to have an interesting property: it behaves like a
parabolic system if control only applied on the left end of the spatial domain (0, L)
(g2 = g3 = 0): the system is only null controllable; but if control is allowed to apply
on the right end of the spatial domain (0, L), the system behaves like a hyperbolic
system which is exactly controllable. Moreover, the critical length phenomenon occurs
only in the case that just one control is applied to the right end of the spatial domain
(0,L).

In this paper we will also show that the boundary control systems of the KdV
equation posed on (0, L) with Neumann boundary conditions,

(1.12)
Up + Up + UUp + Ugge = 0 in (0,L) x (0,7,
Uz (0,8) = ha(t), ug(L,t) = ha(t), uzs(L,t) = hs(t) in (0,7,
u(z,0) = uo(x) in (0, L),

possess similar properties.

THEOREM 1.5. Let T > 0 and L > 0 be given. There exists § > 0 such that for
any ug, ur € L?(0, L) with

lluollz20,) + |lurllr2(0,2) <6,

one can find hi, ha, and hs satisfying one of the conditions below:
(i) hy € H3(0,T) and hy € L2(0,T), hs = 0;
(i) he € L2(0,T), hs € H™3(0,T), and hy = 0;
(iii) hy, hs € H3(0,T), hy =0,
such that the system (1.12) admits unique solution

u € C([0,T]; L*(0, L)) N L*(0,T; H*(0, L))
satisfying
u(z,0) =uo(x), w(z,T)=ur(x).

If all three boundary control inputs are used, then the system (1.12) has much
stronger controllability; it is locally exactly controllable around any smooth solution
of the KdV equation in the space H*(0,L) for any s > 0 and is large time globally
exactly controllable in the space H*(0, L) for any s > 0.

THEOREM 1.6. Let T > 0, s > 0, and L > 0 be given. Assume that y €
C>*(R, H*(R)) satisfies

yt+yw+yyw+ywww:0, (f,t) c R xR.

Then, there exists § > 0 such that for any ug,ur € H*(0, L) with

lluo =y (-, )£+ 0,2y + lur — y (-, T s (0,2) <9,

one can find
s—1 s s—1
hi € H3 (0,T), ha e H3(0,T), hg € H 3 (0,T)

such that system (1.12) admits a unique solution
u € C([0,T]; H*(0, L)) N L*(0,T; H**(0, L))

satisfying
u(z,0) =uo(x), w(z,T)=ur(x).
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THEOREM 1.7. Let L > 0 and v > 0 be given. There exists a T > 0 such that for
any ug, ur € L?(0, L) satisfying

lluoll 2(0,2) + llurllL20,2) < 75

one can find ) )
hy € H3(0,T), ho € L*(0,T), hs € H 3(0,T)

such that system (1.12) admits a unique solution
u € C([0,T]; L*(0, L)) N L*(0, T3 H' (0, L))

satisfying
u(x,()) :U()(QI), U(QZ,T) ZUT(ZIJ)
Finally, if we consider the system with control only acting on the left end of the
spatial domain (0, L),

U + Up + Uppe + Uy =0 in (0,L) x (0,7),
(1.13) Uz (0,8) = h1 (), ug(L,t) =0, uze(L,t) =0 in (0,7),
u(z,0) = uo(x) in (0, L),

we have the following null controllability result.

THEOREM 1.8 (null controllability). Let T' > 0 be fized. For ug € L2(0,L), let
@ € C([0,TT; L*(0, L)) N L*(0, T; H'(0, L))

be the solution of the following system

Uy + Ty + e + Wiy = 0 in (0,L) x (0,T),
(1.14) Uz (0,8) =0, Tp(L,t) =0, Upy(L,t) =0 in (0,T),
u(x,0) = up(x) in (0,L).

Then, there exists 6 > 0 such that for any ug € L?(0, L) satisfying
l|uo — Tol|L20,L) <0,

there exists hy(t) € L?(0,T) such that the solution u(z,t) of the system (1.13) belongs
to the space
C([0,T]; L*(0, L)) N L*(0,T; H'(0, L))
and satisfies
u(z, T) =1u(z,T) in (0,L).

The paper is organized as follows.
In section 2, we study the nonhomogeneous boundary value problem of the KdV
equation on the finite interval (0, L),

(1.15)
Ut + Uz + Uy + Ugge = 0 in (0,L) x (0,7),
Uz (0, 1) = h1(t), uz(L,t) = ha(t), ug(L,t) = hs(t) in (0,7),
u(z,0) = up(x) in (0,L)

for its well-posedness in the space L?(0,L). We will show that the system (1.15) is
locally well-posed in the space L2(0, L): for any ug € L?(0, L),

hy € H 3 (RT), hy € L2(RT), and hg € H™3(R*),



NEUMANN CONTROLLABILITY OF THE KdV EQUATION 3509

there exists a T' > 0 such that (1.15) admits a unique solution
w € C(0,T); L(0, L)) N L2(0,T; HY(0, 1).

Various linear estimates including hidden regularities will be presented for solutions of
the linear system associated with (1.15), which will play important roles in studying
controllability of the system.

In section 3, the boundary control system (1.1) will be investigated for its control-
lability. We investigate first the linearized system (1.5) and its corresponding adjoint
system (1.7) for their controllability and observability. In particular, the hidden reg-
ularities for solutions of the adjoint system (1.7) will be presented and then be used
to prove Theorems 1.1 and 1.2.

The sketch of proofs of Theorems 1.5 and 1.8 will be presented in section 4 together
with the proofs of Theorems 1.6 and 1.7.

We end our introduction with a few more comments. Having shown the nonlinear
system (1.1) is locally exactly controllable (Theorem 1.2) if the length of the spatial
domain is not critical, one naturally would like to show the system (1.1) is still locally
exactly controllable when the length of its spatial domain is critical as in the case of
system (1.2) (see Theorem C). We believe that the same approach developed in [4, 7, 8]
to prove Theorem C for the system (1.2) can be adapted to obtain similar results
for system (1.1). However, the Neumann boundary conditions present some extra
difficulties. In particular, the adjoint linear system associated with (1.1) is different
from the adjoint linear system associated with (1.2). The unobservable solutions of the
adjoint system associated with (1.1) are not the solutions of the forward linear system
associated with (1.1). When using the power series expansion method proposed in [7],
there are more terms appearing that demand special handling. We plan to continue
to study system (1.1) with the critical length for its controllability and present our
results in a forthcoming paper.

2. Well-posedness. In this section, we will show the IBVP
(2.1)

Ut + Uy + Uy + Uggr = 0 in (0,L) x (0,7,
gz (0,8) = hy(t), ux(L,t) = ha(t), uz(L,t) = hs(t) in (0,7),
u(z,0) = up(x) in (0,L)

is locally well-posed in the space L?(0, L) with ug(x) € L?(0, L) and
hi, hs € H 3(0,T),  hy € L2(0,T).

We begin by considering the following linear nonhomogeneous boundary value
problem,
(2.2)
Wi + Wype =0,  w(z,0) =0, z € (0,L),t>0,
{ Wee (0,8) = h1(t), we(L,t) = ha(t), wee(L,t) = hs(t), t>0.

First, we derive an explicit solution formula for its solution. Applying the Laplace
transform with respect to ¢, (2.2) is converted to

(2.3) { Wey (0, 8) = izl(s), Wy (L, 8) = izz(s), Wea (L, 8) = ﬁg(s),

where oo
w(z,s) = / e Stw(x, t)dt
0
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and

—+oo
hj(s)z/o e *'h;(t)dt, j=1,2,3.

The solution w(x, s) can be written in the form

3
ZIJS Z )\(sw

where A;(s), j = 1,2, 3, are the solutions of the characteristic equation
s+A =0

and ¢;(s), j = 1,2, 3, solve the linear system

2 2 2 R
)\1 )\2 A3 01 h,l
(24) )\16)‘11’ )\2€A2L /\36)‘31’ Co = h2
2 ML 2 AL 2 AsL C3 ﬁ3
AfeMt Azet?t \zed
) h
By Cramer’s rule,
Aj(s) .
P = =1,2,3
C] A(S) ) j » &y

with A the determinant of A and Aj; the determinant of the matrix A with the jth
column replaced by h. The solution w(z,t) for (2.2) can be written in the form

3
(2.5) w(x,t) =Y wn(x,t),

where wp, (x,t) solves (2.2) with h; = 0 when j # m, j,m = 1,2,3. Using the inverse
Laplace transform yields

1 r+1i00 r+1i00 A N
w(z,t) = 2—m/ . w(zx,s)ds = Z 2772/ et ()7 g

—100

for » > 0. Combining this with (2.5) we can write the values of w,, as follows for
m=1,2,3,

r+1i00 R
x t Z 271'2[ A j(S)rh ( )dS _[ mj(t)hm](x).

In the last two formulas, the right-hand sides are continuous with respect to r for
r > 0. As the left-hand sides do not depend on 7, we can take » = 0 in these formulas.
Moreover,

wj7m($a t) = w;-fm(x,t) + wj__m(x,t),

where
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and

>

m(5)eN ()2 ds

_ L2 Bm(s)
wj , (,1) = i [iwe
for j,m = 1,2,3. Here Aj,,(s) is obtained from Aj(s) by letting hm(s) = 1 and
hi(s) = 0 for k # m, k,m = 1,2,3. Make the substitution s = ip® with p > 0 in the
characteristic equation

s+ A =0.

The three roots are given in terms of s by

(2.6) Ai(s) = is, AZ(S):_Z-S<1+2“/§>7 /\3(8)=—i5<1_i\/§>,

thus w;fm has the following form

1 [t o AT (p).
w*m(a:,t) . / 61p3t Js (p) h;(p)eA;(P)zgindp
I 211 0

and

w;, (2,t) = w;fm(a:, t),

where If(p) = ham(ip®), A*(p) = AGip®), Al () = Ajm(ip?), and XS (p) =
Aj(ip%) = A;(s).
Then the solution of the IBVP (2.2) has the following representation.

LEMMA 2.1. Given h = (h1,ha, hs), the solution w of the IBVP (2.2) can be
written in the form

3
w(z,t) = [Wharh](z, 1) == > [Wjmhm](,1).

j,m=1
Let h := (hy, ha, hs) € Hr with
Hp = H 3(0,T) x L*(0,T) x H5(0,T)

and
Zp = C([0,T); L*(0,L)) N L*(0,T; H'(0, L)).

The following lemma holds, for solution of the system (2.2).

PROPOSITION 2.2. Let T > 0 be given. For any h € Hr the system (2.2) admits
a unique solution w € Zp. Moreover, there exists a constant C > 0 such that

Lo (0,L;H 5 (0,T)) < Clhllaer

2
lwllzr + Y [[0Jwl|

j=0
Proof. As we stated above, the solution w can be written as

w(z,t) = wi(z,t) + wo(z, t) + ws(z, t).

We just prove Proposition 2.2 for w;. The proof for wy and ws are similar. Some
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A+
straightforward calculations show that the asymptotic behavior of the ratios ((g)

as p — +00 are

MAG) | BL0) g MO o g
At (p) T AT (p) T AT (p) ’
ML) ML) ML)
At (p) ’ At (p) At (p) ’
Aalo) | o AL | osfpr Bdsl)
At (p) ’ At(p) At(p) '
Since
3. oo +
3 +on AT (p) -
- = eir’t A (p)z —3 1§+ 2
'UJl(ﬂf,t) T ;A A+(p) hl (p)p dp7
we have

sup [foaC Dl < C [ 2l P
te(0,T)

< Cllm|)? R

< C[Al}er.-

Furthermore, for [ = 0, 1,2, let us to consider () the real solution of u = p?, p > 0,
thus

0 e D)5,
w1 x, zp teAj (p)x —J,1 9
pwn (1) Z / S o)t
_ § e + Leint )\+(0(M))wA 7,1 1(0(w)) » ;
== J_Zl/o (A (0(r))) A 000 ha (i) dp.

Applying the Plancherel theorem, in time ¢, yields that, for all z € (0, L)

2

5,4 AL O
. N < 20D |4 pH1y AT (B 2,1 WK )| d
05 M s, < CF | oy e 0 TS )
+oo 5 | » 2
SC/ pos hl(iu)‘ dp
<climlly,
§O||h||HT

for [ =0,1,2. Consequently

su 8iw x,- - < Clh , 1=0,1,2
IG(OIE)L)H @l ETT, 17|71

which ends the proof of Proposition 2.2 for w;. d
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Next we turn to consider the following IBVP:

Ut+vwww:f; CEG(O,L),t>O,
(2.7) Ve (0,8) = 0, v (L,t) =0, vee(L,t) =0, t>0,
’U(Q},O) = (b(ﬂ?), S (O,L)

By semigroup theory, for any ¢ € L?(0, L) and f € L*(0,T; L%*(0, L)), it possesses a
unique mild solution u € C([0,T]; L?(0, L)) which can be written as

(o, ) = Wo(t)¢+/0 Wo(t — 7)f()dr

Here {Wy(t)}+>0 is the Cp-semigroup in the space L?(0, L) generated by linear oper-
ator

with domain
D(A) ={g € H*(0,L): g"(0) = ¢'(L) = ¢"(L) = 0}.

In order to show that the solution w of (2.7) also possesses the Kato smoothing
property
u e L*(0,T; HY(0,L))

and the hidden regularity (the sharp Kato smoothing property)

k

OFue L=0,L; H = (0,T)), k=0,1,2,
we rewrite u in terms of boundary integral operator Wy, (t) and the solution of the

following initial value problem of the linear KdV equation posed on the whole line R,

= +
(2.8) { Ut + Vezz = g(2,1), T ER, teRF,

v(z,0) = p(z).

Recall that the solution v(x,t) can be written as

v(z,t) = Wr(t)y —I—/O Wr(t — 7)g(7)dr,

where {Wg(t)}icr is the Cy group in the space L?(0, L) generated by the operator
Kg = —¢"” with domain D(K) = H3(R). The following results are well known for
solutions of (2.8) (see, e.g., [12]).

PROPOSITION 2.3. For any v € L?*(R) and g € L*(R; L%(R)), (2.8) admits a
unique mild solution v € C(R; L*(R)) satisfying

[o( 2@y < C (1912 + 19l L1 ®ic2m®y)  for any t € R.
Moreover, the solution v possesses the sharp Kato smoothing properties
v € L®(R; H*V/3(R))

and
1050l e (s r- 73 Yy < Ck (¥l 2wy + N9l sz @)
for k=0,1,2.
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For ¢ € L2(0,L) and f € L'(0,T; L%(0, L), let

and
s flat) if e (0,L) % (0,T),
f(“:’t)_{ ' 0.L) x (0,T

We have ¢ € L2(R), f € L'(R; L*(R)), and

6l L2y = 6llz20.0ys Il rz2@)y = I1F1lro.m020.0))-
Let .
o) = W3+ [ Walt—n)f(r)dr
0

and

q1 (t) = VUzzx (Oa t)v q2 (t) = Vg (Lv t)a q3 (t) = VUzzx (La t)v Lj‘(t) = (Q1 (t)v qz (t)v q3 (t))

Then v(z,t) solves (2.8) with ¢ and g replaced by ¢ and f, respectively, and

(e, t) = Wa(t)d + / Wa(t — 1) f(r)dr — Waar ()7

solves the IBVP (2.7). The following proposition then follows from Propositions 2.2
and 2.3.

PROPOSITION 2.4. Let T > 0 be given. For any ¢ € L*0,L) and f €
LY(0,T;L3(0,L)), the IBVP (2.7) admits a unique mild solution v € C(0,T; L?(0, L))N
L2(0,T; HY(0,L)) satisfying
[oll Lo o.7:22(0.) + 10l 20,01 0.1))) < C (191l 220,y + 1l Lr0.7:220,1))) -
Moreover, the solution v possesses the sharp Kato smoothing properties
Okv € L(0, L; H*F=1/3(0,T))
and
10501l Low 0, ;1= 73 0,7y) < Ck (€1l L200,L) + 11122 0,1322(0,2)))
for k=0,1,2.

Combining Propositions 2.3 and 2.4 together leads to the result for the following
IBVP:

(2.9)
Vt + Vgpga = f in (0, L) X (0, T),
Ve (0,8) = h1(t), ve(L,t) = ha(t), vee(L,t) = hs(t) in (0,7),
v(z,0) = vo(z) in (0, L).

PROPOSITION 2.5. LetT > 0 be given, for anyvo € L?(0,L), f € L'(0,T; L?(0, L)),
and
B = (hy,ha,h3) € Hy = H™5(0,T) x L*(0,T) x H~3(0,T),
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the IBVP (2.9) admits a unique solution
v € Zr = C([0,T]; L*(0,L)) N L*(0,T; H'(0, L))

with
0Fv e L0, L;H = (0,T)) fork=0,1,2.

Moreover, there exists C' > 0 such that

||v||zT+Z|| o porr o < € (1oollzzo.zy + [Bll + 111121 02200

The next proposition states similar hidden (or sharp trace) regularities for the
linear system

yt+yw+ywww:f; CEE(O,L),t>O,
(2'10) y(Ovt) = gl(t)v yw(L,t) = 92(t)7 yww(Lvt) = g3(t), t>0,
y(z,0) = yo(z), z e (0,L),

associated with (1.2).

PROPOSITION 2.6. Let T > 0 be given, for anyyo € L*(0,L), f € L*(0,T; L*(0, L)),
and

7= (91,92,93) € Gr = H5(0,T) x L*(0,T) x H~3(0,T),
the IBVP (2.10) admits a unique solution y € Zp. Moreover, there exists C' > 0 such
that
yllz < C (Ilyollz2(0,L) + N1dllgr + I1f1lL10,13220,1))) -
In addition, the solution y possesses the following sharp trace estimates
(2.11)

sup [|9,y(z, )| 1 Cr (Ilyollz2(0,) + 13llgr + I f1lLr0,1:L2(0,2))) »
2€(0,L) " (0, T)

forr=20,1,2.
The proof of Proposition 2.6 can be found in [1, 14].
Remark 2.7. The systems

(2.12)
vt+Uw+vwww:f CEE(O,L),t>O,
Vg (0,8) = he(t), vy (L,t) = ha(t), vya(L,t) = hs(t) t>0,
v(z,0) = vo(x) r € (0,L)
and
yt+yw+ywww:f; CEE(O,L),t>O,
y(z,0) = yo(z), z € (0,L),

are equivalent in the following sense:

Given {uy, f, h1, ha, hs} one can find {yo, f, g1, g2, g3} such that the corresponding
solution u of (2.12) is exactly the same as the corresponding y for the system (2.13)
and vice versa.
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In fact, for given ug € L2(0, L), f € L'(0,T; L*(0, L)), and h € Hr, system (2.12)
admits a unique solution u € Zp. Let yo = ug and set

g1(t) = ha(t), g3(t) = ha(t), ga(t) = ha(t).

Then, according to Proposition 2.6, we have § € G;. Due to the uniqueness of the
IBVP (2.13), with the selection {yo, f, g1, 92,93}, the corresponding solution y €
Zp of (2.13) must be equal to u since u also solves (2.13) with the given auxil-
iary data {yo, f,91,92,93}. On the other hand, for any given yo € L?(0,L), f €
LY (0,T;L?0,L)), and § € Gr, let y € Zr be the corresponding solution of the sys-
tem (2.13). From (2.11), we have 3, (0,-) and y,.(L,-) € H~3(0,T). Thus, if we set
ug = yo and

ha (t) = uiE(Oa t)v hQ(t) = g3(t)a h3(t) = uiz(LvT)v

then h € Hr and the corresponding solution u € Zp of (2.12) must be equal to y
which also solves (2.12) with the auxiliary data (ug, f, h).

Finally, we are at the stage to prove the well-posedness of the following nonlinear
system,

(2.14)
Up + Up + UUg + Ugge = 0 in (0,L) x (0,7,
Upz(0,8) = hy(t), uz(L,t) = ha(t), uz(L,t) = hs(t) in (0,7),
u(z,0) = up(x) = ¢(x) in (0,L).

For given T > 0, define
Xp o= L2(0,L) x H™5(0,T) x L2(0,T) x H~5(0,T)
and
Zr = C([0,T); L*(0,L)) N L*(0,T; H*(0, L).

THEOREM 2.8. Let T > 0 and r > 0 be given. There exists a T* € (0,T] such
that for any (¢, h) € Xp with

—

(@, W)l xr <7,
the IBVP (2.14) admits a unique solution

u € Zpx.

In addition, the solution u possesses the hidden reqularities

1—

OFu e L2°(0,L; H's (0,T%)), k=0,1,2,
and, moreover, the corresponding solution map is Lipschitz continuous.
Proof. Since the proof is similar to that presented in [1, 13], we will omit it. O

3. Boundary controllability. In this section, we study exact boundary con-
trollability of the system

Up + Up + UUp + Ugge = 0 in (0,L) x (0,7,
(3.1) Uz (0,8) = 0, uy(L,t) = h(t), ug(L,t) =0 in (0,7),
u(z,0) = up(x) in (0,L)
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around a constant steady state u = ¢. As is easy to see by letting u = v + ¢, it is
equivalent to studying the exact boundary controllability of the following system

vt + (¢4 1)vgy + vUg + Vg =0 in (0,L) x (0,7,
(3.2) Vp5(0,8) =0, vy (L,t) = h(t), vy (L,t) =0 in (0,7),
v(z,0) = vo(x) in (0,L)

around the origin 0 instead. We have the following exact controllability results for
the system (3.2).

THEOREM 3.1. Let T >0, c+1+#0, and

2m " km "
(3.3) LﬁéRc.—{mv/@—l—kl—l—l?.k,leN}U{—m.keN}

be given. Then there exists a § > 0 such that for any vo,vr € L*(0, L) with
llvollr2(0,z) + llvrllL2(o,) < 0
one can find h € L*(0,T) such that the system (3.2) admits a unique solution
v € C([0,T]; L*(0, L)) N L*(0,T; H'(0, L))

satisfying
v(z,0) =vo(z), v(z,T)=wvp(z) in (0,L).
To prove the Theorem 3.1, we first consider the linear system associated with
(3.2)

vt + (¢ 4+ 1)vg + Vgge =0 in (0,L) x (0,7),
(3.4) Ve (0,8) = 0, v (L, t) = h(t), vee(L,t) =0 in (0,7),
v(x,0) = vo(x) in (0,L)
and its adjoint system
Ui+ (c+ Dby + Ygze =0 in (0,L) x (0,7,
(c+ 1)9p(0,¢) + 12(0,8) =0 in (0,7),
(3.5) (c+ D)p(L,t) + (L, t) =0 in (0,7),
Y5(0,t) = in (0,7,
1/)(3% T) = 1Z)T(x) in (Ov L)

Note that by transformations ' = L —x and t' = T — ¢, the system (3.5) is equivalent
of the following forward system

¢+ (c+ 1)ps + Paaz =0 in (0,L) x (0,T),
(c+1)¢(0,1) + ¢42(0,1) =0 in (0,7),
(3.6) (c+1)(L,t) + uu(Lyt) =0 in (0,T),
v (L,t) =0 in (0,7),
p(x,0) = po(x) in (0,L)

PROPOSITION 3.2. For any o € L?(0, L), system (3.6) admits a unique solution
@ € Zp which, moreover, possesses the following hidden regqularities

3.7 @, ) 1w <G
(3.7) weS(tsz)ll (@ a5z gy < Crlleollzzo.n

forr=20,1,2.
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Remark 3.3. Equivalently, for any ¢y € L?(0,L), the system (3.5) admits a
unique solution ¢ € Zp which, moreover, possesses the hidden regularities

(33) 5 26 My 15 gy < Crllvrlzzo

forr=0,1,2.
Proof of Proposition 3.2. Let us consider the set

r

Xr={u€ Zp:0ueLX0,L;H 5 (0,T)),r=0,12}

which is a Banach space equipped with the norm

2
lullar = llullzz + D |0}l
=0

1—1r .
L (0,L;H™3 (0,T))

According to Proposition 2.5, for any v € X3 where 0 < 3 < T and any ¢o € L*(0, L),
the system

Wy + Wagy = —(c+ 1)vy in (0,L) x (0,7,
Wee (0,1) = —(c+ 1)v(0, t) in (0,7),

(3.9) Wez (L, t) = —(c+ Dv(L, 1) in (0,7),
we(L,t) =0 in (0,7),
w(,0) = go(x) in (0, L),

admits a unique solution w € Az and, moreover,
l|wl]

< € (IWollzz0.0) + 1000, .3 1Ny o + alliro sz
where the constant C' > 0 depends only on T'. As we have,

vellzr0,6:220,0)) < CBY?[v]] x5
100,305 < 10002 0,6) < B22([0(0, )l s (0,6)
< CB*3((0,-) < OB [v]| s

a3 0.0
and
2/3
1o(Ly -3 .9) S V(L) 220,) < B Bv(L, )| Lo (0,6)
< COPINL, Ny 5y < CF 0l

the system (3.9) defines a map as follows:

I: X5—> Xg,
v T'w)=w

for any v € Xr and 3 € (0, min{1,T}]. Here w € X3 is the corresponding solution of
(3.9) and
IT @)%, < Chllvollz2(0,L) + C2B"?| ]| x5,
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where Cy and Cy are two positive constants depending only on T'. Choosing r > 0
and § € (0,min{1, T}] such that

r = 2C1|[vol|22(0,1)

and 1
20251/2 < 57
then, for any
v € Bgr={veXs:|jv|lx, <7},

we have
L)y <7

Moreover, for any vy, v2 € Bg,, we get

1
T (v1) — T(v2)| |2y < 2C2B"2 o1 — 2|, < §||U1 — v2|as-

Therefore, the map I is a contraction mapping on Bg ;.. Its fixed point w = I'(v) € X3
is the desired solution for ¢ € (0, 3). As the chosen [ is independent of ¢y, the standard
continuation extension argument yields that the solution w belongs to X7. The proof
is complete. ad

The system (3.6) possesses an elementary estimate as described below.

PROPOSITION 3.4. Any solution ¢ of the adjoint system (3.6) with initial data
o € L?(0, L) satisfies

(3.10) ||<P0||L2 ©o.L) = ||<P||L2 ((0,L)x (0,)) F ¢ (0 a')||2L2(0,T)+(C+1)||<P(Oa')||%2(0,T)'

Proof. Multiplying the equation (3.6) by (T' — t)¢ and integrating by parts over
(O,L) x (0,T), we get

/ / P dudt +/ <¥) (—(c+ D@3 (L) + (e + 1)3(0) + ¢2(0)) dt,
which yields (3.10) since ¢+ 1 > 0. 0

Equivalently, the following estimate holds for solutions v of the system (3.5):
(3.11)

197l1Z200.0) < |I¢IIL2 0.0)x 0.1y + (€ + DL, L2001y + 102 (L L2 0.1)-

Remark 3.5. As a comparison, it is worth pointing out that for the adjoint system
of (2.10), which is given by

ft"’gr"'fzzzzo in (O,L)X(O T),
(3.12) £(0,t) =0, £(L,t) =0, &(0,t) =0 in (0,7),
&z, T) =&ér(x) in (0,L),

the following inequality holds:

(3.13) €722 (0,1 —||€||L2((o pyx(0,1)) + €Ly T2 0.7y
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The extra term || (L, -)||%2(O)T) in (3.11) brings a technique difficulty in establishing

the observability inequality of the adjoint system (3.5), which calls the use of the
hidden regularities established in Proposition 3.2.

Now we turn to analyze the exact controllability of the linear system (3.4).
PROPOSITION 3.6. Assume ¢+ 1 # 0. Let T > 0 and L ¢ R. be given. There
erists a bounded linear operator

U L2(0,L) x L*(0,L) — L(0,T)

such that for any vo,vr € L?(0, L), if one chooses hy = ¥ (vg,vr), then system (3.4)
admits a solution v € Zr satisfying

V|¢=0 = o, V|t=1 = vr.

Proof. Tt suffices to prove the following.
For any given L € (0,400)\R, and T > 0 , there exists a positive constant C
depending only on T and L such that

(3.14) l[Yrllz20,0) < CllYe (L, t)||22(0,1)

holds for any 1 € L?(0, L), where ¢ is the solution of (3.5) with the terminal data

Yr.
We proceed by contradiction as in [16, Proposition 3.3]. If (3.14) does not hold,
then there exists a sequence {¢%},en € L?(0, L) with

(3.15) [[Y7llz20,0) =1 Vn €N
such that the corresponding solutions of (3.5) satisfy

(3.16) L= 107llL20,y > 1|y (L, t)]| 20,1,

thus |47 (L, t)|[z2(0,7) — 0 as n — oo. Thanks to Proposition 3.2 we have {1)" } e is
bounded in L2(0,T; H'(0, L)) and {¢"(L, t) }nen is bounded in H% (0, T). In addition,
according to Proposition 3.4, we have

(3.17)

n ]' n n n
||¢T||L2(0,L) < T'WJ ||%2((0,L)X(Q7T)) + ||ww (L, ')||%2(O,T) + (C + 1)||¢ (L, ')||%2(07T)'

Since ¥ = —(c+ 1)y — 7, . is bounded in L?(0,T; H=2(0, L)) and the embedding

H'(0,L) < L*(0,L) — H~%(0, L),

the sequence {¥"},¢n is relatively compact in L?(0,T; L?(0, L)) (see [22]). Further-
more, the second term on the right in (3.17) converges to zero in L%(0,T), and by the
compact embedding )

H=(0,T) <~ L*(0,T),

the sequence {1"(L,t)}nen has a convergent subsequence in L?(0,7). Therefore by
(3.17), {¢%}nen is an L?(0, L)-Cauchy sequence, thus, at least for a subsequence, we
have

(3.18) P — pr in L*(0, L),
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by Theorem 3.2 holds that
(3.19) Y™ (L, t) — by (L,t) in L*(0,T).
From (3.15), (3.18), and (3.19), we have 9 is a solution of

Y+ (c+ Dby + Yuge =0 n (0,L) x (0,T),
(3.20) (¢ +1)v(0,1) + Yae(0,2) = 0 in (0,7),
' (c+ DY(L,t) + thae(L,t) =0 in (0,T),
¥(0,1) =0 in (0,7),
satisfying the additional boundary condition
(3:21) (L) =0
and
(3.22) [[Y7|lL2(0,) = 1.

Notice that (3.22) implies that the solutions of (3.20)—(3.21) cannot be identically
zero. Therefore, by the following Lemma 3.7, one can conclude that ¢ = 0, therefore,
r(x) = 0, which contradicts (3.22). 0

LEMMA 3.7. For any T > 0, let Ny denote the space of the initial states Yp €
L?(0, L) such that the mild solution v of (3.20) satisfies (3.21). Then, for L €
(0, +0)\R., Ny = {0} VT > 0.

Proof. The proof uses the same arguments as those given in [16]. Therefore,
if Np # {0}, the map ¢yr € CNy — A(ypr) € CNp (where CNp denotes the
complexification of Nr) has (at least) one eigenvalue, hence, there exists A € C and
Yo € H3(0,L)\{0} such that
(3.23)

{ AMpo = —(c+ 1)thg — g,
(¢4 1)¢o(0) +¢6(0) =0, (c+1)to(L) + 5 (L) =0, ¥5(0) =0, ¥4(L) =

To conclude the proof of Lemma 3.7, we prove that this does not hold if L ¢ R.. To
simplify the notation, henceforth we denote 1y := . a

LEMMA 3.8. Let L > 0. Consider the assertion

A =—(c+1)¢ — w’"
¢+ 1)(0) +¢7(0) =
¢+ 1)y(L) +4"(L) =
P'(0) =0, ¢'(L)= 0-

(F) INe€C, I € H3(0,L)\{0} such that

—~

Then, (F) holds if and only if L € R..

Proof. We will use the argument developed in [16, Lemma 3.5]. Assume that
satisfies F. Let us introduce the notation 1(§) = fOL P(€)e ™ dz. Then, multiplying
(3.23) by e~ ¢ integrating by parts in (0, L), and using the boundary condition we
obtain

(324) (v e+ 1)) + (VL) = (1€)0(0) — (€)*H(L)e <.
Setting A = —ip, we have

(3.25) h(€) = —i€?
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with
Using the Paley—Wiener theorem (see [23, Section 4, p. 161]) and the usual char-

acterization of H2(R) by means of the Fourier transform we see that JF is equivalent
to the existence of p € C and

(e, B) € C\{(0,0)},

such that _
a— Be—zL&
& —(c+E+p

fe)=¢

satisfies
(a) f is an entire function in C;

(MAWM%+HW%<w;

(c) V€ € C, we have that [f(€)] < c1(1 + |€])*elI ™ &l for some positive constants
c1 and k.

Recall that f is an entire function if only if the roots &p,&1,&2 of Q(&) :=
€ — (¢ +1)€ + p are roots of

(3.26) 5(6) = €(a — fe L),
In addition, all the roots of o — fe~*~¢ are simple, otherwise aw = 3 = 0 which implies
that ¢(0) = (L) = 0. Using the system (3.23) we conclude that ) = 0. Besides, as

¢+ 1 # 0, the three roots of Q(§) must be simple too. Let us first assume that Q(¢)
and o — Be "¢ share the same roots, we can write the three roots of Q(&) as

2 2
(3.27) & =& + k% and & =& + z%

with k and [ some positive integers, we have

(3.28) Q&) = (£ —&)(€ —&)(€ — &),
that is
S +&+& =0,
(3.29) §o&1 + o2 + &6 = —(c + 1),
&0é1&2 = —p.
Thus we have
k2 + kl+12
L = 27T W,
1 2
(3.30) fo=—50k+D)T,
p=—% (fo + k%) <§0 + (k+ 1)2%) .
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Next we assume that & = 0 is a root of Q(£), but not of a — Be~*¢ . Then three roots
of Q(£) can be written as 0, &, & + k23X with k being a positive integer. We have

& +&=0,
(331) 5162 = —(C + 1),
0= —-b,
and, consequently, it follows that
_ km
V+e)
3.32 T
( ) 51 = _kz7
p=0.

Hence, F holds if and only if L € R.. This completes the proof of Lemma 3.8 and,
consequently, the proof of Lemma 3.7. a

Finally we consider the case of ¢ +1 = 0. Then it is easy to see that £ = 0 must
be a root of Q(§); otherwise, L = co. Hence

o — Be—iLé

f&) = ¢

We must have

(3.23) becomes

¢/H =0,
(3.33) { 2/(0) =0, %’(L) =0, 1/16(0) =0, wé(L) =0, 1/10(0) = '@/JO(L)

which implies that ¢o(z) = C.
We are now ready to present the proof of Theorem 3.1.

Proof of Theorem 3.1. Rewrite the system (3.2) in its integral form
t
(3.34) v(t) = Wo(t)vg + Whar(t)h — / Wo(t — 7)(vvg) (T, z)dT.
0
For any u € Zp, let us define
T
v(T,u) = / Wo(T — 7)(uuy)dr.
0

By using Proposition 3.6, for any vg, vy € L%(0, L), if we choose
h = Y(vg,vr + v(T,u)),

then

u(t) = Wo(t)vo + Wear ¥ (v, vr + v(T, u)) — /0 Wo(t — 7)(uug ) (7, x)dr
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satisfies
u(z,0) =vo(x), w(x,T)=vr(z)+v(T,u)—v(T,u) =vr(x).

This leads us to consider the map
t
T'(u) = Wo(t)vo + War ¥ (vo, vr + v(T,u)) — / Wo(t — 7)(uug) (T, z)dr.
0

If we can show that the map I' is a contraction in an appropriate metric space, then
its fixed point u is a solution of (3.2) with h = W (vg,vr + v(T,u)) that satisfies

u(z,0) =vo(z), u(z,T)=vr(x).

Let
B, ={z€ Zr:||z||lz; <1}

By Proposition 2.5, there exists a constant C;7 > 0 such that for any u € Zp,

T
[IT(u)]|zr < Ch <||UO||L2(0,L) + 1% (vo, vr + v(T,w))||L2(0,L) +/0 ||Ww||L2(o,L)(L‘)dt) :

Furthermore, as
[ (vo, vr + v(T, u))L2(0,0) < Ca (I[voll2(0,2) + vzl 20,0y + V(T w)l|L2(0,1))
and
T
(Tl 20,1y < / uttal 20,y (1)t < Collull,
we infer that

IT(W)||zr < Cs (|[vollr20,) + llvrllz20,2)) + Callul|%,

for any u € Zp, where C5 and Cy are constants depending only T'. Thus, if we select
r and ¢ satisfying

r= 2035
and

1
4C3C40 < 5,

then the operator I maps B, into itself for any v € B,.. In addition, for any 4, u € B;.,
the similar arguments yield that

II0(u) = D@z < yllu—allz,
with v = 8C3C40 < 1. Therefore the map I' is a contraction. Its fixed point is a

desired solution. The proof of Theorem 3.1 is completed and, consequently, Theorem
1.2 follows. a
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4. Multicontrols and null controllability. In this section we will first con-
sider the following linear systems associated with (1.12):

Ut + Ugp + Ugge =0 in (0,L) x (0,7,
(4.1) Uy (0,8) = he(t), uz(L,t) = ha(t), uge(L,t) =0 in (0,7),

u(z,0) = uo(x) in (0,L),

Ut + Up + Uggy = 0 in (0, L) X (0, T),
(4.2) Uz (0,8) = 0, ux(L,t) = ha(t), uge(L,t) = hs(t) in (0,7),

u(z,0) = uo(x) in (0, L),
and

Ut + Up + Ugge =0 in (0,L) x (0,7,
(4.3) Uy (0,8) = he (), ux(L,t) =0, uge(L,t) = hs(t) in (0,7),

u(z,0) = ug(z) in (0,L).

PROPOSITION 4.1. Let T > 0 and L > 0 be given. There exists a bounded linear
operator

©: L*0,L)x L*(0,L) — H~3(0,T) x L*(0,T)
such that for any ug,ur € L?(0,L), if one chooses
(h1,h2) = O(uo, ur),
then system (4.1) admits a solution u € Zp satisfying
u(z,0) = ug(x), u(z, T) = ur(x).

PRropPOSITION 4.2. Let T > 0 and L > 0 be given. There exists a bounded linear
operator

II: L%0,L)x L*0,L) — L%(0,T) x H~3(0,T)
such that for any ug,ur € L?(0, L), if one chooses
(ha, h3) = I(ug, ur),
then system (4.2) admits a solution u € Zp satisfying
u(z,0) = uo(x), u(z, T) = ur(x).

PROPOSITION 4.3. Let T > 0 and L > 0 be given. There exists a bounded linear
operator

A: L2(0,L) x L2(0,L) — H~3(0,T)x H=3(0,T)
such that for any ug,ur € L?(0, L), if one chooses
(h1,hs) = A(ug, ur),
then system (4.3) admits a solution u € Zp satisfying

u(z,0) = ug(x), u(z, T) = ur(x).
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Propositions 4.1-4.3 follow as a consequence of the following observability in-
equalities for the solution of the backward system (1.7):

(44) el < © (18360, Oll0m) + 16e (L Dllz20m))

(4.5) Y720,y < C (||¢z(Lat)||L2(o,T) + ||A§¢(Lat)||L2(O,T)) :

and

(46)  orlleon < C (187900, )ll2m) + IAFE(L,)ll20.m))

where A; := (I — 82)2. The proofs of (4.4)-(4.6) are similar to that of (3.14).
Furthermore, Theorem 1.5 can be proved using the same arguments as that in the
proof of Theorem 3.1, their proof is thus omitted. Concerning the null controllability,
that is, the proof of Theorem 1.8, notes that for the linear system we can get the
result using the Carleman estimate provided by [11, Propositon 3] together with the
following remark.

Remark 4.4. The following systems

Ut + Uy + Ugzr = f in (0, L) X (0, T),
(4.7) Uz (0,8) = h1 (), ug(L,t) =0, uze(L,t) =0 in (0,7,
u(z,0) = uo(z) in (0,L)
and
Yt + Yz + Yzzz = f in (0, L) X (0, T),
(4.8) y(0,t) = ki (t), ya(L,t) =0, ypa(L,t) =0  in (0,7),
y(x,0) = yo(z) in (0, L)

are equivalent in the following sense: for given {uo, f, h1} one can find {yo, f, k1} such
that the corresponding solution w of (4.7) is exactly the same as the corresponding
solution y for the system (4.8) and vice versa.

Indeed, for given ug € L2(0,L), f € L*(0,T;L*(0,L)), and hy(t) € H™3(0,T),
system (4.7) admits a unique solution v € C([0,7]; L*(0,L)) N L*(0,T; H'(0, L)).
Let yo = wo and set kq1(t) = hi(t). Then, according to Proposition 2.6, we have
ki(t) € H3(0,T). Due to the uniqueness of IBVP (4.8), with the selection {yo, f,k1},
the corresponding solution y € C([0,T7]; L*(0, L)) N L?(0,T; H*(0, L)) of (4.8) must
be equal to u, since u also solves (4.8) with the given auxiliary data {yo, f,k1}.
On the other hand, for any given yo € L*(0,L), f € L'(0,T;L?(0, L)), and kq(t) €
H3(0,T),let y € C([0,T]; L2(0, L))NL2(0,T; H'(0, L)) be the corresponding solution
of the system (4.8). From Proposition 2.6, we have y,5(0,-) € H~3(0,T). Thus, if
wg = yo and hy(t) = ki(t), then hi(t) € H=3(0,T) and the corresponding solution
uw € C([0,T); L?(0,L)) N L*(0,T; H'(0, L)) of (4.7) must be equal to y, which also
solves (4.7) with the auxiliary data {uo, f, h1}.

Proof of Theorem 1.8. Consider u and @ fulfilling system (1.13) and (1.14), re-
spectively. Then ¢ = u — @ satisfies

G + Go + (% +19)s + Gare = 0 in (0,L) x (0,7),
(4.9) Goe(0,8) = h1(t), qu(L,t) =0, qua(L,t) =0  in (0,7),
q(x,0) = qo(z) := uo(x) — o(x) in (0,L).
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The objective is to find hy such that the solution ¢ of (4.9) satisfies

Given ¢ € Zr and qo := ug — g € L*(0, L), we consider the following control
problem

(410) qt + gz + (f ) + Quoz = 1wv(t7 $) in (07 L) X (Oa T)a
(4.11) 4z (0,8) = qu(Lyt) = qua(L, 1) =0 in (0,7),
(4.12) q(x,0) =qo(z)  in(0,L),

where v is solution of the following adjoint system

v+ E(t, ) Vg + Ugge =0 in (0,L) x (0,7,
v(0,t) + v2(0,8) =0 in (0,7,
(4.13) 0(L,t) 4 van(L,t) = 0 in (0,7),
va(L,t) =0 in (0,7),
v(x,0) = vo(x) in (0,L).
We can prove the following estimate
(4.14) ||q||%°°(07T7L2(O,L)) + 2||qw||2L2(07T7L2(0,L))

< C(T, L, Il z) (lgol 72 0.2y + v 1F2 (0.7 %)) -
We introduce the space
E:=C°([0,T); L*(0, L)) N L*(0, T; H*(0, L)) N H'(0,T; H2(0, L)),
and in L?((0,T) x (0, L)) the following set
B:={z€E; ||z|p <1}.

B is compact in L?((0,7) x (0, L)), by Aubin-Lions’s lemma. We will limit ourselves
to v fulfilling the condition

(4.15) oll72 0,7y xwy < Cxllaoll72(0,1y5

where C, := C.(T, L,||t||z, + 3). We associate with any z € B, solutions of the
linear system (4.7), the set

T(z):={q€ B; Fve L*(0,T) x w) such that v satisﬁes (4.15) and
q solves (4.10)—(4.12) with { = u + 5 and q(- =0}.

By the result of the linear system (see [11, Theorem 1]) and (4.14), we see that if
lgoll 120,y and T are sufficiently small, then T'(z) is nonempty for all = € B. We

shall use the following version of the Kakutani fixed point theorem (see, e.g., [24,
Theorem 9.B]).

THEOREM 4.5. Let F be a locally convex space, let B C F, and let T : B — 25,
Assume that
1. B is a nonempty, compact, convex set;
2. T(z) is a nonempty, closed, convex set for all z € B;
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3. the set-valued map T : B — 2B is upper semicontinuous, i.c., for every
closed subset A of F, T"1(A) ={z € B; T(z) N A # 0} is closed.
Then T has a fized point, i.e., there exists z € B such that z € T(z).

Let us check that Theorem 4.5 can be applied to T and
F=1L*(0,T) x (0,L)).

The convexity of B and T'(z) for all z € B is clear. Thus (1) is satisfied. For (2),
it remains to check that T'(z) is closed in F for all z € B. Pick any z € B and a
sequence {qk}keN in T'(z) which converges in F' towards some function ¢ € B. For
each k, we can pick some control function v* € L?((0,T) x w) fulfilling (4.15) such that
(4.10)—(4.12) are satisfied with £ = @ + £ and ¢"(-,T) = 0. Extracting subsequences
if needed, we may assume that as k — oo

(4.16) vP = vin L3((0,T) x w) weakly,
(4.17) ¢* — qin L*(0,T; HY(0,L)) N H*(0,T; H~2(0, L)) wealkly.

By (4.17), the boundedness of ||qk||Loo(0)T)L2(O,L)) and Aubin-Lions’ lemma, {¢"}ren
is relatively compact in C°([0, T], H=1(0, L)). Extracting a subsequence if needed, we
may assume that

¢" — ¢ strongly in C°([0,T], H~*(0, L)).

In particular, ¢(x,0) = go(x) and ¢(z,T) = 0. On the other hand, we infer from (4.17)
that
" — £¢ in L*((0,T) x (0, L)) weakly.

Therefore, (£¢*), — (£q). in D'((0,T) x (0,L)). Finally, it is clear that

oll72 0,y xwy < Cxllaoll7z(o,r)

and that ¢ satisfies (4.10) with { =@+ 5 and ¢(-,7) = 0. Thus ¢ € T'(2) and T'(2) is
closed. Now, let us check (3). To prove that 7' is upper semicontinuous, consider any
closed subset A of F' and any sequence {zk} in B such that

keN
(4.18) 2 eT YA VE>0
and
(4.19) 2~z in F

for some z € B. We aim to prove that 2 € T~!(A). By (4.18), we can pick a sequence
{qk}keN in B with ¢* € T(2¥)N A for all k, and a sequence {vk}keN in L2((0,T) x w)
such that

¢F + a5 + (@4 300 + ¢hoy = Lok (tw)  in (0,1) x (0,7),
(4.20) ¢k, (0,t) = ¢5(L,t) = ¢k, (L, t) = 0 in (0,7),

qk(x, 0) = qo(x) in (0,L),
(4.21) ¢"(x, T)=0 in (0, L),
and

(4.22) 10122 0.2y %0y < Co laoll 20,1, -
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From (4.22) and the fact that z*, ¢* € B, extracting subsequences if needed, we may
assume that as k — oo,

P = in L2((0,T) x w) weakly,

" —q in L2(0,T; H*(0,L)) N H'(0,T; H=2(0, L)) weakly,
@ —=q in C°([0,T), H~1(0, L)) strongly,

7" —q in F strongly,

2k 2 in F strongly,

where v € L2((0,T) x w) and ¢ € B. Again, q(x,0) = qo(z) and ¢(z,T) = 0. We also
see that (4.11) and (4.15) are satisfied. It remains to check that

(4.23) a+a+((a+3) q)m + Goas = Luo(t, ).

Observe that the only nontrivial convergence in (4.20) is that of the nonlinear term
(2%¢*),. Note first that

||quk||L2(O,T,L2(O7L)) < ||Zk||L°°(07T7L2(O,L))||qk||L2(O,T,L°°(O7L)) <C,

so that, extracting a subsequence, one can assume that 2F¢® — f weakly in
L?((0,T) x (0,L)). To prove that f = zq, it is sufficient to observe that for any

¢ € D(Q),
T (L T oL
// qukgodacdt%// zqpdzdt
0 Jo 0Jo

for z¥ — 2 and ¢*¢ — qp in F. Thus
2Fgk = 2q in L2((0,T) x (0, L)) weakly.

It follows that (2%¢*), — (2q), in D'((0,T) x (0,L)). Therefore, (4.23) holds and
q € T(z). On the other hand, ¢ € A, since ¢* — ¢ in F and A is closed. We conclude
that z € T~!(A), and hence T~1(A) is closed.

Thus, it follows from Theorem 4.5 that there exists ¢ € B with ¢ € T(q), i.e., we
have found a control hy € L?(0,T) such that the solution of (4.9) satisfies q(-,T) = 0

in (0,L). The proof of Theorem 1.8 is finished. O
Finally we consider the boundary control system
(4.24)
Up + Uy + UUp + Ugge = 0 in (0,L) x (0,7,
Ugz(0,8) = ha(t), ug(L,t) = ha(t), uzs(L,t) = hs(t) in (0,7,
u(z,0) = uo(x) in (0,L)

with all three control inputs being used and present the proofs of Theorems 1.6 and
1.7.

Proof of Theorem 1.6. Consider the initial value control of the KdV equation
posed in the whole line R:

(4.25) Wy + Wy + WWy + Weze = 0,  w(x,0) = g(z), zeR, te(0,7T),

where the initial value g is considered as a control input. By [25, Theorem 1.2] there
exists a § > 0 such that, for s > 0, if ug, ur € H*(0, L) satisfying

luo(-) =y Ol a0,y + llur () = y(, D)l s (0,) < 6,
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then one can choose g € H*(R) so that (4.25) admits a solution
w € C([0,T]; H*(R) N L*(0, T; H*t*(R))
with
w(zx,0) = up(z), w(z,T) = ur(z) for z € (0,L).
Moreover, the solution w possesses the sharp Kato smoothing properties with

s—1

hi(t) : = wae(0,8) € H5 (0,T),
ho(t) : = wy(L,t) € H5(0,T),
hs := wee(L,t) € H5 (0,T).

Thus with such chosen control inputs hj,j =1,2,3,
u(z,t) == w(z,t) for x € (0,L), te (0,T),
solves system (4.24) and satisfies
u(z,0) = uo(x), u(z,T) = urp(x) for x€(0,L).

We have, thus, completed the proof of Theorem 1.6. a

Proof of Theorem 1.7. Without loss of generality, we assume up = 0. Consider
the feedback control system of the KdV equation posed on the interval (—L, L):
(4.26)

Ve + Vg + V0 + Vggp + 0(x)v =0, ov(z,0) = Go(z), xe(—L,L), t€(0,T),
U(_Lat) :03 U(Lvt) :07 Uz(Lat) :05 te (OaT)a
where (i 1)
(1, we(-iL,-1D),
b(z) = { 0, otherwise

and

0, otherwise.

,&O(x) _ { UQ(ﬂf), (S (OaL)a
It follows from [25] that, for given ug € L?(0, L), we have
CAS! Cb(R+a L2(_L7 L)) n LIQOC(R+; Hl(_La L))

and there exists a v > 0 such that

vt

lo(- Ol z2(~r,) < ClluollL2(o,Lye” for any t > 0.

For given 6 > 0, choose t* large enough such that
(st 2 -0y < C||U0||L2(07L)6_”t* <.

Then, again by [25, Theorem 1.2], one can find a control h € L?(t*,t* + 1) such that
(1.1) admits a solution 2z € C([t*,t* + 1]; L?(0, L)) N L2(t*,t* + 1; H'(0, L)) satisfying

z(x,t*) = v(x,t"), z(z,t*4+1) =0, z € (0,L).
Let T =t*+1,

meeyi= { 0 LE0EL = {0 2R
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[ v(Lot),  te (0,t7),
hat) := { 0, te (t*,T).

Note that as the solutions of (4.26) possess the sharp Kato smoothing properties we

have

hy € H3(0,T), hy € L2(0,T), hse H 3(0,T).

Thus if we let

then

] vz, 1), xz € (0,L), te(0,t),
u(@;?) '—{ Aat), we(0,L), te(tT),

u € C([0,T); L?(0,L)) N L?(0,T; H(0, L)) solves (4.24) and satisfies

u(z,0) = uo(x), u(z,T)=0 for x € (0, L).

Thus, the proof of Theorem 1.7 is achived. d
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